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Gross Motion Analysis of Fingertip-Based Within-Hand Manipulation
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Abstract—Fingertip-based within-hand manipulation, also called preci-
sion manipulation, refers to the repositioning of a grasped object within
the workspace of a multifingered robot hand without breaking or changing
the contact type between each fingertip and the object. Given a robot hand
architecture and a set of assumed contact models, this paper presents a
method to perform a gross motion analysis of its precision manipulation
capabilities, regardless of the particularities of the object being manipu-
lated. In particular, the technique allows the composition of the displace-
ment manifold of the grasped object relative to the palm of the robot hand
to be determined as well as the displacements that can be controlled—
useful for high-level design and classification of hand function. The effects
of a fingertip contacting a body in this analysis are modeled as kinematic
chains composed of passive and resistant revolute joints; what permits the
introduction of a general framework for the definition and classification of
nonfrictional and frictional contact types. Examples of the application of
the proposed method in several architectures of multifingered hands with
different contact assumptions are discussed; they illustrate how inappro-
priate contact conditions may lead to uncontrollable displacements of the
grasped object.

Index Terms—Dexterous manipulation, kinematic manipula-
tion, multifingered hands, within-hand manipulation.

I. INTRODUCTION

The purposeful movement of an object within a multifingered robot
hand by the relative motion of its fingers is generally known as robotic
dexterous manipulation [1], [2]. Despite the importance of this func-
tionality for the successful deployment of robots in real-world tasks,
and the recent progress in the area [3], [4], the development of mechan-
ical systems that reliably perform autonomous dexterous manipulation
outside controlled environments is still an open problem [5].

Much work remains to be done in both robot hand design and control
to enable dexterous manipulation capabilities. In this paper, we present
a technique useful for both of these domains. The method is based on
the analysis of the capabilities of robot hands for performing dexterous
manipulation; in particular, manipulation activities in which a grasped
object is repositioned within the hand without breaking or changing
contact. These kinds of tasks can be classified as within-hand prehensile
manipulation with no motion at contact via the manipulation taxonomy
presented in [1]. More specifically, we say herein that this type of
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Fig. 1. In fingertip-based within-hand manipulation, or precision manip-
ulation, a grasped object is repositioned within the hand workspace with-
out breaking or changing the assumed contact model between each fingertip
and the object.

dexterous manipulation task is performed without modifications in the
assumed contact model between each fingertip and the object, and
refer to it as precision manipulation (see Fig. 1) for the remainder of
this paper (although the term has been used for a broader class of
manipulation in other works [6], [7]).

The aim of the suggested approach is to characterize the precision
manipulation capabilities of a given robot hand architecture by deter-
mining the feasible movements to reposition a grasped object within
the hand workspace without breaking or changing the assumed con-
tact models. In this analysis, the feasibility of motion refers to the
composition of the displacement manifold of the object relative to the
palm of the robot hand. The proposed characterization of manipulation
ends by defining which of these possible displacements can actually be
controlled by the hand actuators without depending on external factors
(e.g., forces) to the hand.

Given that our interest is in general displacement characteristics (i.e.,
gross motion) regardless of the particularities of the grasped object and
the infinitesimal (or local) motion features and limitations resulting
from the dimensions of the fingers and the relation between the loca-
tions of the links composing them, we call this study: finite precision
manipulation analysis. The proposed method is based on the Hervé’s
approach for the kinematics of mechanisms using the continuous group
of displacements [8], a mathematical tool that has found its milestone
application in the type synthesis of parallel platforms [9], [10]. Ap-
proaches based on screw theory could also be taken [11]; but special
attention should be paid to identify the finite motion of the resulting in-
stantaneous analysis, a step that could be difficult for some robot hand
architectures. Table I presents a description of some of the subgroups
of displacements—with their associated lower kinematic pair—that are
relevant for our discussion. For a complete list of subgroups, see [12].

1552-3098 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.

http://www.ieee.org/publications_standards/publications/rights/index.html


1010 IEEE TRANSACTIONS ON ROBOTICS, VOL. 32, NO. 4, AUGUST 2016

TABLE I
SUBGROUPS OF DISPLACEMENTS

Subgroup Lower kinematic pair Description

{I} The identity displacement. Rigid connection between bodies, no relative motion (0 DOF)
{R(N, u)} Revolute joint Rotation about the axis determined by the unit vector u and point N (1 DOF)
{T(v )} Prismatic joint Translation parallel to the unit vector v (1 DOF)
{C(N, u)} Cylindrical joint Cylindrical motion about the axis determined by the unit vector u and point N (2 DOF)
{P(v )} Planar translation on the plane determined by the unit normal vector v (2 DOF)
{S(N )} Spherical joint Spherical rotation about a point N (3 DOF)
{G(v )} Planar joint Planar gliding motion on the plane determined by the unit normal vector v (3 DOF)

A comprehensive list of nonidentity intersections between subgroups
of displacements can be found in [11, Table C.3].

