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Abstract

The appearance of real correlation function for spontaneous emission is explicitly presented. The non-Markovian correction is
calculated directly by the integro-differential equation. The results are compared with the previous results obtained by stochastic
quantum trajectory analysis. Obvious difference appears for smallerγA/ω0. The present analysis is believed more reliable.
 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

It is known for a rather long time [1] that a dy-
namical system with spectrum bounded below could
not have a purely exponential decay. After some early
works [2,3], quite a few authors presented the ex-
plicit corrections from the Weisskopf–Wigner law for
the spontaneous decay of hydrogen or hydrogen-like
atoms in the nineteen seventies and eighties [4–8].
All of these calculated deviations are called as non-
Markovian corrections, although, strictly speaking,
not all of them are due to the non-whiteness of the
spectrum, as will be explained in the following.

In Refs. [4–6], the radiating atom is taken as a
point-like electric dipole, with the effect of finite
size of atom neglected. For this kind of point-like
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electric dipole, the corresponding correlation spectrum
diverges linearly withω. Hence a cutoff frequency
is needed to be introduced, and there exist different
conclusions on whether the value of cutoff will affect
the decay behavior [6]. The finite-size effect has been
considered in Refs. [7,8], which provides a gradually
cutdown of the correlation spectrum, and thus exhibits
its real appearance.

All of these papers [4–8] applied the Laplace
transform to solve the resultant integro-differential
dynamical equations. Although the treatment of the
Laplace transformed equation becomes quite easy,
the mathematical difficulties appear when one carries
out the inverse transform. Hence, various kinds of
approximation were used. Some papers even made
perturbation approximation on the dynamical equation
before Laplace transform.

Seke and Herfort made a detailed study on the
inverse Laplace transform in their second paper of
Ref. [8]. They deformed the path of integration to a
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special one used by Davidovich and Nussenzveig [9].
In this special path the integrand behaves much better,
hence they could give the detailed error estimations.
After lengthy and complicated calculation, they ob-
tained the corrections in the whole range, which in the
end tail is the same as that of Knight and Milonni [4],
and also of that of Robisco [7].

Most of the above cited reference papers, except
Refs. [6] and [7], are restricted to the case ofZ = 1.
The obtained deviations for the hydrogen atom are
extremely small, only comparable to the Weisskopf–
Wigner result in the far remote tail of the decay, when
the atom is practically dropped to the lower level.

Carrazana and Vetri [6] also pointed out that the
deviation from exponential decay would also appear
in the very beginning of the decay. Actually this can
be seen directly from the integro-differential equation.
They also considered the case of hydrogen-like atom
corresponding to large atomic numberZ, since largeZ
will lead to large deviation from Weisskopf–Wigner
result. But the parameter they adopted corresponds to
unrealistically large value ofZ. Moreover, for such
large value ofZ, the point-like dipole spectrum is
certainly inapplicable.

Robisco [7] also considered the case ofZ > 1. In
his treatment, the finite-size effect was taken into ac-
count as well. But he did not give the error estimation,
and the approximation made in his calculation seems
dubious for largeZ.

Recently two of us (C.-q. Cao and H. Cao) and
other coworkers have restudied this problem by a to-
tally different approach [10]. The generalized quantum
trajectory analysis [11,12] is used in that investigation.
First, the non-Markovian correlation spectrum is de-
rived generally and also without the point-like electric
dipole approximation, then a specific example of al-
lowed transition is taken to make concrete analysis.

The correction to the Weisskopf–Wigner result
actually comes from two factors. The first one is
the difference between the EinsteinA coefficientγA,
which is taken as the decay rate in Weisskopf–Wigner
approach, and the real decay rateγ which takes
into account the effect of finite atom size (and the
contribution of higher multipole transition, if any).
The second factor is the genuine non-Markovian
correction originating from the non-uniformity of the
real correlation spectrum. The example considered in
Ref. [10] is the spontaneous emission of a hydrogen-

like atom decaying from state 2P1/2 to 1S1/2 as in
Refs. [4–8]. The parameter is taken asγA/ω0 which
relates to the atomic numberZ as

(1)γA/ω0 = 4

(
2

3

)9

α3Z2,

with α denoting the fine structure constant. In the
numerical calculation there, the values ofγA/ω0 are
taken as 10−3 and 10−4 which is much smaller than
10−1 and 10−2 taken in Ref. [6], and correspond to
Z = 157 andZ = 50, respectively. In the former case,
both corrections specified above are notable, while in
the latter case, the first correction due to the difference
of γ andγA is rather small but still recognizable. The
second correction (genuine non-Markovian) remains
the same order of that in the former case.

