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Investigation of random lasers with resonant feedback
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This paper presents a detailed experimental study of random lasers with resonant feedback. The dependences
of the lasing threshold and the number of lasing modes on the transport mean free path, the pump area, and the
sample size are measured. An analytical model based on the concept of quasistates is developed to explain the
behaviors of random lasers.
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I. INTRODUCTION

Over the past few years, there have been several ex
mental @1–7# and theoretical@8–15# studies on random la
sers. A random laser is different from a conventional lase
the feedback mechanism. A conventional laser consists
gain medium and a cavity. The cavity, usually made of m
rors, provides coherent feedback for lasing. However, a r
dom laser has no mirrors. The feedback is supplied by o
cal scattering in a disordered medium. Recently, rand
lasers with coherent feedback have been realized with hig
disordered semiconductor powder and organic mater
@5–7#. The performance of a random laser is determined
three characteristic length scales: the transport mean
path l t , the gain lengthl g , and the sample sizeL. In this
paper, we present a quantitative experimental study of
dependence of the lasing threshold and the number of la
modes on these length scales.

Several models have been set up in the theoretical s
of stimulated emission in an active random medium, e.g.,
diffusion equation with gain@8,10,11#, the random walk and
amplification of photons@12#, and the ring laser with non
resonant feedback@13#. However, these models cannot pr
dict lasing with coherent feedback because the phase o
optical field is neglected. A different approach has been ta
recently, i.e., to directly calculate the electromagnetic fi
distribution in a random medium by solving the Maxwe
equations using the finite-difference time-domain~FDTD!
method@16,17#. The advantage of this approach is that o
can model the real structure of a disordered medium
calculate both the emission spectrum and the spatial di
bution of emission intensity at any time. However, the n
merical simulation of three-dimensional random media w
the FDTD method requires much computing power. Furth
more, the simulation must be done for thousands of sam
with different configurations before any quantitative conc
sion can be drawn. In the second half of this paper, we
velop an analytical model for random lasers based on
concept of quasistates.

*Email address: h-cao@northwestern.edu
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II. EXPERIMENT

To study the effect of scattering strength on a rand
laser, we use polymer films containing laser dye and mic
particles. The advantage of this system is that the gain
dium and the scattering elements are separated. Thus, we
independently vary the amount of scattering by particle d
sity and the optical gain by dye concentration.

Experimentally, Poly~methyl methacrylate! ~PMMA! and
rhodamine 640 perchlorate dye are mixed in dichrometha
Subsequently, titanium dioxide (TiO2) microparticles are ul-
trasonically dispersed in the solution. The average size of
TiO2 particles is 400 nm. Polymer sheets are made with
cell-casting technique. The film thickness is about 150mm.
The frequency-doubled output (l5532 nm) of a mode-
locked Nd:YAG~yttrium-aluminum garnet! laser~10 Hz rep-
etition rate, 25 ps pulse width! is used as pump light. The
pump beam is focused by a lens~6.3 cm focal length! onto
the polymer sheet at normal incidence. The excitation s
on the film surface is about 50mm in diameter. The emis-
sion from the polymer sheet is collected by a fiber bun
and directed to a 0.5-m spectrometer with a cooled cha
coupled device array detector.

We fabricate a series of polymer films with the same d
concentration but different particle density. The TiO2 particle
density in the polymer films varies from 831010 to 6
31012 cm23. The lasing threshold in these films is measur
under identical conditions. Above the threshold, discrete n
row peaks emerge in the emission spectrum. The emis
intensity there increases much more rapidly with the pu
intensity. To characterize the transport mean free path
these films, we conduct coherent backscattering experim
@18,19#. The output from a He:Ne laser is used as the pro
light, because of its wavelength being very close to the em
sion wavelength of rhodamine 640 perchlorate dye. To av
absorption of the probe light, we fabricate PMMA films th
contain only TiO2 particles but not the dye. The thickness
the polymer films is about 400mm, which is much longer
than the transport mean free path in these films. From
angular widthw of the backscattering cone, we calculate t
transport mean free path using the formulal t5l/2pw(1
1ze), whereze is the extrapolated length ratio@20#. We as-
sume thatze only depends on the overall reflectivityR at the
©2001 The American Physical Society08-1
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LING, CAO, BURIN, RATNER, LIU, AND CHANG PHYSICAL REVIEW A64 063808
film-air interface, i.e.,ze52(11R)/3(12R) @20#. For the
PMMA films, we find l t is inversely proportional to the TiO2
particle densitynd . More precisely, a curve fitting ofl t ver-
susnd gives (1/l t21/l 0)}nd , wherel 0 is the transport mean
free path of the PMMA film without any TiO2 particles. Note
that recent studies showze is determined not only by the
overall reflectivity but also by the scattering anisotropy
individual particles@21#. Owing to the fact that the TiO2
particles used in our experiment are strongly polydispers
is very difficult to calculate the anisotropy factorgs for the
TiO2 particles of different shape and size. If we assume
the TiO2 particles are spherical and their diameter is equa
the average value 400 nm, we findgs.0.58, andze is re-
duced to 80% of its original value@21#. Correspondingly, the
value of l t should be;20% larger than what we have es
mated.

