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A Passively Adaptive Rotary-to-Linear Continuously
Variable Transmission

Joseph T. Belter and Aaron M. Dollar, Senior Member, IEEE

Abstract—In this paper, we present the synthesis and design of a
rotary-to-linear continuously variable transmission with the abil-
ity to passively change gear ratio as a function of the output load.
The primary mechanism involves variable-pitch rollers whose an-
gle changes as a function of the output load due to the compliance
properties of their housing. By changing spring stiffness, the re-
lationship between the linear output load and transmission ratio
can be tuned to optimize drive motor operating conditions over the
entire range of output loads. After laying out the working concept,
we show the performance analysis for such a transmission applied
to a 6-W DC motor and present an example design analysis for tun-
ing to maximize power output over the entire range of operating
conditions. A prototype system was used to measure key param-
eters such as rolling resistance and lateral slip coefficients and to
evaluate the transmission performance in a target application.

Index Terms—Constant power, continuously variable transmis-
sion (CVT), linear actuator, passive adaptive, underactuated.

I. INTRODUCTION

N EARLY all actuation technologies have a narrow peak
efficiency or power region. In the design of mechatronic

systems, it is common practice to choose a transmission ratio
that places the operating point of the motor in this narrow region
for a given application. In cases where the actuator must be used
in a range of output performance conditions, the transmission
would ideally be variable to keep the actuator operating near the
peak efficiency or peak power region. However, variable trans-
missions, which generally switch between a small number of
discrete transmission ratios, typically require significant addi-
tional mechanical complexity, weight, and size, as well as addi-
tional sensors and actuators to reconfigure the transmission. Ex-
tending the concept, continuously variable transmissions (CVT)
have similar shortcomings.

We present a concept (see Fig. 1) that has a number of signifi-
cant advantages over traditional variable transmissions. First, the
ratio varies passively and continuously with the output load (see
Fig. 1(b)), eliminating the need for additional sensing, actuation,
and control to obtain the proper transmission ratio. Second, the
concept is simple enough to be compactly implemented in a
small and lightweight package. Third, it is one of few rotary-to-
linear transmission concepts.

Manuscript received August 12, 2013; revised April 1, 2014; accepted June
13, 2014. Date of publication September 9, 2014; date of current version Septem-
ber 30, 2014. This paper was recommended for publication by Editor B. J.
Nelson upon evaluation of this reviewers’ comments. This work was supported
in part by the Gustavus and Louis Pfeiffer Foundation.

The authors are with the Department of Mechanical Engineering and
Material Science, Yale University, New Haven, CT 06510 USA (e-mail:
joseph.belter@yale.edu; aaron.dollar@yale.edu).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TRO.2014.2333096

Fig. 1. Novel linear passive CVT makes use of a compliant Watt straight-line
mechanism (b) to alter the pitch angle of a set of rollers (a) around a center shaft.
The transmission is can be packaged within the diameter of a small out-runner
brushless motor (c).

There are a number of applications, such as in mobile robotics,
where the actuator power-to-weight ratio is an important perfor-
mance factor. In legged locomotion, for example, there is typi-
cally a repetitive cycle of stance and swing phases—the former
generally requires high force/torque and low speed movements
(while the foot is on the ground), while the latter involves rela-
tively little force but at large motions/speeds (while the foot is
moving through the air) [1]. By increasing the delivered power
of the actuator throughout the entire operating range using a
simple and lightweight CVT, the overall power-to-weight ra-
tio can be improved. Ideally, a transmission for this application
would have a relatively small step-down ratio for the swing
phase (to keep speeds high under low loads) and would switch
to a larger ratio for the stance phase. Similarly, for grasping and
manipulation, it is generally desired to have high speeds dur-
ing finger closure (under low loads) and high forces/torques for
grasp strength (with low/no motion). There is extensive work
on the design of such switching transmissions for grasping [2].

There has been a large amount of related work in actively
controlled CVTs, which are commonly used commercially in
automobiles. Most of these operate by varying the radius at
which a belt or roller draws power from the actuating shaft
[3]. Within the field of robotics, researchers have implemented
variable-radius rollers in a fashion similar to an automotive CVT
[4]. Alternative CVT designs have been proposed in robotics,
such as variable-moment arm actuators [5] and noncircular gear
pairs [6] (which showed a 24% increase in robot jumping height,
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as compared with the optimal fixed-ratio system). One example
of a variable pitch roller transmission used in a robot system
is a type of Cobot architechure [7] that consists of a rotation
drum feeding power to a roller placed axially along the drum.
By controlling the angle of the roller relative to the axis of the
drum, the roller and roller housing translate at a rate proportional
to the tangent of the roller angle. All of these and similar systems
change ratio actively, through the use of an additional actuator,
or vary the ratio as a direct function of position.

In terms of passively variable or load-sensitive transmissions,
in which the desired relationship between output load and gear
ratio can be used to passively change the transmission ratio,
a few related works have been found. For example, stepping
through the gear ratios of standard bicycles can be achieved as a
function of road speed to keep the pedal speed within a desirable
range [8]. One passive rotary CVT mechanism developed is a
toroidal rotary CVT [9], which uses the output torque to alter
the contact radius of a rolling contact element to maintain a con-
stant level of transmitted power. Other passively variable CVT
transmissions use a centrifugal-based belt drive that changes the
belt radius based on the angular velocity of the pulley [10].