A preliminary version of the presented framework for manipulation
characterization was introduced in [13], where it was limited to con-
tacts modeled as point contact with friction. In this paper, we further
extend that framework by modeling the effects of a fingertip contacting
a body as kinematic chains using an extension of the Bruyninckx–
Hunt approach of surface–surface contact [14], what allows using all
standard contact categories of robotic manipulation (e.g., point con-
tact with friction, soft finger) as well as other contact models, such as
ball, tubular, and frictional adaptive finger contacts. Moreover, the pro-
posed technique extends the standard notion of finite (gross) kinematic
manipulation, which has been historically restricted to the mobility
analysis of multifinger grasps [15]–[17]. The identification of the un-
controllable displacements of a grasped object as herein suggested is
relevant for the implementation of robotic dexterous tasks because it
naturally leads to modifications in the design of the robot hand under
study (fingers, fingertips, and palm layout) or its control scheme in or-
der to avoid the resulting undesirable circumstances. The computation
of the composition of the displacement manifold of the grasped object
using the proposed analysis is also significant to robot hand design and
control as it can be used to incorporate explicit motions in the system
to perform specific tasks.

The rest of this paper is organized as follows. Section II dis-
cusses some of the essential ideas and tools required for understand-
ing the proposed kinematic manipulation method. Section III de-
tails the steps to perform the precision manipulation analysis of a
given robot hand using, as reference to introduce the different stages,
a simple two-fingered hand with revolute–revolute opposed fingers.
Two additional examples of more complex fingertip-based in-hand
manipulation analyses are detailed in Section IV, namely a three-
fingered hand layout commonly found in commercial robot hands and a
four-fingered hand with revolute–revolute–revolute fingers. We finally
conclude in Section V.

II. BACKGROUND

A. Kinematic Chains and Mobility

A kinematic chain can be characterized by its structural factors:
number L of links, number J of joints, and total number of degrees
of freedom (DOF) F of the joints; the set of relations θ between
link locations; the set of relations α between joint axes; and the set
of dimensions S of the links. The essential property of a kinematic
chain is its mobility, which can be defined as the minimum number of
independent parameters to make a kinematic chain rigid. The mobility
of a kinematic chain usually indicates the number of joints that have to
be actuated to control a robot mechanism.

It is widely known that the total mobility of a kinematic chain, say
MT , is a function not only of the structural parameters L, J, and F
but of the sets θ, α, and S [18] as well. The so-called overconstrained
mechanisms, such as the Bennett spatial four-bar linkage or the Bricard
spatial six-bar linkage, are the classical examples of this fact. Thus, in
general

MT (L, J, F, θ, α,S) ≥ M (L, J, F)

MT (L, J, F, θ, α,S) = M (L, J, F) + ε (α, θ,S) (1)

where M (L, J, F) corresponds to the structural mobility (or generic
mobility) of the kinematic chain and ε(α, θ,S) is the degree of mobility
added to the system by the conditions on the sets θ, α, and S.

The factor ε(α, θ,S) in (1) can be divided into the contribution given
by the geometry of the joint axes (α) and that given by the geometry of
the links (θ,S), that is, ε(α, θ,S) = ε1 (α) + ε2 (θ,S). Then, since
M (L, J, F) + ε1 (α) does not depend on the dimensions or locations
of the links, it is called the finite mobility of the mechanism. Given that
formulas for ε1 (α) and ε2 (θ,S) are unknown, recursive processing
methods or algorithms based on the rank of the Jacobian matrix at a
given configuration are used for the computation of MT instead [18].
However, it has been proven that if M is computed using the extended
Chebychev–Kutzbach–Grübler criterion, it is unlikely that MT �= M
when a kinematic chain is selected at random [19]. According to this
criterion, the generic mobility of a mechanism is

M = F −
∑λ

i = 1
ti (2)

where λ = J − L + 1 is the number of independent (fundamental)
loops of the kinematic chain and ti is the motion type of the ith inde-
pendent loop ( ti = 3 in the planar and spherical case, and ti = 6 in
the spatial case), with M = 0 if F <

∑λ

i = 1 ti .