Figure 1 plots the incident pump pulse energy at the
ing threshold versus the transport mean free path. The
concentration in the polymer film is fixed at 531022 M. As
the TiO2 particle density in the polymer film increases, t
transport mean free path decreases, and the lasing thre
also decreases. The strong dependence of the lasing th
old on the transport mean free path clearly illustrates
important contribution of scattering to lasing. With an i
crease in the amount of optical scattering, the feedback
vided by scattering becomes stronger. In other words,
laser cavities formed by recurrent light scattering have low
loss. Thus the lasing threshold is reduced. Through curv
ting, we find the lasing threshold is proportional to the squ
root of the transport mean free path. Figure 2 shows
number of lasing modes in the samples with different tra
port mean free path at the same pump intensity. The stro
the scattering is, the more lasing modes emerge. This is
to the fact that in a sample of stronger scattering stren
there are more low-loss cavities formed by the recurrent s
tering. When the optical gain is fixed, the gain exceeds
loss in more cavities, and lasing oscillation occurs. An int
esting feature in Figs. 1 and 2 is that when the transp

FIG. 1. Incident pump-pulse energy at the lasing thresholdPth

versus the transport mean free pathl t . The dashed line is the fitted
curve represented byPth50.13/I t

0.53.
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mean free path approaches the optical wavelength, the la
threshold pump intensity drops quickly, and the number
lasing modes increases dramatically.

One surprise from Fig. 1 is that lasing with resonant fee
back occurs in samples where scattering is not very stro
For example, when the transport mean free path is 25 tim
the optical wavelength, lasing can still occur as long as
optical gain is high enough. To verify this, we fabricate po
mer sheets with the same particle density but different
concentration. Figure 3 plots the lasing threshold pump
tensity versus the dye concentration. The TiO2 particle den-
sity in the polymer films is fixed at 2.531011 cm23. The
relatively low particle density gives a rather long transp
mean free pathl t; 11 l. From Fig. 3 the lasing threshol
decreases with an increase of the dye concentration. W
the dye concentration is below 431023 M, lasing could no
longer occur at the maximum power of our pump laser. T
result indicates that in a random laser the coherent feedb
provided by the optical scattering is not necessarily v

FIG. 2. Number of lasing modes as a function of the transp
mean free pathl t . The incident pump-pulse energy is 1.0mJ.

FIG. 3. Incident pump-pulse energy at the lasing threshold a
function of the dye concentration.
8-2
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INVESTIGATION OF RANDOM LASERS WITH . . . PHYSICAL REVIEW A64 063808
strong. In another word, the cavities formed by scattering
be lossy. As long as the dye concentration and the pu
intensity are high enough, lasing with coherent feedback
occur.

The transport of light in a scattering medium depends
only on the transport mean free path, but also on the sam
size. In an active random medium, the gain volume may
smaller than the medium volume, when only part of the d
ordered medium is excited. Next we study the dependenc
a random laser on both the sample size~i.e., medium vol-
ume! and the gain volume. In particular, we will consid
two cases. In the first case, the dimensions of the rand
medium are much larger than the transport mean free p
thus the medium can be considered infinitely large. But
gain volume is finite. In the second case, the random med
has a finite size and the entire medium is excited.