Passive rotary-to-linear CVTs can also be created through
five-bar linkage-based designs [11] if only a limited amount of
output travel is necessary. One attempt at producing a passive
rotary-to-linear CVT was found on a project called the X-Screw
[12]. This actuator is a cycloidal drive (similar to a one-lobe
harmonic drive), which operates by rapidly oscillating an over-
sized nut around a lead screw. The magnitude of the oscillation
is determined by the force on the nut, producing an effect on the
input rotation to output translation ratio. The primary drawback
of this design was its limited efficiency because the power was
transmitted from the oscillating nut to the output shaft through a
combination of rolling and sliding. One CVT for tendon driven
robot hands uses a variable radius drum whose radius changes
as a function of the drive torque on the drum [13]. Additional
tendon driven-based CVTs have been developed, including [14],
which relies on an elastic series element to determine the radius
of the drive tendon about a pivot joint.

The most closely related passive transmission to the concept
presented in this study was developed for pipe inspection [15].
Here, an angled roller is used to propel the robot forward through
the center of a large pipe. The angle of the roller and, therefore,
the drive transmission ratio are passively altered based on the
load required to move forward though the pipe. One major lim-
itation is that this mechanism only achieves the desired passive
ratio change for one direction of motion through the pipe.

The concept described in this paper implements a set of rollers
that rotate around a shaft at a certain pitch angle (see Fig. 1(a)),
resulting in a system that is functionally similar to Acme, lead,
or ball screw systems, where the roller pitch is equivalent to the
thread pitch. Two commercially available products use angled
rollers on a smooth shaft as a rotary to linear transmission ele-
ment [16], [17], the first of which has an adjustment lever that
can be used to manually choose the effective screw pitch of the
mechanism. These transmissions have very low backlash com-
pared with screw drives, and the adjustability of the screw pitch
has made them useful in applications where manual pitch ad-

justment is needed, such as wire and cable winding machines.
As in other friction drives, slip can limit the maximum axial
output force. However, this limit can be engineered to be fairly
high; the two providers referenced, here rate their friction-based
transmissions at up to 900 N [17] and 2 kN [16] of axial force.

Since the rollers in the proposed transmission rely on a com-
pliant element to change gear ratio, the system exhibits behavior
similar to a series elastic actuator with variable gear ratio. Series
elastic actuators [18] rely on a spring element between the stiff
input and the desired output to improve force control stability
and shock tolerance. Variable stiffness actuator systems have
also been developed to better respond to external disturbances
[19].

In this paper, we present the analysis and synthesis of a pas-
sively variable rotary to linear CVT with the ability to tune the
gear ratio as a function of the output force. We first present the
transmission concept and discuss the influence of key parame-
ters to system performance (see Section II). We then carefully
study the ideal and nonideal behavior of angular rolling trans-
mission elements (see Section III). By combining this anal-
ysis with a kinematic study of the Watt four-bar mechanism
(see Section IV), we show how to optimize the transmission
for a given actuator operating region (see Section V). We fin-
ish by presenting the evaluation of a prototype system (see
Section VI) designed to keep the DC motor operating in the
region of peak electrical efficiency and offer discussion on the
practical implementation of the proposed transmission.

II. TRANSMISSION CONCEPT

The transmission concept is similar to a ball screw transmis-
sion with a variable pitch that enables the transmission ratio
to passively adapt to changing load conditions. Fig. 2(d) illus-
trates the general concept. A smooth shaft is run through the
center of a set of rollers. The rollers are supported by an axially
constrained “nut,” which rotates around the shaft similar to a
threaded nut rotating around a threaded rod. The angle of the
rollers determines the transmission ratio between rotation of the
nut and translation of the center shaft.

Instead of a fixed attachment of the rollers to the rotating
nut, as in the traditional angled roller transmissions [16], [17],
the rollers of the passive transmission are mounted to the nut
at the center point of a Watt straight-line linkage [20], which is
shown in Fig. 1(b). The single degree of freedom (DOF) of the
four-bar linkage allows for a small amount of lateral translation
along the direction of the shaft. As the lateral force transmitted
between the roller and the shaft increases, the four-bar linkage
system deflects, as shown in Fig. 2(a) and (c). The deflection of
the roller through the four-bar linkage in either direction causes
a decrease in the pitch angle and, therefore, an increase in the
rotary-to-linear transmission ratio. Since the stiffness of the
four-bar linkage acts in series with the output force, the desired
transmission ratio (roller angle) can be achieved for all output
loads by carefully tuning the stiffness of the four-bar linkage.
Note that while this example shows the actuator rotating the
“nut” with the shaft translation as the output, the system can
just as easily accommodate an actuator rotating the shaft with
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Fig. 2. Critical enabling technology behind the proposed transmission is a simple linkage which changes the pitch angle of the roller as a function of deflection.
The load applied in either a pushing or pulling direction [as shown in (a) and (c)] results in a decrease in the pitch angle of the roller and, therefore, an increase
in the rotary-to-linear transmission ratio. (b) Image of the linkage in the equilibrium state when no loads are placed on the output shaft. (d) Two linkage systems
mounted within a “nut” that rotates around the output shaft. To drive the shaft to the left or right, the nut is rotated either clockwise or counterclockwise.

the nut translation being the output, as in any Acme, lead, or
ball screw system. In the following section, we will discuss the
details of rolling contact transmission systems.

