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Wavefront shaping has become a powerful tool for manipulating light propagation in various complex media under-
going linear scattering. Controlling nonlinear optical interactions with spatial degrees of freedom is a relatively recent
but fast growing area of research. A wavefront-shaping-based approach can be used to suppress nonlinear stimulated
Brillouin scattering (SBS) and transverse mode instability (TMI), which are the two main limitations to power scaling in
high-power narrowband fiber amplifiers. Here we formulate both SBS and TMI suppression as optimization problems
with respect to coherent multimode input excitation in a given multimode fiber. We develop an efficient method using
linear programming for finding the globally optimal input excitation for minimizing SBS and TMI individually or
jointly. The theory shows that optimally exciting a standard multimode fiber leads to roughly an order of magnitude
enhancement in instability-free output power compared to fundamental-mode-only excitation. We find that the optimal
mode content is robust to small perturbations and our approach works even in the presence of mode-dependent loss
and gain. When such optimal mode content is excited in real experiments using spatial light modulators, the stable
range of ultrahigh-power fiber lasers can be substantially increased, enabling applications in gravitation wave detection,
advanced manufacturing, and defense. © 2024 Optica Publishing Group under the terms of the Optica Open Access Publishing
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1. INTRODUCTION

Coherent input wavefront shaping allows controlling light propa-
gation in complex media undergoing linear scattering, enabling
focusing, light delivery, and energy deposition [1–6]. The ability
and limits of control and optimization of various properties via
wavefront shaping in linear scattering are relatively straightforward
to calculate and understand [7–9]. In many cases (e.g., focus-
ing, light–matter interactions) it reduces to finding the extremal
eigenvalues of some linear scattering operator [10–12] and it is
often possible to measure the relevant scattering operator exper-
imentally [13–16]. However, the ability to control and optimize
nonlinear optical scattering [17–20], which plays an important
role in a myriad of applications such as creating new light sources
[21,22], ultrafast optics [23,24], optical computing [25–29], and
imaging [30–33], is much less amenable to rigorous theoretical
analysis. Of particular interest are certain nonlinear interactions,
which can lead to destructive instabilities in beam propagation,
such as transverse mode instability (TMI) [34–41], stimulated
Brillouin scattering (SBS) [42–47], and modulation instability
(MI) [48–51]. Two other instabilities, related to MI, that have
attracted significant recent interest are polarization instability [52]
and geometric parametric instability [53,54].

In contrast to the case of linear scattering, the possibility of
using control of the spatial degrees of freedom of the input fields
for manipulating nonlinear optical phenomena has been relatively
little studied until recently, although interest is now growing
[55–60]. A platform of particular relevance is multimode optical
fibers where a number of instabilities and nonlinear processes can
enable or limit various applications [20,56,61–64]. In the past
few years spatial wavefront shaping has been used in passive fibers
for mitigating SBS [62], enhancing stimulated Raman scatter-
ing and four-wave mixing due to Kerr nonlinearity [56], and for
demonstrating focusing through a fiber amplifier with nonlinear
gain saturation and thermal effects [65,66]. Conversely, nonlinear
mode coupling due to the Kerr nonlinearity has been utilized
for spatial self-beam cleaning [57,67]. In some of these cases the
degree of control and optimization was determined empirically
via feedback and optimization of some cost function [56,62,65];
in others theory allowed calculation of the relevant target function
for a given input wavefront, but did not predict the theoretical
optimum [63,68,69]. In the current work we show that a realistic
model for certain practically relevant nonlinear instabilities in
multimode fiber (MMF) can generate a tractable optimization
problem for mitigating those instabilities, allowing us to find
the global optimum over all possible input wavefronts for a key
physical parameter of interest, the power threshold for instabilities.
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The nonlinear instabilities we study here involve degradation
of a narrowband signal in a MMF via nonlinear scattering that
alters the signal and transfers signal energy to undesired modes at
lower frequencies [see Fig. 1(a)]. Two important instabilities of
this kind are SBS and TMI, whose origins are described in detail in
the next paragraph. Generically, a multimode signal wave is sent
into a passive or an active fiber, which induces dynamic nonlinear
refractive-index changes. This results in nonlinear scattering,
which creates light at new frequencies via exponential growth of
noise in various transverse modes in the forward or backward direc-
tion [39,40,43]. The growth rate depends linearly on the signal
power in various modes. Above a certain signal power, defined as
the instability threshold, the noise power becomes a significant
fraction of the signal power, leading to a depleted transmission
[for counter-propagating noise, Fig. 1(b)] or a fluctuating beam
profile [for co-propagating noise, Fig. 1(c)]. While the noise grows
exponentially at negative frequency shifts for any strength of the
nonlinearity, the instability threshold can be maximized by finding
the optimal wavefront that minimizes the noise growth rate in the
fastest growing mode. We show that the resulting optimization
problem can be mapped to a linear-programming problem [70,71]
and a globally optimal wavefront can be obtained with standard
computationally efficient optimization techniques, for any given
MMF. As mentioned above, finding the global optimum for wave-
front shaping in media with nonlinear interactions is typically
very challenging. By mapping the nonlinear instability growth to
a linear program in the input parameters, we are able to find the
global optimum for suppressing these instabilities.