First, we vary the gain volume and measure the chang
the lasing threshold. The PMMA film that contains dye a
TiO2 particles is initially placed at the focal plane of a len
Then we move the lens away from the sample to increase
size of the pump beam spot on the sample. We measure
incident pump intensity at the lasing thresholdI th as a func-
tion of the area of the pump spot on the film surfaceA.
Figure 4 shows the data for two samples with different tra
port mean free paths. The circles~crosses! represent the data
of the polymer film with higher~lower! TiO2 particle density.
The transport mean free path in these two samples is m
sured to be 0.9mm and 9 mm, respectively. For both
samples, the measuredI th decreases as the pump areaA in-
creases. Next we measure the number of lasing modes
function of the pump area. In this measurement, we fix
incident pump power and vary the pump area. Thus, the
cident pump intensity also changes with the pump area.
ure 5 plots the number of lasing modes versus the pump
for two samples with different transport mean free paths. T
circles ~crosses! correspond to the sample with the transp
mean free path of 0.9 (9)mm, and the incident pump-puls

FIG. 4. Incident pump intensity at the lasing thresholdI th versus
the areaA of pump beam spot on the sample surface. The trans
mean free path is 0.9mm ~circles!, and 9 mm ~crosses!, respec-
tively. The fitted curves areI th50.11/A0.59 ~solid line!, and I th

50.096/A0.75 ~dashed line!.
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energy is 0.63 (1.0)mJ. For both samples, we observe
plateau in the number of lasing modes. Under constant pu
power, the number of lasing modes stays nearly cons
when the diameter of the pump spot increases from 50
110 mm. Eventually, when the pump beam diameter
larger than 110mm, the number of lasing modes starts d
creasing, because the pump intensity approaches the la
threshold.

In the above case, the emitted photons may diffuse ou
the gain volume into the passive random medium. After m
tiple scattering events, they may return to the active rand
medium @4,13#. Therefore, the volume of the random m
dium which is involved in the lasing process, is larger th
the pumped volume. Next we will study the case where
size of the random medium is finite and it is equal to the s
of the excitation region. To control precisely the size of t
random medium, we have utilized the microfabrication tec
nique to make patterns on zinc oxide~ZnO! polycrystalline
films.

The ZnO films are deposited on sapphire substrates
pulsed laser ablation. A detailed description of the grow
procedure and the structural characterization of the fi
have been given elsewhere@22,23#. The film thickness is
about 350 nm. The high-resolution transmission-electr
microscope images show that the films consist of many
regularly shaped grains of the size between 30 and 130
Since the transport mean free path is close to the film th
ness, light is scattered in the plane of the ZnO film@24#. The
optical confinement in the direction perpendicular to the fi
is achieved through index guiding. Hence, the ZnO film c
be approximated as two-dimensional~2D! random medium.
Light leakage from the top and bottom interfaces of the fi
is regarded as loss. Under optical pumping, we have
served lasing with resonant feedback in the ZnO polycrys
line films @5#.

We etch the ZnO films to make an array of disks who
diameters vary from 2 to 40mm. The etchant is a wate

rt FIG. 5. Number of lasing modes versus the area of the pu
beam spot on the sample surface. The transport mean free pa
0.9 mm ~circles! and 9 mm ~crosses!, respectively. The inciden
pump pulse energies are 0.63mJ and 1.0mJ, respectively.
8-3
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LING, CAO, BURIN, RATNER, LIU, AND CHANG PHYSICAL REVIEW A64 063808
solution of hydrochloric acid and hydrogen oxide. T
scanning-electron-microscope images show that the edg
the disks are quite rough. Thus, the whispering-gall
modes could not be formed by total internal reflection at
disk edges. The patterned ZnO films are optically pumped
the frequency-tripled output of the mode-locked Nd:YAG
ser. The pump beam is focused onto a single disk by a
croscope objective lens. The pump beam spot covers the
tire disk. Emission from the sample is collected by a fib
bundle and directed to the spectrometer.

Figure 6 shows the lasing threshold pump intensityI th
versus the disk areaA. The smaller the sample is, the high
the threshold pump intensity is. We curvefit the data in Fig
with the formula I th;1/Ax, and obtainx.0.52. Since the
disk diameterd;AA, we get I th;1/d, namely, the lasing
threshold pump intensity is inversely proportional to the d
diameter.