B. Kinematic Equivalents of Contact Models

According to the notation of Fig. 2, given two bodies touching at a
single point C with ΦA and ΦB being smooth surfaces representing
their boundaries in the neighborhood of the contact point (i.e., ΦA and
ΦB have the same tangent plane at C), let
1) Ar and AR (correspondingly Br and BR ) be the centers of maxi-

mum and minimum curvature of ΦA (ΦB ), respectively,
2) ua and wa (correspondingly ub and wb ) be the directions of max-

imum and minimum curvature of ΦA (ΦB ), respectively, and
3) v a unit normal vector defining the common contact

tangent plane.
From elementary differential geometry, it is known that ui , wi , and

v(i = a, b) are orthogonal with directions uniquely defined unless
the surface is locally a sphere or a plane. For these particular cases,
there exist an infinite number of directions for the vectors u and w.
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Fig. 2. Bruyninckx–Hunt model, a general kinematic-chain-based model of
point contact without friction. The model consists of five serially connected
passive revolute joints whose location and direction are unequivocal.

Fig. 2 corresponds to the generalized kinematic-chain-based model
of point contact without friction, called herein the Bruyninckx–Hunt
model. It consists of five serially connected passive revolute joints
whose location and direction are unequivocal. The model is built by
serially connecting revolute joints at points Ar , AR , Br , BR , and
C in the direction determined by vectors ua , wa , ub , wb , and v,
respectively, and rigidly connecting the revolute joints at AR and BR

to ΦA and ΦB . The resulting mechanism is a five-revolute chain of
six links that provides five independent degrees of freedom of motion
between the touching objects. By applying serial reduction to this
kinematic chain, we get

{R (AR , ua )} · {R (Ar , wa )} · {R (C, v)}

· {R (Br , wb )} · {R (BR , ub )} . (3)

The above equation is the kinematic equivalent of the Bruyninckx–
Hunt model. A kinematic equivalent simply corresponds to a single
kinematic constraint (i.e., a subset of the continuous group of displace-
ments) that represents the constrained motion between two contacting
bodies.

Despite the explicit local definition of the Bruyninckx–Hunt model,
useful novel finite kinematic equivalents of contact types can be defined
since suppositions about the Gaussian curvature of the fingertip (and
the object) can be made. Additionally, nonfrictional and frictional cases
can be considered by replacing the three passive revolute joints of one
of the surfaces (including the revolute joint at the contact point) by
resistant passive joints; that is, passive joints able to resist moments till
some value η before entering in motion.

A general classification of contact types for robot precision ma-
nipulation based on the above extended Bruyninckx–Hunt model was
introduced in [14]. In such classification, all standard contact cate-
gories used in robotic manipulation, namely the Salisbury’s taxonomy
plus line–line contact without friction, appeared as special cases, and
new contact models are defined and characterized via kinematic equiv-
alents. Examples of these new contact models include ball, tubular,
planar translation, and frictional adaptive finger contacts.

III. PRECISION MANIPULATION ANALYSIS

The objective of this study is, first, to define the feasible movements
to reposition a grasped object within the hand workspace without break-

Fig. 3. Top: A 2F-2RR robot hand grasping an object with the notation used
for its finite precision manipulation analysis with point contact with friction
contacts. Bottom: The graph of kinematic constraints of the hand–object system
for the 2F-2RR hand (a) and its corresponding reduction (b, c).

ing or changing the assumed contact model between each fingertip and
the object, a task we refer to as precision manipulation and, second,
to determine which of these possible displacements are controllable.
By feasible movements, we mean the displacement manifold (finite
motion) of the object relative to the base or palm of the robot hand.
Controllable movements refer to the subset of these feasible displace-
ments that can actually be controlled by the hand actuators.

The proposed approach is based on a group-theoretic analysis of the
kinematic constraints associated with the hand–object system. We are
interested in general displacement characteristics; the instantaneous (or
local) motion features and limitations resulting from, for instance, the
particular dimensions of the hand–object system or the friction condi-
tions of the contacts, are not considered. The result of the method is
a mathematical characterization of the finite within-hand manipulation
capabilities of the hand regardless of the particularities of the grasped
object. Next, we describe the five steps to perform such analysis for
a given robot hand; the two-fingered hand with revolute–revolute op-
posed fingers (2F-2RR) of Fig. 3 will be used as a reference to introduce
the different stages.

A. Initial Steps for the Analysis of Precision Manipulation

Fig. 3(top) shows a 2F-2RR hand grasping, with its fingertips, a
general object—represented as an egg-shaped body in the image. This
hand is composed of two identical fingers with two links (proximal
and distal) arranged in an opposed configuration. In each finger, the
proximal link is connected to the palm through a revolute joint, which
determines the motion plane of the finger. The proximal and distal links
are connected by another revolute joint whose axis is parallel to the
proximal one. The motion plane of both fingers is parallel.