In Ref. [10], the first correction is evaluated analyt-
ically and hence reliable, while the evaluation of the
second correction by the generalized quantum stochas-
tic trajectory approach suffers two problems. The first
one is that the program-generated random number is
actually a kind of pseudo random number. When the
step interval�t is decreased, the result not always be-
comes better, beyond a limit it even becomes worse.
The second error comes from the simulation of the
real non-Markovian correlation spectrum by a sum of
a few Lorentzian spectra. There exists certain dispar-
ity between these two spectra, especially in the case of
smallerγA/ω0. These problems make the quantity of
the second correction not so definite.

The situation mentioned above on Ref. [10] leads
us to try another different approach to study the same
problem. That is the motive of this Letter.

In this Letter we adopt a straightforward approach,
namely solving resultant integro-differential equation
by direct numerical calculation. To this end we first
evaluate the real correlation function from the corre-
sponding correlation spectrum, and compare it with
the approximate correlation function corresponding to
the simulated correlation spectrum given in Ref. [10].
To our knowledge, it is the first time the appearance
of the real correlation function is explicitly shown.
Then the decay of the atomic upper level population
is derived numerically. The present result shows the
genuine non-Markovian correction becomes consid-
erably smaller than that obtained in Ref. [10] in the
caseγA/ω0 = 10−4, but the total correction to the
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Weisskopf–Wigner result is still evident and seems
much larger than that of Ref. [7].

Besides, in the approach of this Letter the light field
is not taken as reservoir but as a part of the whole
dynamical system. So we can studied the properties
of emitted light field directly, such as its line profile
and degrees of coherence.

2. The correlation function of the spontaneous
emission

We take the interaction picture in our approach.
In the rotating wave approximation, the interaction

Hamiltonian between a two-level atom and photons is
know as

(2)

Ĥint(t)= ih̄
∑
k,j

[
gkj σ̂+âkj e

i(ω0−ω)t

− g∗
kj σ̂−â†

kj e
−i(ω0−ω)t ],

whereσ̂+ (σ̂−) is the atom-level upward (downward)
change operator,̂akj (â

†
kj ) is the photon annihilation

(creation) operator of mode (k, j ) with j denoting
the polarization,gkj is the corresponding coupling
constant.

It is easy to see that under the above interaction the
state vector of our system can be expressed as

(3)|t〉 = C2(t)|φ2;0〉 +
∑
k,j

C1,kj (t)|φ1; k, j 〉,

where|φ2;0〉 denotes the state with atom in the upper
level (level 2) and no photon exists therein,|φ1; k, j 〉
denotes the state with the atom in the lower level
(level 1) and with one photon in the mode (k, j ). The
initial condition is taken as

(4)C2(0)= 1, C1,kj (0)= 0.

The coefficientsC2(t) andC1,kj (t) satisfy the follow-
ing dynamical equations

(5a)
d

dt
C1,kj (t)= −g∗

kj e
i(ω−ω0)tC2(t),

(5b)
d

dt
C2(t)=

∑
kj

gkj e
−i(ω−ω0)tC1,kj (t).

From Eqs. (5), one readily gets the following integro-
differential equation forC2(t)

(6)
d

dt
C2(t)= −

t∫
0

U(t − t ′)C2(t
′) dt ′,

in which

U(t − t ′)=
∑
kj

|gkj |2e−i(ω−ω0)(t−t ′)

(7)≡
∞∫

0

R(ω)e−i(ω−ω0)(t−t ′) dω

for 0 � t ′ � t . TheR(ω), which is the real correlation
spectrum, is given by

(8)R(ω)= e2h̄ω

4π2m2c3

∫
dΩk

[|Gk|2 − |nk · Gk|2]
with

(9)Gk =
∫
eik·xψ†

2(x)∇ψ1(x) d3x.