The number of lasing modes is also sensitive to
sample size. Figure 7 plots the evolution of laser-emiss
spectra with the pump intensity for a disk of diame
20 mm. Initially, the number of lasing peaks increases w
the pump intensity. As the pump intensity increases furth
the number of lasing modes does not increase any m
instead it saturates to a constant value. This value depend
the sample size. Figure 8 plots the saturated number of la
modes versus the disk area. When the sample are
30 mm2, there are only three modes at high pump intens
For the sample with an area of 320mm2, the number of the
lasing peaks is saturated to seven. The saturation of the n
ber of lasing modes has been predicted for the o
dimensional random structure@17#. Due to the gain compe
tition, two random cavities with significant spatial overla
could not lase simultaneously. In other words, different l
ing modes must be spatially separated. Hence, for a sam
of finite size, only a limited number of lasing modes c
exist even in the presence of high amplification. From Fig
the saturated number of lasing modes increases with
sample area. From this data, we estimate the area th

FIG. 6. Incident pump intensity at lasing thresholdI th as a func-
tion of the ZnO disk areaA. The dashed line is the fitted curv
represented byI th5104.5/A0.52.
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single lasing mode occupies spatially is between 10
40 mm2.

III. MODEL

We start with the concept of quasistates for light in ra
dom media. The quasistates are the eigenmodes of the M
well equations in a finite-sized medium. The boundary co
ditions for quasistates are the absence of any incom
waves and the presence of only outgoing waves@25#. The
frequency of a quasistate is a complex number, whose im
nary part describes the decay rate. Due to the complex va
of the eigenenergies, the eigenmodes are not orthogon
each other in the random medium. When photons in a q
sistate reach the boundaries of the random medium, they
either reflected back to the medium or transmitted into

FIG. 7. Emission spectra from a ZnO disk of diameter 20mm.
The spectra are shifted vertically for clarity. The incident pum
pulse energies are marked next to the curves.

FIG. 8. Saturated value of the number of lasing modes a
function of the disk area. The error bar is also shown.
8-4
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INVESTIGATION OF RANDOM LASERS WITH . . . PHYSICAL REVIEW A64 063808
air. The transmitted photons are lost, while the reflected p
tons may get into other quasistates. Hence, the decay
quasistate results from both light leakage through the bou
aries and energy exchange with other quasistates. The m
decay rategd due to light leakage through the boundaries c
be estimated as follows:

gd;
D

L2 , ~1!

whereD is the diffusion coefficient andL is the dimension of
the random medium. The average frequency spacing betw
adjacent quasistates is

dn5
vl2

8pL3 , ~2!

where v is the speed of light in the medium. Whenklt
.1 (k is wave vector,l t is the transport mean free path!,
gd.dn. Hence, the quasistates are spectrally overlapp
giving a continuous emission spectrum.

When the transport mean free path is much longer t
the optical wavelength, the quasistates in a finite-sized
dom medium decay fast. Thus, their spectral lines are bro
The spectral overlap of the quasistates is significant.
quasistates are coupled strongly via reflection at the bou
aries. Owing to the energy exchange among the quasist
the loss of a set of interacting quasistates is much lower t
the loss of a single quasistate. In an active random med
when the optical gain for a set of interacting quasistate
the frequency of gain maximum reaches the loss of th
coupled quasistates, the total photon number in these cou
states builds up. The drastic increase of photon number a
frequency of gain maximum results in a significant spec
narrowing. This process is called lasing with nonreson
~incoherent! feedback@8#.

With an increase in the amount of optical scattering,
dwell time of light in the random medium increases, and
mixing of the quasistates is reduced because it occurs on
the boundaries. Hence, the decay rate of individual qua
tates decreases. When the optical gain increases, it
reaches the threshold for lasing in a set of coupled qua
tates. When the optical gain increases more, it exceeds
loss of a quasistate that has a long lifetime. Then, las
occurs in a single quasistate. The spectral linewidth of
quasistate is reduced dramatically above this lasing thr
old. A further increase of optical gain leads to lasing in mo
low-loss quasistates. Laser emission from these quasis
gives discrete peaks in the emission spectrum. This pro
is lasing with resonant~coherent! feedback@5–7#.