Given a robot hand composed of serial fingers, the first step to analyze
its finite precision manipulation capabilities is to select a contact model,
with its corresponding kinematic equivalent according to [14], for each
of its fingertips. For the case of the 2F-2RR, we select the model of point
contact with friction for the two fingertips, which corresponds to a limit
instance of the elliptic contact model. The second step of the analysis is
to determine the resulting kinematic chain of the hand–object system,
given the robot hand topology and the assumed contact models for the
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Fig. 4. Top: A 3F-2UR1R robot hand grasping an object with the notation
used for its precision manipulation analysis with point contact with friction
contacts. Bottom: The graph of kinematic constraints of the hand–object system
for the 3F-2UR1R hand (a) and its corresponding reduction (b, c, d).

fingertips, and compute its corresponding structural mobility M using
(2).

In our example, the hand–object system of the 2F-2RR hand with
point contact with friction is equivalent to a closed kinematic chain
composed of six links with two revolute–revolute–spherical serial limbs
that connect the palm of the robot hand, or base, to the grasped object.
The mobility of such closed kinematic chain (six links, six joints in E3

with a total number of 10 DOF in the joints) is 4. This implies that the
feasible movements of a grasped object respect to the base correspond
to a four-manifold (immersed in E3 ), in other words, the object has 4
DOF.

The third step in our analysis is to construct a graph of kinematic
constraints of the resulting kinematic chain. For the case of our in-
troductory example, according to the notation of Fig. 4(top), for the
left finger, the axis of the ground revolute joint (or proximal joint) is
determined by a unit vector u1 , that is parallel to the y-axis of the
palm’s reference frame (u1 ‖ y), and any point, say A1 , that belongs to
the line defined by the rotational axis. This kinematic pair corresponds
to a kinematic constraint that forms the subgroup of displacements
{R(A1 , u1 )} = {R(A1 , y)} that restrict the movement between the
proximal link and the palm. Similarly, for the case of the distal joint,
the generated subgroup is {R(B1 , v1 )} = {R(B1 , y)} . Finally, as-
suming that the contact point between the fingertip and the object is
C1 , the motion constraint between the two bodies under the suppo-
sition of point contact with friction generates the subgroup {S(C1 )}.

By replicating this analysis in the right finger, we can construct the
graph of kinematic constraints of this hand–object system as depicted
in Fig. 3(bottom-a).

B. Reduction of the Graph of Kinematic Constraints

Given a robot hand (or subset of it) of n serial fingers grasping an
object with all its fingertips; the resulting graph of kinematic constraints
of the hand–object system, under the assumed contact models, has L
nodes, J edges, and λ = J − L + 1 fundamental loops (cyclomatic
number). For each of these loops, it is possible to compute its structural
mobility using (2). The fourth step in the finite precision manipulation
analysis is to reduce such graph to a single edge connecting the nodes
associated with the robot’s palm and the grasped object.

The above reduction process is carried out by first applying n opera-
tions of serial reductions (i.e., composition of the kinematic constraints
involved in the nodes), one per each of the fingers in the hand–object
system. Then, we get a graph of two nodes and n edges with λ funda-
mental loops. If λ operations of parallel reduction are applied to this
graph (i.e., intersection of the kinematic constraints associated with
two selected edges), we obtain a new graph of n − 1 edges and λ − 1
fundamental loops. Thus, systematically, after λ (λ+1)

2 operations of
parallel reductions, we get a graph of two nodes and a single edge. In
these operations is fundamental to take into account that variations in
the expected structural mobility of each fundamental loop can appear
from the factor ε1 (α) of the total mobility. Moreover, some parallel
reductions can be avoided if all their involved edges have been already
covered by other reductions. The final edge indeed corresponds to the
kinematic constraint describing the composition of the displacement
of the grasped object. The degrees of freedom of this last kinematic
constraint should be equal to the structural mobility M computed in the
second step unless that contributions from ε1 (α) have been detected
in the reduction process of the graph.

In the case of the 2F-2RR hand with the model of point contact
with friction, the original graph has six nodes, six edges, and λ = 1
fundamental loops. Then, first, using the notation of Fig. 3(bottom-a),
we apply serial reduction to the nodes 1, 2, 3, and 6. Thus, we get

S1 = {R (A1 , y)} · {R (B1 , y)} · {S (C1 )} (4)

where S1 is a kinematic constraint defined as the subset of the
group of rigid-body displacements resulting from the composi-
tion operation of the subgroups involved in the related nodes.
Now, since the subgroup {R(C1 , y)} is a proper subset of
the subgroup {S(C1 )}, that is, {R(C1 , y)} ⊂ {S(C1 )}, then,
by the property of closure, we get {R (C1 , y)} · {S (C1 )} =
{S (C1 )} (∀x, x ∈ {R (C1 , y)} · {S (C1 )} , x ∈ {S (C1 )}).
Hence, S1 can be written as

S1 = {R (A1 , y)} · {R (B1 , y)} · {R (C1 , y)} · {S (C1 )}

= {G (y)} · {S (C1 )} . (5)

Applying the same serial reduction to the nodes 1, 4, 5, and 6, we
get (with u2 ‖ v2 ‖ y)

S2 = {G (y)} · {S (C2 )} . (6)

Thus, after the application of the two serial reductions to the original
graph of kinematic constraints, a reduced graph of two nodes with two
edges is obtained, see Fig. 4(bottom-b). The nodes of such graph are
the base (the palm of the robot hand) and the grasped object, both
connected by the kinematic constraints S1 and S2 .