A. Ideal Angled Roller Behavior

As described in detail in [7] and [21], the use of an angled
roller positioned on a shaft acts in a similar manner to a lead
screw. Rotational torque is translated into linear force through
the angled roller element. In the ideal case, the angle between
the perpendicular to the shaft and the plane of the roller, θ, as
seen in Fig. 3(a), is the equivalent of the pitch angle of the
system. The relationship between the rotational speed of the
rollers around the shaft, ω, and the ideal lateral velocity, Videal ,
of the shaft (radius r) is

VIdeal = ωr tan(θ). (1)

The steady-state force balance is described in (2) and illus-
trated in Fig. 3(c), where F is the lateral force from the rollers
on the output shaft, and τmotor is the torque supplied from the
motor to move the rollers around the shaft.

F =
τmotor

r tan(θ)
(2)

Since we are assuming an ideal rolling contact behavior, the
rotary input power PInput is equal to the linear output power
POutput :

PInput = τmotorω = FVIdeal = POutput . (3)

As is the case for any friction-based transmission element,
the friction force provides an upper bound to the amount of
load transmitted through the system. Therefore, for our roller
system, the maximum linear shaft force is described in terms of
the number of rollers nrollers , the normal force for each roller
Fn , and the friction coefficient between the roller material and
the shaft material μ:

F ≤ Fnnrollersμ cos(θ). (4)

B. Nonideal Angled Roller Behavior

The nonideal characteristics of rolling contact result from the
elastic deformation of the two rolling materials at the contact

patch. High Hertzian contact stresses are experienced at the
contact patch that result in material deformation and microslip-
ping [22], [23]. Although there are many concerns with rolling
contacts, including surface wear and other factors, we will fo-
cus on the two largest sources of power loss: rolling resistance
and lateral slip. These two effects are well characterized for
rolling contacts that are within acceptable levels of Hertzian
contact stress. In the case of the rollers used for this system, we
have assumed similar geometry to two cylinders rolling against
each other where the maximum contact pressure σHertzMax is
described as [24]

σHertzMax =
(

FnE∗

πwR∗

)1/2
(5)

where E∗ =
(

1−v 2
1

E1
+ 1−v 2

2
E2

)−1
, and R∗ =

(
1
r1

+ 1
r2

)−1
.

Here, v1 and v2 are the Poisson ratios of the two roller ma-
terials, r1 and r2 are the cylinder radii, and w is the width of
the contact region. According to [25], manufacturers of mod-
ern CVT’s with specialized steel rollers require a mean contact
stress of less than 2.1 GPa, with a maximum contact stress of
3.15 GPa.

1) Rolling Resistance: Rolling resistance is the dissipated
energy during pure rolling of two cylinders contacting each
other under normal force Fn . The resulting rolling resistance
force is a combination of losses occurring in the roller mount-
ing bearings and at the roller-to-shaft contact patch. The linear
relationship can be expressed as a dimensionless coefficient of
rolling resistance Crr [26]:

Frr = CrrFn . (6)

Here, Frr is a force at the contact patch in the direction op-
posite rolling, as illustrated in Fig. 3(c).

2) Lateral Slip: Lateral slip is the result of lateral elastic
deformation of the contact region. It can be shown that lateral
slip is a function of the lateral force and the normal force pressure
distribution across the contact patch [22]. Equation (7) has been
shown to be valid for lateral force values up to approximately
0.7 Fnnrollers μ and then deviates nonlinearly into gross slip
[23]. The coefficient of slip Cslip is measured in degrees and
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Fig. 3. A smooth roller is pushed against a solid shaft with normal force Fn . The roller angle with respect to the shaft axis determines the transmission ratio
between the rotation of the roller around the shaft and the linear output shaft speed. Here, (a) shows the geometric description of the roller and shaft relationship,
(b) shows the kinematic relationship, and (c) shows the forces and torques transmited from the roller to the shaft. F is the force from the roller on the output shaft.
Lateral velocity V is the roller movement with respect to the shaft.

results in a lateral slip angle α, in degrees. The slip angle is
shown in Fig. 3(a).

α = Cslip
F

Fn
(7)

The power consumed in the sliding portion of the contact
patch Pslip can be described by (8). This can also be described
as a torque τslip in (9). The loss is equal to the portion of velocity
that is lost as a function of the slip angle. The resulting actual
velocity V can be computed using (10) and is illustrated in
Fig. 3(b). An important observation from (8) is that the total
power lost to lateral slip scales with the portion of roller angle
θ lost to slip.

PSlip = FVSlip = F (ωr tan (θ) − ωr tan (θ − α)) (8)

τSlip = Fr (tan (θ) − tan (θ − α)) (9)

V = ωr tan (θ − α) (10)

After taking all of these nonideal terms into account, we are
left with the following relationship(s) to describe the efficiency
of the angled roller transmission system (13). Here, Pinput is
the mechanical input power of the drive motor.

Prr = ωrCrrFnnrollers (11)

PSlip = Fωr

(
tan(θ) − tan

(
θ − Cslip

F

Fnnrollers

))
(12)

ε = (Pinput − Prr − Pslip)/Pinput (13)

III. DESIGN FOR MAXIMUM POWER APPLICATION

The goal of a typical CVT transmission is to allow the drive
motor to operate in an ideal operating range over a large range of
outputs. For typical DC electric motors, the mechanical power
and electrical efficiency vary throughout the entire operating
range. It is, therefore, desirable to choose a transmission ratio
that places the operating point of the motor in or near a region
of optimal performance. A variable transmission is necessary if
this optimal performance operating region is to be maintained
for a wide range of output loads and speeds. In this section, we
will determine the optimal transmission ratio and roller angle

θ required to keep a DC electric motor operating at the point
of maximum mechanical power for all loads F on the output
shaft.