TheU(t − t ′) given above is the correlation function
for the spontaneous emission of the atom, which
describes the dependence of the variation rate ofC2(t)

on its past valueC2(t
′) (t ′ < t).

To see explicitly the correlation functionU(τ), we
consider the same example studied in Refs. [7,8,10],
namely the hydrogen-like atom with two levels 1S1/2
and 2P1/2. The corresponding correlation spectrum,
calculated in Ref. [10] by the Schrödinger wave
functions of the two levels, is given by

(10)R(ω)= γA

2πω0

ω

(1+ a2ω2

c2
)4
,

in which the factor γA
2πω0

ω is the universal point

electric-dipole correlation spectrum, and(1 + a2ω2

c2
)4

is the cut down factor due to the finite size of the atom,
which is the same as those used in Refs. [7,8].

The only free parameter in this example isZ, the
atomic number. All the parameters in Eq. (10) are
related toZ by

(11a)a = 2

3

h̄2

me2

1

Z
,

(11b)ω0 = 3

8
α2mc

2

h̄
Z2,
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(a)

(b)

Fig. 1. The absolute value ofU(τ) as function ofτ . τ is in unit of
1/γA . (a) The parameterγA/ω0 = 10−3, (b) γA/ω0 = 10−4.

(11c)γA =
(

4

9

)4

α5mc
2

h̄
Z4,

with α denoting the fine structure constant. The
correlation functionU(τ) for this example is given
hence by

(12a)U(τ)= F(τ)eiω0τ , 0 � τ � t,

in which F(τ) is conventional Fourier transform of
R(ω):

F(τ)=
∞∫

0

R(ω)e−iωτ dω

(12b)= γA

2πω0

∞∫
0

ω

(1+ a2ω2/c2)4
e−iωτ dω.

(a)

(b)

Fig. 2. The argument ofU(τ) as function ofτ (in unit of 1/γA).
(a) The parameterγA/ω0 = 10−3, (b) γA/ω0 = 10−4.

The imaginary part ofF(τ) can be easily calculated
by contour integration, since its integrand is an even
function ofω. But the real part of that integral cannot
be evaluated in the same way. So we have to use the
numerical calculation to evaluateU(τ). The results are
shown in Figs. 1 and 2. The free parameter is taken as
γA/ω0 instead ofZ, the relation between these two
dimensionless parameters is

(13)γA/ω0 = 1

6

(
64

81

)2

α3Z2.

For comparison with Ref. [10], we still takeγA/ω0 =
10−3 and 10−4. The valueγA/ω0 = 10−3 used in
Figs. 1(a) and 2(a) corresponds toZ = 157, somewhat
larger than the upper limit of the real nuclei. The value
γA/ω0 = 10−4 for Figs. 1(b) and 2(b) corresponds to
Z = 50.

Fig. 1 shows|U(τ)|/U(0) vs.τ , while Fig. 2 shows
Arg U(τ) vs. τ . The unit ofτ in the abscissa is taken
as 1/γA, since it still characterizes the time scale of
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decay even in the non-Markovian approach. The value
of U(0) may be analytically derived with the result

U(0)

γ 2
A

= 1

12πω0γA

(
c

a

)2

(14)= 2

9π

(
64

81

)2

α

(
ω0

γA

)2

.

We see from Fig. 1 that the peak of|U(τ)|
U(0) has

a width of order 1/ω0, the proportional coefficient
decreases whenγA/ω0 decreases. Fig. 2 shows outside
the peak argU(τ) quickly approaches its asymptotic
valueω0τ − π .

The correlation function corresponding to point
electric-dipole spectrum can be derived analytically:

UD(τ)= γA

2πω0

∞∫
0

ωe−i(ω−ω0)τ dω

= γA

2πω0
lim
ε→0

∞∫
0

ωe−i(ω−ω0)τ−ετ dω

(15)= γA

2πω0

1

τ2
eiω0τ .