When the scattering strength increases further, the de
rates of quasistates and the mixing among them cont
decreasing. Due to the large dispersion of decay rate
quasistates, the threshold gain for lasing in individual lo
loss quasistates becomes lower than the threshold gain
lasing in the coupled quasistates at the frequency of the
maximum. Then, lasing with resonant feedback occurs fi

Therefore, there are two kinds of lasing processes in
active random medium, and they correspond to two las
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thresholds@26#. From the ray optics point of view, lasin
with nonresonant feedback corresponds to the instability
light amplification alongopen trajectories in a random me
dium, while lasing with resonant feedback corresponds to
instability for light amplification alongclosedpaths formed
by recurrent scattering. Using quasistates, we can explain
behavior of the light transport in an active random mediu
from the diffusive regime to the localized regime. Whe
klt@1, the quasistate model predicts the same results as
diffusion model, as will be shown next. In the other extrem
whereklt,1, the quasistate model approaches the rand
cavity model where the quasistates are the cavity mo
@27#.

Next, we first study lasing with nonresonant feedback
ing the quasistate model, and then move to lasing with re
nant feedback. In the weak scattering regime, the loss o
individual quasistate comes from the loss of its photons
the surrounding air and to other quasistates. However, f
set of coupled quasistates, the total photon numbernt is
equal to the sum of the photon number in each quasist
Hence, the exchange of photons among the quasistates
longer a loss for the total photon numbernt . Namely, the
decay fornt is caused solely by the light leakage through t
boundaries. Its decay rate is expressed by Eq.~1!, whereD
5v l t/3. Under optical pumping, the gain rate fornt is g
5v/ l g . When g.gd , nt increases with time. Hence, th
threshold for lasing in a set of coupled quasistates is given

g5gd , ~3!

which is the same as the threshold for lasing with nonre
nant feedback given by the diffusion model@8#.

For a polymer film containing dye and particles, the pum
light hits the film surface and propagates inward. The g
volume can be approximated by a cylinder with diameterdp
and heightl p , wherel p is the penetration length of the pum
light. In the linear absorption regime, the penetration len
depends on the absorption lengthl a and the transport mea
free pathl t . Whenl t, l a , l p is determined by the diffusion
process of the pump photons inside the medium. The di
sion coefficient for the pump light isDp5v/(3/l t11/l a)
@28#. Sincel a. l t , Dp'v l t/3. Thus,l p'Al tl a/3 @4#. On the
other hand, whenl t. l a , the absorption is so strong that th
pump light is absorbed before scattering occurs. Hencel p
' l a . In our experiments, the dye concentration and the T2
particle density in the PMMA films are varied over a wid
range. Our data cover both the diffusion regime (l a. l t) and
the strong absorption regime (l a, l t). In the following theo-
retical analysis, we consider only the diffusion regime.
brief discussion of the strong absorption regime and the s
ration of absorption will be given at the end of this sectio
Due to the lateral diffusion of the pump light,dp.d1 l p ,
whered is the diameter of the incident pump beam spot
the sample surface@4#. Experimentally,l p is much shorter
thand, thusdp'd. When the optical transmissionT from the
sample to the air is low enough, i.e.,T, l t / l p'A3l t / l a, al-
most all the pump light passing through the air-sample in
face is absorbed within the sample. The average densit
the absorbed pump light is
8-5
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LING, CAO, BURIN, RATNER, LIU, AND CHANG PHYSICAL REVIEW A64 063808
I p;
I

Al al t

, ~4!

where I is the input intensity of the pump light. Below w
suppose that the gain rate, averaged over the excitation
umeg, is proportional to the density of absorbed pump lig
I p

g}
I

Al al t

. ~5!

If the emission occurs due to electronic transition betwe
some levels 2 and 1, and the population of lower level
cays so fast that it can be neglected~e.g., due to multilevel
dye structure suggested in Ref.@10#!, then the gain rate
would be proportional to the density of moleculesn2 having
level 2 excited. In the regime of nonsaturated absorptionn2
is defined by the absorption rate leading to Eq.~5!. From Eq.
~3!, the instability fornt occurs at the pump intensity

I d}Al al t

l t

L2
, ~6!

where L should be the smallest dimension of the pump
cylinder. Sinced. l p , L; l p in Eq. ~6!. An accurate solu-
tion for the cylinder geometry of an active random mediu
gives the threshold gain rate@8#

g}S l t

l p
2

110
l t

d2D . ~7!

We have generalized the above result to the geometry of
PMMA films and obtained the threshold pump intensity

I d}Al al tS l t

l p
2

120
l t

d2D . ~8!