The mechanical power of a standard DC electric motor,
Pinput , can be described as a function of the torque output τ ,
the maximum stall torque τstall , and the free speed ωf s :

Pinput = τωf s −
τ 2ωf s

τstall
. (14)

The maximum mechanical power delivered from the motor
Pmax is achieved when the torque output is equal to half the
stall torque as shown in [27] and described by

Pmax =
1
2
τstall ·

1
2
ωf s. (15)

A. Desired Roller Angle to Optimize Motor Power

We can use the relationship between motor torque and output
force of an ideal angled roller transmission described in (2),
to calculate the angle θ necessary to keep the motor torque at
1
2 τstall (17). The angle is a function of the output force F and
output shaft radius.

τ = Fr tan(θ) (16)

θ = tan−1
( τ

Fr

)
= tan−1

(τstall

2Fr

)
(17)

Equation (17) only holds if we consider ideal angled roller
behavior. We can express the effects of lateral slip and rolling
resistance on the torque supplied from the motor using

τ = τmotor − τrr − τslip . (18)

We then substitute the contribution of the roller angle and out-
put force into (18) to obtain another equation for the roller angle
that includes the effects of lateral creep and rolling resistance.

1
2
τstall = Fr tan(θ − α) + rCrrFnnrollers

+ Fr (tan(θ) − tan(θ − α)) (19)

θ = tan−1
(

τstall

2Fr
− rCrrFnnrollers

F

)
. (20)



1152 IEEE TRANSACTIONS ON ROBOTICS, VOL. 30, NO. 5, OCTOBER 2014

Fig. 4. Ideal roller angle shows an inverse relationship between roller angle
and output force. The blue (dotted) line shows the relationship without losses
to rolling resistance. The red (solid) line shows the relationship when rolling
resistance is considered. The black (dashed) line shows the actual roller behavior
when lateral slip and rolling resistance are considered. Gross slip occurs at
0.7 Fn nro llersμ.

By analyzing (20), it will quickly become apparent that the
angle is not dependent on the lateral slip coefficient Cslip . This
is because the amount of lateral slip only affects the power
transferred from the roller to the shaft and not the total torque
demanded of the motor. The rolling resistance, however, does
affect the torque demanded by the motor. The desired roller
angle as a function of output force is not the same as the path
taken by the roller. The actual path and, therefore, the actual
transmission ratio are calculated using (10), which includes the
slip angles that are dependent on output force F .

B. Example Using 6-W DC Motor

Using an off the shelf brushless out-runner motor rated at
6-W peak power with stall torque τstall and free speed ωfs , we
can show an example of the roller angle profile described in
(20). Fig. 4 shows a plot of the roller angle profile for the ideal
case without losses, and for the case with rolling resistance.
Also included in the plot is the roller path angle, which includes
the effects of lateral slip. Table I shows the parameters used in
the calculation of the roller angle. The values for the coefficient
of rolling resistance Crr and the coefficient of lateral slip Cslip
were calculated empirically, with experimental values described
in Section VI-B.

C. Effect of Roller Normal Force and Shaft Diameter

We can analyze the equations that govern the performance
of the angled roller transmission to understand tradeoffs be-
tween the system parameters. One example is the effect of roller
normal force, Fn . Fig. 5 shows the efficiency ε of the angled
roller system, as described in (13), using parameters described in
Table I, for three different values of normal force per roller, Fn .
The possible output force increases linearly with an increase in
roller normal force, but as illustrated in (11), the power loss to
rolling resistance, Prr , also increases. The power lost to lateral
slip is also affected by the roller normal force. As shown in (12),

TABLE I
SYSTEM PARAMETERS USED IN DC MOTOR EXAMPLE

Parameter Value Units

Pm a x 5.97 Watts
τ s t a l l 48 N·mm
ωf s 4850 r/min
r 1.5875 mm
μ 0.2 -
Cr r 0.00225 -
C s l ip 6.086 degrees
n r o l l e r 3 -
Fn 450 N per roller

Fig. 5. Roller normal force affects the overall efficiency by altering the losses
to rolling resistance and to lateral slip. With higher normal forces, higher overall
output forces can be achieved at the cost of a lower overall efficiency. This plot
is shown for a three-roller system.

for a given output force F, a higher amount of normal force will
result in a reduction in the power lost to lateral slip Pslip . Since
the key factor is the total normal force between the entire set
of rollers and the shaft, the number of rollers used does not
affect the performance or efficiency of the system. However,
the more rollers used to distribute the normal force and output
load, the lower the Hertzian contact stresses experienced at the
roller-to-shaft interface.

Since rolling resistance acts as a force at the contact between
the roller and the shaft, an increase in shaft diameter leads to
increased losses to rolling resistance. As indicated in (12), the
power lost to lateral slip also increases linearly with the shaft
radius. Fig. 6 shows the efficiency ε of the angled roller drive
system using the parameters from Table I with three different
shaft radii. Although the efficiency effects show that a small
drive shaft is preferable, the Hertzian contact stresses increase
with a reduction in shaft radius.

IV. LINKAGE BEHAVIOR

The linkage system that houses the rollers in the rotating
“nut” is based on the Watt straight-line mechanism originally
developed for drafting purposes and then implemented in steam
engines and automotive suspensions [20]. The Watt linkage pro-
vides a single DOF allowing near perfect linear translation at the
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Fig. 6. Larger shaft radius dissipates more energy to rolling resistance. There
is also an increase in energy lost to lateral slip since the same slip angle now is
a greater portion of the total roller angle.