It diverges asτ → 0, and hence is meaningless.
If one approximate the cut-down factor(

1+ a
2ω2

c2

)−4

by e−βω, the corresponding correlation function is
given by

(16)UA(τ)= γA

2πω0

1

τ2 + β2
eiω0τ+2iθτ , 0 � τ � t,

θτ = tan−1(− τ
β
), henceθτ changes quickly from zero

to −π/2 as τ increases, in caseβ is a small time
interval.

As mentioned above the phase factor of the corre-
lation functionU(τ) soon approaches its asymptotic
value exp[i(ω0τ − π)], like UA(τ) for small β . The
calculated value of|U(τ)| is also similar to

U(0)

τ2 + β2

(β ∼= 1/ω0 for γA/ω0 = 10−3 as shown in Fig. 3).
We now compare the real correlation functionU(τ)

with its Markovian approximation−(γ + 2iδω0)δ(τ ).

Fig. 3. The simulation of|U(τ)|/U(0) by 1/(ω2
0τ

2 + 1). Solid line

represents|U(τ)|/U(0); dotted line represents 1/(ω2
0τ

2 + 1).

It is known thatδ(τ ) can be expressed by different
limit form, such as

(17a)δ(τ )= 1

π
lim
ε→0

ε

τ2 + ε2

and

(17b)δ(τ )= 1

π
lim
ω→∞

sinωτ

τ
.

The first form (17a) is always of positive value and has
typical peaked form with infinitesimal width 2ε. So it
tends to zero forτ > 0. The value of form (17b) al-
ternates with time and its absolute value decays rather
slowly as∼ 1/τ . However, the infinite oscillation fre-
quency makes its value effectively drop to zero for
τ > 0 too.

We have shown that the real correlation function
U(τ) has both the peaked form and oscillating behav-
ior outside the peak region. The oscillation frequency
is ω0 and the peak width is of order 1/ω0. These two
factors together makeU(τ) approximateδ-function
when it is applied to functions with variation rate much
smaller thanω0. Since the variation rate of sponta-
neous emission is of orderγA, the condition for valid-
ity of Markovian approximation is therefore given by

(18)
γA

ω0
� 1.

Next let us investigate the approximate correlation
functionUs(τ) corresponding to the simulation corre-
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lation spectrum [10]Rs(ω) for γA/ω0 = 10−3:

Rs(ω)= ω0

2π

[ |g1|2Γ1

(ω−ω1)2 + 1
4Γ

2
1

+ |g2|2Γ2

(ω−ω2)2 + 1
4Γ

2
2

]
,

with

ω1/ω0 = 1, g1/ω0 = 0.011, Γ1/ω0 = 1.3,

ω2/ω0 = 1.85, g2/ω0 = 0.018, Γ2/ω0 = 2.4.

The integration range ofω is now extended to(−∞,
+∞), henceUs(τ) has the following analytical ex-
pression:

Us(τ)= ω0

[
1

Γ1
|g1|2e−i(ω1−ω0)τ− 1

2Γ1τ

+ 1

Γ2
|g2|2e−i(ω2−ω0)τ− 1

2Γ2τ

]

(19)

∼= ω2
0 × 10−4[0.93e−0.65ω0τ

+ 1.35e−i0.85ω0τ−1.2ω0τ
]
.

Whenτ becomes larger, the first term soon becomes
dominant, soUs(τ) drops down exponentially with a
comparatively large rateΓ1/2 of orderω0, but without
oscillation. We see thatUs(τ) has a quite different
behavior fromU(τ).