Since λ = 1 in this particular example, a single parallel reduction
operation applied to S1 and S2 is needed for reducing the graph to two
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nodes and one edge [see Fig. 4(bottom-c)]. Then, we finally have

P1 = S1 ∩ S2

= {G (y)} · {S (C1 )} ∩ {G (y)} · {S (C2 )}

= {G (y)} · ({S (C1 )} ∩ {S (C2 )})

= {G (y)} · {R (C1 , ĉ1c2 )} . (7)

The above equation implies that the feasible movements of a grasped
object with a 2F-2RR hand under the assumption of point contact with
friction are the composition of a planar gliding displacement parallel
to the xz-plane (two translations and one rotation about the normal to
the plane) and a rotation about the axis defined by the contact points
C1 and C2 . Note that, as expected from the structural mobility of the
closed kinematic chain of the hand–object system, the obtained finite
displacement is a four-manifold.

C. Uncontrollable Displacements

The fifth (and final) step of the finite precision manipula-
tion analysis is to determine if the feasible displacements of
the grasped object can be controlled by the actuated joints of the robot
hand. The minimum number of actuated joint axes for the hand–object
system is given by the structural mobility M computed in the second
step. Then, for determining if the resulting degrees of freedom of the
grasped object can be controlled by the possible hand actuators, we just
have to lock the joint axes affected by the actuation scheme when it is
active, provided that this number is greater or equal than M , and repeat
the four steps previously discussed. By locking, we mean equating all
the controlled joint axes to {I}, the identity displacement. If the re-
sulting finite displacement after repeating the steps is the identity {I},
then the selected scheme of actuation can control the different degrees
of freedom because of the system becomes rigid. Otherwise, the result
corresponds to the uncontrollable displacements of the grasped object.

In the case of the 2F-2RR hand with the model of point contact with
friction, at least four joint axes have to be actuated since M = 4.
This implies that both the proximal and distal joints of each finger
in the hand have to be locked (i.e., {R(A1 , y)} = {R(A2 , y)} =
{R(B1 , y)} = {R(B2 , y)} = {I} ). After repeating the steps one to
four with these inputs, it can be verified that, in such a case, the obtained
subset of {D} following the explained procedure is {R(C1 , ĉ1 c2 )}. In
consequence, only three of the four degrees of freedom of the grasped
object are controllable with the assumption of point contact with friction
regardless of the friction conditions of the contacts. The rotation about
the axis defined by the contact points C1 and C2 cannot be controlled
by the actuators under the contact suppositions, thus depending on
other external factors such as mass/disturbance forces.

IV. EXAMPLES

We present two additional examples of finite precision manipulation
of robot hands. The first case details the manipulation analysis for a
hand layout commonly found in commercial robot hands, assuming
a point contact with friction model in all the fingertips. The second
example focuses on the manipulation analysis of a four-fingered hand
with revolute–revolute–revolute fingers manipulating an object with
soft finger contacts.

A. Three-Fingered Hand With Universal–Revolute Fingers
and Opposable Revolute–Revolute Thumb (3F-2UR1RR)

Fig. 4(top) shows a three-fingered hand with two universal–revolute
(UR) fingers and an opposable revolute–revolute (RR) thumb, called
herein the 3F-2UR1RR hand, grasping with its fingertips a general

object. The 3F-2UR1RR hand layout is used in some popular commer-
cial robot hands such as the Schunk Hand [20] or the ReFlex Hand
[5]. During tasks of precision manipulation, with the assumption of
point contact with friction (step 1), the hand–object system of the 3F-
2UR1RR hand is equivalent to a closed kinematic chain composed of
eight links with two universal–revolute–spherical serial limbs and a
revolute–revolute–spherical serial chain that connect the base of the
robot hand to the grasped object. The mobility of this closed kinematic
chain (eight links, nine joints in E3 with a total number of 17 DOF in
the joints) is 5 (step 2).