Fig. 7. Watt straight-line mechanism ensures point C travels along a straight-
line path as indicated by the red (dotted) line. The position of C is described
by (xc , yc ) and is defined as being at (0, 0), in the neutral configuration. The
angle of the center bar with reference to vertical is ϕ. The ratio of length a to
length b changes the relationship of angle change to lateral displacement of C .

midpoint of the center link, with an associated change in angle.
The linear translation is required to maintain good contact on
the shaft as the rollers translate relative to the rotating “nut.”
As compared with other straight-line mechanisms including the
ChebyShev and Peaucellier–Lipkin [28], the angle change of the
center bar is identical in both directions of movement, which en-
sures that the associated angle change from the neutral position
is the same for pushing and pulling motions.

Fig. 7 shows the straight-line behavior of the mechanism and
how the ratio of link lengths a and b affect the behavior. Since

we are interested in using this system to alter the angle of a drive
roller, we have studied the association between the movement
of point C and the associated angle of the center link ϕ. Fig. 8
shows the effect of the link length ratios on the system behavior.
The top plot shows vertical position of C as the mechanism
deflects along the length of the output shaft, while the bottom
plot shows the angle of the center link along the motion path.
All length values are normalized by the length of a in order to
examine the results nondimensionally. In Fig. 8, the angle of the
center link was calculated using an inverse kinematics solver,
but can be approximated for the straight-line region by (21)
derived using the law of cosines and the linkage dimensions.

ϕ ≈ tan−1

(
a

b/2 + xc

)
− cos−1

⎛
⎝ b2/

2 + bxc + x2
c

b

√
a2 + (b/2 + xc)2

⎞
⎠
(21)

Since the drive roller of the proposed transmission is mounted
in the center link at point C, a larger change in the angle of the
center link will result in a larger change in roller pitch angle.
This is constrained by the limits of straight-line motion of the
mechanism. Table II shows the angle change of the center link
at the point when point C begins to deviate from travel along
a straight line. The suggested limits of 1% and 0.5% of length
a were based on the packaging of the prototype detailed in
Section VI. The singular boundary is the absolute limit created
when links a and b are parallel. We can see based on this analysis
of the effect of the a/b ratio that the optimal system will greatly
depend on packaging since the a/b ratio should be maximized
to increase the amount of possible angle change for a given
tolerance to deviations from perfect straight-line behavior.

V. COMPLIANCE TUNING FOR CONSTANT POWER APPLICATION

In this section, we will combine the behavior of an angled
roller transmission element (see Section II) and the linkage
behavior (see Section IV) to yield a passively variable CVT
that maximizes the mechanical power delivered from the drive
motor. This is done by selectively tuning the compliance of the
linkage system from the neutral position to match the desired
force versus roller angle profile described in Section III-A.

Equation (20) shows the relationship between roller angle
and shaft output force that results in the drive motor operating
at maximum mechanical input power. Using (14), we can show
the sensitivity of the mechanical input power to the roller angle
as illustrated in Fig. 9. We will, therefore, try to optimize the
stiffness of the four-bar-linkage system to match the optimal
roller angle for all possible output loads.

In an attempt to match the desired optimal roller angle profile,
we begin by choosing the initial roller angle θinitial for the
neutral position of the four-bar mechanism, as seen in Fig. 2(b).
The resulting roller angle θ under deflection of the four-bar-
linkage is described in (22), where ϕ is the angle of the center
link.

θ = θinitial − ϕ (22)
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Fig. 8. These plots show the vertical displacement YC and angle of point C as
a function of lateral displacement XC . The values are normalized by the length
of the vertical link a.

TABLE II
MAX ANGLE CHANGE FOR VARYING TOLERANCE

TO STRAIGHT-LINE BEHAVIOR

yc /a = 0.005 yc /a = 0.01 Singular Boundary∗

a/b xc/a ϕ xc/a ϕ yc/a ϕ

0.125 0.628 3.18 0.700 4.10 0.161 9.66
0.25 0.560 4.92 0.620 6.00 0.160 16.26
0.50 0.496 7.57 0.560 9.89 0.138 25.53
1.00 0.438 11.65 0.495 15.24 0.100 36.87
1.50 0.405 14.91 0.459 19.61 0.076 43.87
2.00 0.383 17.79 0.434 23.44 0.060 48.75
3.00 0.354 22.80 0.401 30.33 0.041 55.25

∗The singular boundary is defined as the position where link a and b

become parallel.

For a chosen linkage length ratio a/b, we want to maximize
the total angle change of the roller. We can solve for θinitial
by setting it equal to the max angle change of the center link
ϕ for the desired a/b ratio linkage, as shown in Table II, and
adding the desired angle of the roller at 0.7 Fnnrollers μ, since
beyond this angle major losses occur to gross slip. This gives the
maximum total angle change of the roller, for the desired a/b
ratio linkage, over the possible output loads. Equation (21) gives
the relationship between the center link angle, ϕ, and the lateral
displacement xc . We can, therefore, combine (21) and (20) to

Fig. 9. Ideal roller angle as a function of output force is shown in the red
line. Contours of reduced power input values show the input power sensitivity
to maintaining the ideal roller angle profile.

Fig. 10. Stiffness of the linkage when constrained using linear springs can be
compared with the ideal stiffness profile to optimize peak input power. A fixed
ratio transmission would operate on a vertical line positioned according to the
chosen fixed ratio.

yield the desired compliance of the linkage system to maximize
input motor power. The contours of Fig. 9 have been translated
into a desired compliance of the linkage mechanism using the
linkage kinematics, shown in Fig. 10, as approximated by (21)
for a linkage with a/b = 1.5, a = 22.5 mm, and b = 15 mm.