3. Non-Markovian correction to the atom decay

In Ref. [10], the non-Markovian effect on the decay
of the atom upper-level population is investigated by
the quantum trajectory analysis of an enlarged system.
For the example studied there, the transition is pure
electric dipole transition, so the correction is solely
due to the finite size of the atom and non-uniformity
of correlation spectrum. As mentioned in Section 1,
the correction to Weisskopf–Wigner result [13] results
from two factors. The first factor comes from the use
of real decay rateγ instead ofγA, but the finiteness
of correlation time is still ignored (cf. Eq. (25)). This
factor is evaluated analytically and hence is reliable.
The second factor is due to finiteness of correlation
time. Its evaluation in Ref. [10] is quantitatively not
so accurate. In this Letter we will solve the integro-
differential equation (6) numerically step by step with

(a)

(b)

Fig. 4. The evolution of atom upper-level populationN2(t). Solid
line is the numerically calculated result without Markov approxi-
mation; dash line is the result with Markov approximation on the
real correlation spectrum; dotted line represents Weisskopf–Wigner
result. (a) The parameterγA/ω0 is taken as 10−3. (b) The parameter
γA/ω0 is taken as 10−4.

the initial conditionC2(0) = 1. If we denoten�t by
tn, the recurrence formula may be simply taken as

(20)C2(tn+1)∼= C2(tn)−
n∑
m=1

(�t)2U(tm)C2(tn−m),

other more skilled method may also be applied.
Fig. 4(a) and (b) show the so obtained evolutions of

the upper level populationN2(t)= |C2(t)|2 and com-
pare them with the results with Markov approxima-
tion based on the real correlation spectrum (namely to
use the real decay rateγ instead ofγA) and also with
the Weisskopf–Wigner results. The latter two curves
are identical to those in Ref. [10]. We see that in the
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Table 1
The five sets of parameter of imitation

A γ ′

−0.018γA 0.627γA
−0.014γA 0.635γA

0 0.663γA
0.01γA 0.683γA
0.036γA 0.735γA

caseγA/ω0 = 10−3 the correction due to this second
factor (i.e., the difference between the upper curve
and the middle curve) is of the same sign as that in
Ref. [10], but quantitatively somewhat smaller. In the
caseγA/ω0 = 10−4, this second correction is much
smaller than that presented in Ref. [10]. However, the
total difference from the Weisskopf–Wigner result is
still evident.

Next, we inspect whether the exact (numerically
calculated) resultN2(t) (solid line) in Fig. 4(a) (cor-
respondingγA/ω0 = 10−3) still may be approximated
by an exponential decay in the range ofγAt from
nearly zero to three. If we simulateC2(t) by

(1+At)e− γ ′
2 t−iδω′t ,

namely simulateN2(t) by

(1+At)2e−γ ′t

with the factor(1 + At)2 representing the deviation
from an exponential decay, the results of numerical fit-
ting show that the five sets of parameters in Table 1 all
generate practically identical curves with the exactly
calculated curve (the solid line in Fig. 4(a)) as shown
in Fig. 5.

The above results mean thatN2(t) practically
still has an exponential behavior in this finite range
(the very beginning stage which deviates exponential
decay as shown in Fig. 3 of Ref. [10] is too small to be
recognized in Fig. 4(a)), but with an effective decay
constant

(21)γeff = 0.663γA,

which is smaller than the real decay rate

γ = 2πR(ω0)= 0.729γA.

This behavior of exponential decay does not mean
thatU(t − t ′) is still proportional toδ(t − t ′), because

Fig. 5. The simulation of exact (numerically calculated) result
without Markov approximation. All the five simulating curves with
parameters specified in Table 1 coincide with the exact result, the
solid line in Fig. 4(a).

this behavior is limited in finite interval. Let us do a
little more inspect on this point.

Under this zero correlation-time supposition, Eq. (6)
reduces to

(22)
d

dt
C2(t)= −C2(t)

t∫
0

U(t − t ′) dt ′.

Let

(23)
1

2
Γ (t)≡

t∫
0

U(t − t ′) dt ′,

substitute Eq. (7) into the right-hand side of Eq. (23)
and carry out the integration overt ′, one gets

(24)ReΓ (t)= 2

∞∫
0

R(ω)
sin(ω−ω0)t

ω−ω0
dω.

In case the above supposition agrees with our
numerical investigation, the right side of Eq. (24)
should equal toγeff given by Eq. (21) except for the
very beginning oft .