According to the notation of Fig. 4(top), let us call finger 1, fin-
ger 2, and finger 3, the fingers with contact points C1 , C2 , and
C3 , correspondingly. For the first finger, the proximal joint is a
universal pair whose axes of rotation are determined by the unit
vectors u1 and w1 , that are parallel to the xy-plane and to the
z-axis, respectively, and the meeting point of the axes, say A1 . This
kinematic pair corresponds to a kinematic constraint that forms the sub-
manifold {S2 (A1 )} = {R (A1 , z)} · {R (A1 , u1 )}, defined as the
composition of two different subgroups of rotations whose axes meet
at a single point. Taking into account that fingers 1 and 2 have the same
configuration, and that finger 3 is equivalent to the fingers of the 2F-
2RR hand, then, for the hand–object system of the 3F-2UR1RR hand,
we get the graph of kinematic constraints (step 3) that is depicted in
Fig. 4(bottom-a).

In order to reduce the graph of kinematic constraints (step 4),
we initially apply serial reductions. Thus, for the case of nodes
1, 2, 3, and 6—related to the hand’s first finger, we have
(with u1 ‖ v1 )

S1 = {S2 (A1 )} · {R (B1 , v1 )} · {S (C1 )}

= {R (A1 , z)} · {R (A1 , u1 )} · {R (B1 , u1 )} · {S (C1 )}

= {D} . (8)

A list of some of the generators of the subgroup {D} ({D}
is a subgroup of itself) can be found in [9, p. 22]. In the same
way, for the case of nodes 1, 4, 5, and 6—related to finger 2,
we obtain

S2 = {R (A2 , z)} · {R (A2 , u2 )} · {R (B2 , u2 )} · {S (C2 )}

= {D} . (9)

Finally, for the third finger (nodes 1, 6, 7, and 8), we have

S3 = {R (A3 , u3 )} · {R (B3 , v3 )} · {S (C3 )}

= {R (A3 , x)} · {R (B3 , x)} · {R (C3 , x)} · {S2 (C3 )}

= {G (x)} · {S2 (C3 )} . (10)

After the above reductions, we get a graph of kinematic constraints of
two nodes and three edges [see Fig. 4(bottom-b)]. To obtain a graph with
a single couple of kinematic constraints, we apply parallel reduction
to, for instance, the kinematic constraints S1 and S3 [(8) and (10)],
and S2 and S3 [(9) and (10)]. We can choose, in fact, any possible
combinations of edges (e.g., S1 and S2 , and S2 and S3 ). In any case,
since λ = 2 in the original graph of kinematic constraints, up to three
parallel reductions are needed to reduce the graph to two nodes and a
single edge. Now, for S1 and S3 , we have

P1 = S1 ∩ S3 = S3 ∩ S1

= {G (x)} · {S2 (C3 )} ∩ {D}

= {G (x)} · {S2 (C3 )} . (11)
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P1 is a five-manifold, as expected from the structural mobility of the
closed kinematic chain associated with the kinematic constraints S1

and S3 . Analogously, for S2 and S3 , we get

P2 = S2 ∩ S3 = S3 ∩ S2

= {G (x)} · {S2 (C3 )} ∩ {D}

= {G (x)} · {S2 (C3 )} . (12)

After the application of the two above parallel reductions, a graph
of kinematic constraints of two nodes with two edges is obtained [see
Fig. 4(bottom-c)]. Finally, for obtaining the subset of displacements of
the grasped object, we apply a last parallel reduction to the constraints
P1 and P2 [see Fig. 4(bottom-d-)]. Thus, we get

P3 = P1 ∩ P2 = S1 ∩ S2 ∩ S3

= {G (x)} · {S2 (C3 )} ∩ {G (x)} · {S2 (C3 )}

= {G (x)} · {S2 (C3 )} . (13)

The above equation implies that the feasible movements of a grasped
object with a 3F-2UR1RR hand, under the assumption of point contact
with friction, are the composition of a planar gliding displacement par-
allel to the yz-plane (two translations and one rotation about the normal
to the plane) and two rotations about any two linearly independent axes,
different to (C3 , x), that meet at point C3 . The obtained finite displace-
ment is a five-manifold, as expected from the structural mobility of the
closed kinematic chain of the hand–object system. Moreover, it can be
verified that any selection of five actuated axes in the hand from the
possible eight joints (considering the universal joints as two revolute
joints that can be independently actuated), generates the identity dis-
placement. Hence, there are not uncontrollable degrees of freedom in
the hand–object system (step 5). This example was also discussed in
[13] with equivalent results, but here we amend some of the steps in
the deduction of (13).