Along with the ideal stiffness profile to maximize motor
power input, Fig. 10 shows the stiffness profile achieved when
the linkage system is constrained using linear springs as indi-
cated in Fig. 11. Although this constraint strategy is unable to
perfectly match the desired profile, we can see that the mechan-
ical input power is greatly increased as compared with a fixed
ratio transmission. Since each lateral position of point C repre-
sents a particular roller angle, a fixed ratio transmission would
follow a straight vertical path through Fig. 10, thus only creat-
ing the desired motor operating conditions for a small range of
output forces. For the simple case of constraining the linkage
with linear springs, the motor is able to operate within 95% of
the peak power input for output loads between 25 and 165 N.
Limitations on the initial roller angle and the requirement for
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Fig. 11. Chosen linkage with a/b = 1.5, is constrained using two linear
springs. The parameters of the springs were optimized to best match the de-
sired stiffness profile. FspringA = KA (l − lo ) KA = 7.3 N/mm lo = a =
22.5 mm θin itia l = 23.4◦.

Fig. 12. Example of passive transmission system, which is designed to achieve
maximum input power with parameters from Table I, achieves a range of trans-
mission ratios from 0.23 to 2.8 rot/mm.

static equilibrium at the neutral configuration prevent the system
from tracking the ideal stiffness profile for small output forces.

The stiffness values shown in Fig. 11 represent the parameters
necessary for a three roller system to achieve the overall desired
stiffness. If the number of rollers is changed, the spring con-
stants for the linear springs would also need to be altered to give
the same overall system stiffness. Although there are numerous
methods to alter the stiffness of the linkage system by adding
spring elements to better match the desired stiffness profile, we
have shown a single simple method that illustrates the proposed
CVT concept. Fig. 12 shows that the rotary-to-linear transmis-
sion ratio, as described by (10), varies from 0.23 to 2.8 rot/mm
over the entire range of output forces when rolling resistance
and lateral slip are taken into account.

VI. PROOF-OF-CONCEPT DESIGN AND TESTING

A prototype passive variable transmission was developed as
a proof of concept and a way to test the methods described
above. Here, instead of maximum delivered mechanical power
from the motor, we have tuned the transmission to operate at
the peak electrical efficiency point of the actuator. Although this
represents a different operating region of the motor (generally

Fig. 13. (a) Desired roller angle profile to operate the integrated motor at
peak electrical efficiency. (b) Predicted mechanical efficiency of the prototype
transmission for the desired operating conditions.

at one seventh of the stall torque of the motor over the entire
operating range [22]), the design process is similar to what was
laid out in Section V. We started by using (20) to determine the
ideal roller angle profile using the new desired motor torque
parameter. The desired profile is shown in Fig. 13(a). We were
then able to compute the predicted mechanical efficiency of the
system as a result of rolling resistance and lateral slip losses, as
shown in Fig. 13(b).

As illustrated in Fig. 14(a), the prototype passive transmis-
sion system consists of two four-bar-mechanisms integrated into
opposite sides of an aluminum rotating housing. The housing
is 27.5 mm in diameter and holds the linkages, support bear-
ings, and contains the magnetic rotor of an outrunner brushless
DC motor (Turnigy 2830 Brushless Motor, 800 kV). An ex-
ploded view of the prototype is shown in Fig. 14(b). Within the
center links of the four-bar linkages, the drive rollers are sup-
ported with two roller bearings. The rollers and output shaft are
made from O1 oil-hardening tool steel, hardened to a Rockwell
C58-62 surface hardness. Because of the large normal force re-
quired between the rollers and the shaft, the two center links
are forced together using two bolts that can be adjusted to alter
the roller normal force. Since these normal force bolts, as seen
in Fig. 14(b), only squeeze the center links together, they have
no effect on the motion of the linkages in response to a lateral
output force from the rollers on the shaft. The a/b ratio for the
linkages used in the prototype was 0.5 due to limitations related
to the overall system diameter and the size of the drive roller
support bearings. The initial roller angle was 7.0° within the
center link. Fig. 14(a) shows the rubber springs used to con-
strain the motion of the four-bar linkages with respect to the
rotating housing. These springs are initially positioned tangent
to the movement of the linkages. The parameters of the springs
were chosen to match the desire stiffness profile for the chosen
linkage ratio. Similarly to Section V, this was computed using
(20) and (21). Details on the system parameters used in the pro-
totype including details on the integrated brushless motor are
shown in Table III. Since only two rollers are used in the proto-
type and there is an upper bound to the allowable contact stress,
the expected maximum output force of the prototype system is
about 90 N before gross slip occurs. The overall weight of the
prototype, as seen in Fig. 14(a), is 122 g.
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Fig. 14. Passively adaptive rotary-to-linear CVT. (a) Physical prototype with
a US quarter for size reference. (b) Exploded view shows the component of the
linkages, housing, and integrated brushless motor that rotates the entire housing
around the shaft.