To check this, we take five values oft in Eq. (24):
(0.1,0.5,1,2,3) 1

γA
, all the ReΓ (t) numerically cal-

culated according to Eq. (24) are still 0.729γA up
to three significant figures, which is justγ not γeff.
Hence the supposition thatU(t − t ′) is proportional to
δ(t − t ′) for γA/ω0 = 10−3 is not true, the difference
between the upper curve and middle curve is a genuine
non-Markov correction.
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We may also see this by analytical inspection. Fort

larger than the effective correlation timeτc, which is
of order 1/ω0, the integration limit(0, t) in Eq. (23)
may be extended to(−∞, t), then

1

2
Γ (t)=

t∫
−∞

U(t − t ′) dt ′

= lim
ε→0

t∫
−∞

dt ′
t∫

0

dωR(ω)e−i(ω−ω0−iε)(t−t ′)

= lim
ε→0

∞∫
0

R(ω)
−i

ω−ω0 − iε dω

(25a)

=
∞∫

0

R(ω)

[
πδ(ω−ω0)− i℘ 1

ω−ω0

]
dω,

leading to usual result

(25b)ReΓ (t)= 2πR(ω0)= γ,
which has the value of 0.729γA, not γeff given by
Eq. (21).

4. The line profile and degrees of coherence of
emitted light

As mentioned in Section 1, in our approach the
light field is not eliminated from the dynamical system
as a reservoir, so we may inspect the features of the
emitted photon directly from the value ofC1,kj (t),
which may be obtained by substitutingC2(t) into
Eq. (5a) and integrating overt .

SinceC2(t) is well approximated by

C2(t)= e− 1
2γefft−iδω0t

even forZ as large as 157 (corresponding toγA/ω0 =
10−3), the result ofC1,kj (t) is easily evaluated and
given by

(26)

C1,kj (t)=
ig∗

kj

(ω−ω0)+ 1
2iγeff

[
ei(ω−ω0)t− 1

2γefft − 1
]
,

with δω0 already incorporated inω0.
When t → ∞, the atom completely jumps to the

lower state with one photon emitted. The probability

of the emitted photon in mode (k, j ) is |C1,kj (∞)|2.
To derive the line profile, we first transfer the summa-
tion overk to integration, then carry out the integration
over the direction angle ofk. After further summation
over j , we readily get the photon distribution overω
as

P(ω)=
∑
j

∫
ω2dΩk

c3

V

(2π)3
∣∣C1,kj (∞)

∣∣2
(27)= R(ω)

(ω−ω0)2 + 1
4γ

2
eff

.

Eq. (27) indicates the photon frequency distribution is
a product of the correlation spectrum and a Lorentzian
factor with linewidthγeff. SinceR(ω) varies little over
the range of a fewγeff aroundω0, the line profile is
practically Lorentzian. The non-Markovian effect just
lies in the change of linewidth toγeff.

One may also define photon “frequency” distribu-
tion for anyt > 0 as

P(ω, t)=
∑
j

∫
ω2 dΩk

c3

V

(2π)3
∣∣C1,kj (t)

∣∣2
= R(ω)

(ω−ω0)2 + 1
4γ

2
eff

× [
1− 2e−

1
2γefft cos(ω−ω0)t + e−γefft

]
.

Actually P(ω, t) is the distribution among wave num-
ber according to the relationω = kc. We see from
P(ω, t) that the photon’s “frequency” is always lim-
ited within a narrow range of widthγeff aroundω0,
but with a time-varying coefficient. Forω = ω0, this
coefficient increases witht monotonically from zero
to approach 1, forω �= ω0, it approaches 1 by damped
oscillation, so the profile varies with time.

Next let us turn to the coherence functions of the
emitted field. The coherence functions are originally
defined in Heisenberg picture, they should be first
transfered to the interaction picture. Note that the state
vector | 〉 and operatorŝL in these two pictures are
connected by

(28)
| 〉H = Û(0, t)|t〉, L̂H (t)= Û(0, t)L̂(t)Û (t,0)

in which Û(t, t ′) is the evolution operator in interac-
tion representation fromt ′ to t , |t〉 and L̂(t) are also
state vector and operator in interaction picture, with
the upper index I omitted.
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The first and second order of coherence functions
in interaction picture are readily obtained by utilizing
Eq. (28) with the results

G(1)(x, t2; x, t1)

=
∑
l

〈t2|Ê (−)l (x, t2)Û(t2, t1)Ê
(+)
l (x, t1)|t1〉,

G(2)(x, t2; x, t1)

(29)

=
∑
l,l′

〈t1|Ê (−)l (x, t1)Û(t1, t2)Ê
(−)
l′ (x, t2)

× Ê (+)
l′ (x, t2)Û(t2, t1)Ê

(+)
l (x, t1)|t1〉.