B. Four-Fingered Hand With Revolute–Revolute–Revolute
Fingers (4F-4RRR)

Fig. 5(left) shows a four-fingered hand with four revolute–revolute–
revolute fingers (4F-4RRR) grasping, with its fingertips, a general ob-
ject. During tasks of precision manipulation, assuming soft finger con-
tacts in all the fingertips (step 1), the hand–object system of this hand
is equivalent to a closed kinematic chain composed of 14 links with
four revolute–revolute–revolute–universal serial limbs that connect the
base of the robot hand to the grasped object. The mobility of this closed
kinematic chain (14 links, 16 joints in E3 with a total number of 20
DOF in the joints) is 2 (step 2). The corresponding graph of kinematic
constraints (step 3), according to the notation of Fig. 5(top), is depicted
in Fig. 5(right-a).

Let us call finger 1, finger 2, finger 3, and finger 4, the fingers with
contact points C1 , C2 , C3 , and C4 , correspondingly. Then, in order to
reduce the graph of kinematic constraints (step 4), we initially apply
serial reductions. For the case of the first finger (nodes 1, 2, 3, 4, and
14), we have (with u1 ‖ v1 ‖ w1 )

S1 = {R (A1 , u1 )} · {R (B1 , u1 )} · {R (D1 , u1 )}

· {S2 (C1 )}

= {G (u1 )} · {S2 (C1 )}

= {G (u1 )} · {R (C1 , u1 )} · {S2 (C1 )}

= {G (u1 )} · {S (C1 )} . (14)

Similarly, for the case of fingers 2, 3, and 4, with u2 ‖ v2 ‖ w2 ,
u3 ‖ v3 ‖ w3 , u4 ‖ v4 ‖ w4 , u1 ‖ u3 , and u2 ‖ u4 , we obtain

S2 = {G (u2 )} · {S (C2 )} (15)

S3 = {G (u1 )} · {S (C3 )} , and (16)

S4 = {G (u2 )} · {S (C4 )} (17)

respectively.
After the above reductions, we get a graph of kinematic constraints

of two nodes and four edges [see Fig. 5(right-b)]. To obtain a graph with
a single couple of kinematic constraints, we apply parallel reduction
to, for instance, the kinematic constraints S1 and S3 [(14) and (16)],
and S2 and S4 [(15) and (17)]. For S1 and S3 , we have

P1 = S1 ∩ S3 = S3 ∩ S1

= {G (u1 )} · {S (C1 )} ∩ {G (u1 )} · {S (C3 )}

= {G (u1 )} · {R (C1 , ĉ1 c3 )} . (18)

Correspondingly, for S2 and S4 , we get

P2 = S2 ∩ S4 = S4 ∩ S2

= {G (u2 )} · {S (C2 )} ∩ {G (u2 )} · {S (C4 )}

= {G (u2 )} · {R (C2 , ĉ2 c4 )} . (19)

After the application of the above parallel reductions, a graph
of kinematic constraints of two nodes with two edges is ob-
tained [see Fig. 5(right-c)]. Finally, we apply a last parallel re-
duction to the constraints P1 and P2 [see Fig. 5(right-d)]. Thus,
we obtain

P3 = P1 ∩ P2

= {G (u1 )} · {R (C1 , ĉ1c3 )} ∩ {G (u2 )}

· {R (C2 , ĉ2 c4 )}

= {T (z)} · {R (C1 , ĉ1c2 )} (20)

since u1 and ĉ1 c3 , and u2 and ĉ2 c4 are linearly independent vectors.
The above equation implies that the feasible movements of a grasped

object with a 4F-4RRR hand, under the assumption of soft finger con-
tacts, are the composition of a translational displacement along the
z-axis and a rotation about the axis defined by the contact points C1

and C2 . As expected from the structural mobility of the closed kine-
matic chain of the hand–object system, the obtained finite displacement
is a two-manifold. It can be verified that any selection of two actuated
axes in the hand from the possible 12 joints generates the identity dis-
placement when the contacts are in general position. Hence, under these
circumstances, there are not uncontrollable degrees of freedom in the
hand–object system (step 5). However, if the contact points of fingers
1 and 3, and those of fingers 2 and 4, are at the same level respect to
the palm, an uncontrollable displacement can be indeed identified.

1) Case of Uncontrollable Displacement: When contact points
C1 and C3 are located at the same level respect to the palm of the robot
hand, vectors u2 and ĉ1 c3 are parallel. In this case, (21) becomes

P∗
1 = {G (u1 )} · {R (C1 , u2 )} . (21)

Likewise, for contact points C2 and C4 located at the same level
(u1 ‖ ĉ2c4 ), (19) becomes

P∗
2 = {G (u2 )} · {R (C2 , u1 )} . (22)
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Fig. 5. Left: A 4F-4RRR robot hand grasping an object with the notation used for its precision manipulation analysis with soft finger contacts. Right: The graph
of kinematic constraints of the hand–object system for the 4F-4RRR hand (a) and its corresponding reduction (b, c, d).