TABLE III
SYSTEM PARAMETERS OF PROTOTYPE PASSIVE TRANSMISSION

Parameter Value Units

Pm a x 4.6 Watts
τ s t a l l 48 N·mm
ωf s 3800 r/min
Vm o to r 7.0 Volts
r 1.5875 mm
rr o l l e r s 3.43 mm
θ in i t i a l 7.0 degrees
Fn �350 N per roller
σH e r t z M a x 2.66 GPa
C r r 0.00225 -
C s l ip 6.086 degrees
n r o l l e r 2 -

A. Experimental Test Setup

A custom testing apparatus was constructed to monitor the
behavior of the proposed transmission system and drive motor
under various output loading conditions. The testing apparatus
shown in Fig. 15 consists of a brushless motor supported by a
torsional load cell to measure the motor output torque. In the
prototype system shown in Fig. 14(a), the entire housing and

Fig. 15. Testing apparatus to evaluate performance of the passive transmission
system.

Fig. 16. Custom carriage was created that housed three rollers perpendicular
to the shaft with direct measurement of the normal force. (a) Schematic of
three roller system with load cell and (b) view of testing system with front half
removed to show rollers and bearings.

linkages rotate around a center shaft and produce a lateral force
on the shaft. In the testing apparatus, however, the shaft is rotated
to produce a lateral force on the linkage housing. Although this
does not change the behavior of the transmission, it makes it
easier to monitor the movement of the four-bar-linkage system
under load. The rotation of the shaft and linear movement of
the linkage housing are directly measured with encoders. The
lateral force between the rollers and the shaft is also measured
directly by measuring the reaction loads between the shaft and
frame using load cells.

In addition to testing the behavior of the proposed transmis-
sion as a system, we also constructed a testing setup to evaluate
the parameters of rolling contact required to calculate an accu-
rate roller angle profile. Fig. 16 illustrates the test setup used to
evaluate the coefficients of rolling resistance and lateral slip. A
custom carriage was developed that held three rollers at a fixed
angle perpendicular to the output shaft. The normal force was
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Fig. 17. Rolling resistance force is shown to exhibit a linear increase with
respect to the normal force applied between the roller and the shaft. In this
example, the rollers were made from O1 tool steel, hardened to rockwell-58-62
surface hardness with maximum Hertzian contact stress of 2.41 GPa.

directly altered and measured using a load cell, as illustrated in
Fig. 16(a).

B. Experimental Testing Results

1) Rolling Resistance: In order to measure the coefficient of
rolling resistance as described in (6), the three-roller carriage
shown in Fig. 16 was assembled into the system testing appa-
ratus in place of the moving linkage housing. The compression
spring was then compressed to place an equal normal force be-
tween all three rollers and the shaft. By powering the brushless
motor and measuring the resultant torque, we were able to deter-
mine the linear relationship between normal force in the rollers
and the force of rolling resistance. Fig. 17 shows the measured
rolling resistance force Frr for 12 values of roller normal force
ranging between 80 and 520 N. Here, the error bars represent ±
one standard deviation of all rolling resistance values measured
at 2000 Hz over a 5-s trial at 4500 ± 600 rot/min. It is important
to remember that the measured value of rolling resistance is the
combination of losses occurring at the roller to the shaft contact
patch as well as the losses within the bearings that support the
rollers. The non-zero rolling resistance force at zero roller nor-
mal force is a result of other losses within the testing apparatus
not related to the normal force of the rollers. The rollers and
shaft were made from O1 oil-hardened tool steel, hardened to a
Rockwell C58-62 surface hardness. The Hertzian contact stress
at the roller to shaft interface calculated for the largest value of
normal force was 2.41 GPa. Using a linear fit to the measured
data, we show a rolling resistance coefficient Crr = 0.00225.

2) Lateral Slip: Using the same roller carriage, the lateral
slip coefficient could be directly measured. With a set normal
force on the three rollers, load was placed on the entire carriage
along the direction of the output shaft. Since the system testing
apparatus allows us to measure the lateral load, carriage position,
and the shaft speed simultaneously, we can calculate the relative
slip angle occurring at the roller/shaft interface using (23). Here,
Vcarriage represents the lateral velocity of the roller housing

Fig. 18. Lateral slip coefficient measurement using the roller testing carriage.
The linear relationship holds for up to 70% of μ before gross slip occurs.

within the testing apparatus

α = tan−1
(

Vcarriage

rω

)
. (23)

Fig. 18 shows the measured slip angle for two values of
normal force per roller. Since the lateral force on the rollers is
normalized by the roller normal force, the resulting coefficient
is in the units of degrees. A linear fit to both trials results in a
lateral slip coefficient of Cslip = 6.086◦. As shown by Gillespie
et al. [23], the linear trend is valid for up to 70% of μ.

3) Transmission Behavior: We showed in Fig. 12 that
achieving the correct linkage stiffness profile was a key to
achieving the correct transmission ratio over the range of output
forces. Using the testing apparatus, we were able to compare
the desired and actual stiffness profile achieved by the proto-
type linkage system. Fig. 19 shows the ideal stiffness for the
a/b ratio of the prototype to give maximum electrical efficiency
of the drive motor. Also shown is the measured stiffness of the
prototype system. The hysteresis in the measure stiffness curves
is a result of the rubber spring elements used in the prototype.

With the same linkage and constraining springs used in the
prototype, now placed in the linkage housing of the testing
apparatus, the overall performance of the passive transmission
system was evaluated. The brushless motor (identical to the
motor integrated into the prototype transmission), was supplied
7.0 V to rotate the shaft. As the linkage housing moved laterally,
it pulled against a linear spring. As the load on the system in-
creased, the linkages began to deflect and alter the transmission
ratio of the system. Because we directly measured the load, out-
put velocity, input torque, and input motor speed, we are able to
characterize the transmission.