Since

Ê (+)(x, t)|t1〉
=

∑
k,j

√
2πh̄ω

V
ekj âkj e

ik·x−iωt1|t1〉

=
∑
k,j

√
2πh̄ω

V
ekjC1,kj (t1)e

ik·x−iωt1|φ1,0〉

(30)= E(x, t1)|φ1,0〉
and

(31)Û(t2, t1)|φ1,0〉 = |φ1,0〉
under rotating-wave approximation, we get

(32)G(1)(x, t2; x, t1)= E∗(x, t2) · E(x, t1).
Actually from the conservation of angular momen-

tum and parity, the emitted photon field in our exam-
ple should have angular momentumJ = 1 and nega-
tive parity, hence it is just the electric dipole field. In
the wave zone,E(x, t) has the form of spherical wave
function with polarization vectorξ perpendicular tox.
Write E(x, t) asε(x, t)ξ , we get accordingly

(33)G(1)(x, t2; x, t1)= ε∗(x, t2)ε(x, t1).
AlthoughG(1)(x, t2; x, t1) varies with time, the first

order degree of coherenceg(1)(x, t2; x, t1), which is
given by

G(1)(x, t2; x, t1)
|ε(x, t2)||ε(x, t1)| ,
has its absolute value identical to one in the wave zone,
for any positivet1 andt2.

Utilizing Eqs. (30) and (31), it is easy to see that
G(2)(x, t2; x, t1) is identically zero as expected, since
|t〉 at most contains one photon.

5. Summary

(1) The correlation function of spontaneous emis-
sion is investigated in some detail. Although we use
an example to get concrete results, the following fea-
tures may have general meaning.

The correlation functionU(τ) commonly has the
expression

U(τ)= f (τ)eiω0τ

in which

f (τ)=
∞∫

0

R(ω)e−iωτ dω,

with R(ω) being zero atω = 0, and dropping down
for largeω. The absolute value|f (τ)| decreases asτ
increases because the factore−iωτ oscillates more
quickly with ω for larger τ . This leads to a peak
shape of|f (τ)|. The peak width in our example is
of order 1/ω0. TheU(τ) approximateδ-function not
only due to the drop of|f (τ)|, but also due to the rapid
oscillating factoreiω0τ . The oscillating frequencyω0
is large as compared with the decay rate. However it is
a finite value, while a genuineδ-function has limiting
forms

δ(τ )= lim
ω→∞

sinωτ

πτ
or

1

π
lim
ε→0

ε

τ2 + ε2
,

the former has an oscillating frequencyω that tends
to infinity, and the latter has an infinitesimal widthε.
This difference betweenU(τ) and δ(τ ) causes non-
Markovian corrections whenγA/ω0 becomes not very
small.

(2) The Weisskopf–Wigner result is good for hydro-
gen-like atom only for relatively smallZ. ForZ = 50,
the difference between the non-Markovian result and
the Weisskopf–Wigner result is already obvious.

The upper-level population practically still shows
exponential decay in the period fort = 0 up to 3/γA,
even when the non-Markovian correction is relatively
large as in the caseγA/ω0 = 10−3.

(3) The line profile is shown in general to be the
product of correlation spectrum and a usual Lorentzian
factor with widthγeff. However practically it shows no
deviation from the Lorentz profile, the non-Markovian
effect just lies in the change of linewidth toγeff.

The coherence functions may be calculated from
the state of the emitted field. The absolute value
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of first order degree of coherence remains unity for
any positivet1 and t2. The second order coherence
function is identical zero under the rotating-wave
approximation.
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