Then, the parallel reduction of the kinematic constraints P∗
1 and P∗

2
that finally gives the feasible movements of the grasped object yields

P∗
3 = P∗

1 ∩ P∗
2

= {G (u1 )} · {R (C1 , u2 )} ∩ {G (u2 )} · {R (C2 , u1 )}

= {T (z)} · {R (C1 , u2 )} · {R (C2 , u1 )} (23)

since u1⊥u2 .
The above equation indicates that the resulting finite displacement

of the grasped object is a three-manifold rather than a two-manifold, as
expected from the structural mobility of the closed kinematic chain of
the hand–object system. This implies that a contribution from ε1 (α) has
been detected in the reduction process of the graph. In consequence,
under the consideration of the contact locations, selections of two
actuated axes in the hand from the possible 12 joints cannot control all
the feasible displacements of the grasped object. For instance, if we
just controlled the proximal joints of fingers 1 and 3, it results that the
finite displacement of the object is {R(C1 , u2 )} instead of {I} as in the
case of contacts in general position. In consequence, in such instances,
the grasped object has a rotation about the axis defined by the contact
point C1 and the vector u2 that is not controlled by the actuators but
by external factors, such as mass/disturbance forces.

V. CONCLUSION

Precision manipulation can be considered the repositioning of a
grasped object within the hand workspace without breaking or chang-
ing the assumed contact model. In this paper, we have presented a
method based on the continuous group of displacements and the reduc-
tion of graphs of kinematic constraints to analyze the finite precision
manipulation capabilities of a given robot hand. Finite manipulation
refers to the information on the motion of the object that does not de-
pend on its geometry or the particular dimensions of the fingers and
the relations between the locations of the links composing them. The
analysis allows determining the feasible movements to reposition any
grasped object within the hand workspace as well as defining which
of these possible displacements can actually be controlled by the hand
actuators without depending on external factors to the hand.

The effects of a fingertip contacting a body in the presented analysis
are modeled as kinematic chains, what permits using all standard con-
tact categories of robotic manipulation (e.g., point contact with friction,
soft finger) as well as other more complex contact models. The intro-
duced precision manipulation analysis approach is general and can be
applied to any finger/palm layout or subset of it. In terms of possible
applications, the presented technique can be used, for instance, in early
stages of robot hand and fingertip design to incorporate manipulation
primitives needed to perform specific tasks. However, if a study of
the topological properties of the resulting displacement manifolds is
required, other techniques should be implemented.
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[12] J. M. Hervé, “The Lie group of rigid body displacements, a funda-
mental tool for mechanism design,” Mechanism Mach. Theory, vol. 34,
pp. 719–730, 1999.

[13] N. Rojas and A. M. Dollar, “Characterization of the precision manipulation
capabilities of robot hands via the continuous group of displacements,”
in Proc. IEEE/RSJ Int. Conf. Intell. Robots Syst., Chicago, IL, USA,
Sep. 14–18, 2014.

[14] N. Rojas and A. M. Dollar, “Classification and kinematic equiva-
lents of contact types for the precision manipulation analysis of multi-
fingered robot hands,” ASME J. Mechanisms Robot., vol. 8, no. 4, 2016,
Art. no. 041014.

[15] C. R. Tischler, A. E. Samuel, and K. H. Hunt, “Kinematic chains for
robot hands—II: Kinematic constraints, classification, connectivity, and
actuation,” Mechanism Mach. Theory, vol. 30, pp. 1217–1239, 1995.

[16] J. K. Salisbury and B. Roth, “Kinematic and force analysis of articulated
mechanical hands,” J. Mechanisms Transmiss. Autom. Des., vol. 105,
pp. 35–41, 1983.

[17] E. Rimon and J. W. Burdick, “Mobility of bodies in contact—I: A 2nd-
order mobility index for multiple-finger grasps,” IEEE Trans. Robot.
Autom., vol. 14, no. 5, pp. 696–708, Oct. 1998.

[18] C. W. Wampler, J. D. Hauenstein, and A. J. Sommese, “Mechanism mo-
bility and a local dimension test,” Mechanism Mach. Theory, vol. 46,
pp. 1193–1206, 2011.

[19] A. Müller, “Generic mobility of rigid body mechanisms,” Mechanism
Mach. Theory, vol. 44, pp. 1240–1255, 2009.

[20] Schunk, SDH Servo-Electric 3-Finger Gripping Hand. (2012).
[Online]. Available: http://mobile.schunk-microsite.com/en/produkte/
products/sdh-servo-electric-3-finger-gripping-hand.html

http://mobile.schunk-microsite.com/en/produkte/products/sdh-servo-electric-3-finger-gripping-hand.html
http://mobile.schunk-microsite.com/en/produkte/products/sdh-servo-electric-3-finger-gripping-hand.html


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