For our samples,l p is much shorter thand, thus the contri-
bution of the second term in Eq.~8! is negligible. The lasing
threshold is given by the first term, i.e.,

I d}A l t

l a
. ~9!

According to Eq.~9!, the lasing threshold pump intensity
proportional to the square root of the transport mean f
path l t . If we assumel a;1/ndye, the lasing threshold pump
intensity is also proportional to the square root of the d
concentrationndye. However, the lasing threshold should b
independent of the pump beam diameterd when d
.20 mm according to Eq.~8!. This result is in contradiction
to the data shown in Fig. 4. This is due to the threshold
Eq. ~9! being for lasing in a set of coupled quasistates, wh
the measured threshold in Fig. 4 is for lasing in a sin
quasistate.
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In fact, in the strong scattering regime where the photo
of a quasistate are lost mainly to the surrounding air rat
than to other quasistates, Eq.~9! also holds for the threshold
of lasing in a single quasistate whose decay rate is equa
the average decay rategd . However, the decay ratesg of
quasistates have a broad distribution. Hence, lasing co
occur in some low-loss quasistates when the mean loss ra
still much larger than the gain rate@27#. In other words, the
threshold for lasing in some low-loss quasistates can
much lower than the thresholdI d in Eq. ~9!.

The statistical distribution of the decay rates of quasista
in a disordered medium depends on the transport mean
path and the sample size. Once the distribution function
decay ratesP(g) is known, the distribution of lasing thresh
old, the mean value of lasing threshold, and the aver
number of lasing modes can be derived@27#. Next, we will
derive the threshold for lasing in individual quasistates in
ZnO thin films and the PMMA films.

The ZnO film can be treated as a 2D random medium.
a ZnO disk of diameterd, the number of quasistates wit
frequencies within the full width of half maximum~FWHM!
of the gain spectrum is

N;
d2

l2

Dl

l
, ~10!

wherel is the center wavelength of the gain spectrum,Dl is
the FWHM of the gain spectrum. For the PMMA films, w
consider the quasistates that are located inside a cylinde
diameterd and heightd, and whose frequencies are with
the FWHM of the gain spectrumDl. The total number of
quasistatesN is

N;
d3

l3

Dl

l
. ~11!

Let ga and ga be the decay rate and the gain rate for
quasistateua&. The lasing occurs inua& whenga<ga . We
introduce the distribution functionf (y) for the ratio ya
5ga /ga . The mean value ofy is y0}I d /I , where I is the
input pump intensity, andI d is the pump intensity needed t
compensate the average loss of a quasistate. The proba
distribution f (y) can be expressed in the single parame
scaling form

f ~y!5
1

y0
h~y/y0!. ~12!

Since lasing occurs wheny<1, the probability for lasing in
a quasistate at the pump intensityI is

pl5E
0

1dy

y0
h~y/y0!. ~13!

The average number of lasing modesNl5Npl , whereN is
the total number of the quasistates. The lasing threshol
set byNl51, namely, when there is one lasing mode.
8-6
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The probability distributionf (y) is determined by the
fluctuation of the decay ratesg and the gain ratesg of the
quasistates. The gain rateg depends on the spatial overlap
a quasistate with the pumped volume. For ZnO films, si
the entire random medium is excited, the overlap is 100
Moreover, because the optical gain is frequency depend
quasistates of different frequencies experience different g
However, since we consider only the quasistates wit
FWHM of the gain spectrum, the fluctuation ofg is small.
On the other hand, for the PMMA films, the pumped volum
and the quasistates may not completely overlap in sp
resulting in a fluctuation ofg. However, we believe the fluc
tuation of g is less than the fluctuation ofg. Hence, we
neglect the fluctuation ofg and attributef (y) to the fluctua-
tion of g. To obtain the distribution ofg, we use the results
of the dynamics measurement reported by Genacket al. in
Ref. @29#. When light passes through a random medium,
distribution of the delay timet is taken asP(t);1/t3, when
t is much longer than the average delay timetd . This result
has been explained theoretically from the assumption of
Gaussian distribution of the transmission through a cha
medium by van Tiggelenet al. @30#. The transport of a pho
ton through a random medium can be described as the
ture of incoming photon by a quasistate and subsequen
lease to the environment. The decay rate of a quasistateg is
related to the dwell timet of light in the random medium
g51/t. Accordingly, the distribution of the decay rate
P(g)}g, wheng!gd . Neglecting the dispersion of the ga
rate, we get

h~y!}y ~14!