Our overall goal in the tuning of this particular prototype
transmission was to allow the motor to operate at the point of
peak electrical efficiency. Fig. 20 shows the motor performance
curves as well as the desired operating point. The motor torque
curves were measured on the same testing apparatus by apply-
ing an external torque to the output shaft. We would expect that
for a fixed transmission ratio, a variable load would result in the
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Fig. 19. Measured stiffness of the prototype transmission linkage system.
The red (solid) line shows the desired profile. The blue (dashed) line shows
the measured stiffness of the prototype system over repeated cycles of loading.
(b) Neutral configuration under zero output load, (c) deflected position under a
75-N pulling load, and (d) deflected position under a 75-N pushing load.

motor sweeping across the entire operating range. This is due
to the fact that the motor needs to increase the applied torque
to compensate for the increased output load. Using the pas-
sive roller transmission, however, the motor torque would be
constant over the range of loads at the output. In Fig. 20, we
show the resulting steady-state operating behavior (blue curve)
of the motor during a trial in which the output load, F , is varied
from 0 to 75 N, while using the passively variable transmis-
sion. Although the motor does not operate exactly at the desired
operating point, the transmission is correctly altering the trans-
mission ratio in order to keep the demanded torque of the motor
in a 5-N · mm range.

Over the entire range of output loads between 0 and 75 N,
the mechanical efficiency of the system ranged between 30 and
18%. The efficiency was measured by determining the ratio of
the output mechanical power, V ∗ F , to the mechanical input
power from the motor, τ ∗ ω. The measured efficiency values
were lower than calculated in Fig. 13(b), likely due to a larger
than expected coefficient of rolling resistance.

Since gross slip occurred at about 80 N, the efficiency quickly
drops off after a maximum 75 N output force. The measured
transmission ratio within that range varied between 1.12 and
4.79 rot/mm.

VII. APPLICATIONS IN ROBOTICS

The proposed transmission system has the potential to im-
prove efficiency and power-to-weight ratio over existing single-
ratio rotary to linear transmission systems. The most likely com-

Fig. 20. Operating range of the motor was measured while an output force
was swept from 0 to 75 N. The red curves represent the measured typical motor
behavior for repeated cycles of loading and unloading. The operating range of
the motor while using the passive transmission is compared with the typical
motor behavior, as well as with the desired operating point for peak electrical
efficiency.

parison is the use of this transmission over a single pitch lead
screw in a robotic system such as a leg or robotic hand. If the
loading of the system is very well characterized, then the pitch
of the lead screw and motor can be properly chosen to maximize
efficiency or power from the motor. However, if the loading is
highly variable, then this actuation method will be highly inef-
ficient over a portion of the loading. For highly variable loading
conditions, as are experienced in most robotic systems such as
robot arms, hands, or legs, this transmission can help to opti-
mize power output. As stated in earlier sections, the efficiency
and weight savings gained from operating at the most efficient
or most powerful operating point of the motor must be weighed
against the reduced efficiency of friction drive-based systems.
These tradeoffs depend on the scale of the transmission system
and the priorities of the robot design.

Although lead screw designs are commonly used for precise
positioning, they are less desirable for force-based control sys-
tems due to their limited backdrivability. The proposed transmis-
sion incorporates a series-elastic element that makes the system
better suited for force/torque control instead of position control.
Position control of series elastic systems can still be achieved
with proper closed-loop control methods.
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VIII. CONCLUSION AND FUTURE WORK

In this paper, we have presented a novel concept for a variable
transmission that can be designed to passively vary with the
output load conditions in order to keep the actuator acting near
a desired/optimal point. Besides this key feature, the concept has
a number of additional benefits, including simple and compact
packaging, one of the few rotary-to-linear CVTs that have been
developed, and has a built-in overload protection that can be
tuned by adjusting the normal force on the rollers. After laying
out the key parameters affecting the design and performance
of these systems and showing how to design for two example
applications, we presented the design and evaluation of a proof-
of-concept device. Our results showed good performance for a
first prototype in a controlled test.

There are a number of aspects of the described concept that
we would like to investigate in the future. One direct exten-
sion involves moving past the steady-state behavior analysis to
look at behavior during accelerations, which is important not
only for start-up phases but for transients during applications
such as position tracking as well. Another aspect to this type of
transmission that we would like to examine is its series elastic
behavior and general impedance properties. In particular, due
to the Watt linkage, linear translation of the output is tied to
the pitch angle of the rollers, and it is not clear how driving
this motion from the output will affect the reflected stiffness. As
with any actuator with nontrivial compliance at the output, there
will be issues related to control that should also be investigated
in future work [29].

One of the key areas for future improvement of the concept
relates to improving the efficiency of future prototypes, without
which many of the benefits of variable transmission will not be
able to be realized. The measured efficiency of the prototype
actuator was less than predicted using the measured values of
rolling resistance and lateral creep. In the three-roller testing
carriage to test for rolling resistance, larger bearings were used
to support the driver rollers. In the prototype system, miniature
roller bearings were required for packaging reasons. The added
rolling resistance of the smaller roller bearings is likely the
cause for both the decreased efficiency of the system, as well
as the slight shift in measured motor torque from the desired
value in Fig. 20. Since the effect of rolling resistance acts as
a fixed torque for a given setup, designing the system for a
higher torque operating point, or choosing a motor with higher
torque output, would result in a higher mechanical efficiency
of the transmission. More developed products with the roller
transmission element have a reported efficiency of 75%, and
we expect that fully engineered and professionally made future
versions of our system will have comparable efficiencies [16].
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