wheny!y0. Due to the decay rate of some quasistates be
much lower than the average decay rategd , the threshold for
lasing in such a quasistateI th is much less thanI d . Namely,
y0@1. Substituting Eq.~14! into Eq. ~13!, we get

Nl;
dm

lm

1

y0
2

, ~15!

wherem is the dimensionality of the random medium. F
the ZnO thin filmsm52, while for the PMMA filmsm53.
From the lasing threshold conditionNl;1, we find the de-
pendence of the lasing thresholdI th on various parameters
For the ZnO thin films, we get

I th}
1

d
. ~16!

This result agrees with the data in Fig. 6, which giveI th
}A0.52}1/d1.04. For the PMMA films, we get

I th}
Al t

Al a

1

d3/2
. ~17!

This means the threshold pump intensity is proportiona
the square root of the transport mean free path, which
06380
e
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e-
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consistent with the data in Fig. 1. The dependence of las
threshold on the pump area, given by Eq.~17!, is I th}d21.5

}A20.75, whereA;d2. The data for the PMMA film with
l t59 mm give I th}A20.75, which is in excellent agreemen
with the theoretical result. However, for the PMMA film wit
l t50.9 mm, the data giveI th}A20.59. The discrepancy be
tween the experimental result and the theoretical predic
may lie in the deviation of dwell time distribution from
P(t);1/t3 as l t approachesl. Another possible source fo
the discrepancy is the transient optical gain. If we fitI th for
the sample of l t50.9 mm with the formula I th5c1
1c2 /A0.75, we obtain a very good fit withc150.47 andc2
50.035. This means Eq.~17! holds until I th is reduced to a
saturated valueI sat50.47 MW/mm2. The saturation ofI th
may result from the finite pumping timetp . When the gain
rate is belowgmin;1/tp, lasing could no longer occur. Thus
gmin sets the minimum pumping rate for lasing. Finally,
our calculation we neglect the fluctuation of the gain ra
for quasistates. This simplification may also contribute to
discrepancy between the theoretical prediction and the
perimental data.

Since the dependence of the lasing threshold on
sample size and the excitation area is obtained with the q
sistate model, it holds for both regimes ofl a, l t and l a
. l t . However, the square-root dependence of the las
threshold on the transport mean free path is derived un
the assumptionl a. l t . When l a, l t , l p' l a gives a linear
dependence of the lasing threshold onl t . Furthermore, the
absorption of dye molecules can be saturated by strong p
light in some of our samples. In such cases, it can be sh
that the lasing thresholdl d is proportional to the square roo
of l t , irrespective of the relative magnitudes ofl a and l t .

IV. CONCLUSION

We have presented a detailed experimental study of
random lasers with coherent feedback. The lasing thresh
pump intensity is proportional to the square root of the tra
port mean free path. The number of lasing modes also
creases with a decrease of the transport mean free path
strong dependence of the lasing threshold and the numb
lasing modes on the transport mean free path confirms
the feedback for lasing is indeed provided by optical scat
ing.

The lasing threshold pump intensity also strongly depe
on the pump area. For a 2D random medium, the las
threshold pump intensity is inversely proportional to t
square root of the sample area. The number of lasing mo
first increases with the pump intensity, and eventually is sa
rated in a finite-sized sample. The saturation of the num
of lasing modes results from the gain competition.

We have developed a model based on quasistates.
model can explain both the random lasers with nonreson
feedback and the random lasers with resonant feedback.
ing with nonresonant feedback corresponds to lasing in a
of coupled quasistates, while lasing with resonant feedb
corresponds to lasing in individual quasistates. Using
quasistate model, we have derived the dependence of
8-7
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lasing threshold pump intensity on the transport mean fr
path, the pump area, and the sample size. The theore
predictions agree with the experimental results. However
explain the behavior of random lasers well above the las
threshold~e.g., to calculate the number of lasing modes!, or
to compare quantitatively with our data, more detailed th
retical study is required and many factors must be taken
account~e.g. the dynamics and saturation of the gain,
fluctuation of gain rate, etc!.
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