Our approach for suppressing instabilities can be highly useful
in high-power fiber amplifiers, which provide the most promis-
ing platform for generating ultrahigh laser power [72–75]. The
power scaling in these fiber amplifiers is primarily limited by SBS
and TMI. Using MMFs and wavefront shaping for suppressing

these instabilities offers a novel strategy for instability-free high-
power operation, which could enable several new technologies,
including improved gravitational-wave detection [76], advanced
manufacturing [77], and directed energy [78].

SBS is a result of nonlinear scattering of light by acoustic
phonons generated by optical forces. A schematic of SBS in a
MMF is shown in Fig. 1(b). A signal wave is launched in the fiber,
which creates optical forces in the medium, giving rise to acoustic
phonons. These phonons scatter the signal wave in the back-
ward direction causing exponential growth in the reflected wave
(seeded by noise) at a down-shifted frequency. The growth rate of
the reflected power in each transverse mode depends linearly on
the signal power in various modes. Above a certain signal power,
defined as the SBS threshold, most of the signal power is reflected
back, creating a significant loss in transmitted power and limit-
ing the total output power. Significant research efforts have been
made to suppress SBS (or equivalently increase the SBS threshold)
in single-mode fibers [79–84]. However suppressing SBS while
maintaining a narrow laser linewidth [85], as is needed in many
key applications [86,87], remains a challenge. In work involving
several of the current authors [62,88], it was recently shown that
coherent selective mode excitation in passive multimode fibers
can be used to obtain a substantially higher (a factor of∼3.5) SBS
threshold, compared to single-mode excitation, while maintaining
a narrow linewidth. This was in good agreement with the theoreti-
cal model we are using here [68]. However in this previous work
no analytic or numerical method was presented to find the globally
optimal input excitation. Here, we provide a theoretical method to
find the globally optimal input excitation of modes for obtaining
the maximum SBS threshold in any given MMF, within the model
that agrees with the previous experiments [62]. We find that a 9.6×
higher SBS-threshold can be achieved upon optimal excitation in
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Fig. 1. (a) Overview of multimode input optimization approach for suppressing nonlinear instabilities in fibers. The signal wave launched into the fiber
generates a nonlinear refractive index change. This causes nonlinear scattering of light causing exponential growth of noise at specific frequencies, which
upon significant growth produces instability. These instabilities can be suppressed by minimizing the growth rate of noise power by controlling the distribu-
tion of signal power in various modes at the input. (b) An important nonlinear instability of this kind is SBS, which involves backward reflection of light at
a down-shifted frequency by the acoustic phonons. For a large enough signal power, almost all the light is reflected, creating an extremely low transmission.
Both the transmitted and reflected power also fluctuate in time, which can damage the upstream equipment. (c) Another important nonlinear instability is
TMI, which results from the growth of noise in various modes due to thermo-optical scattering. As signal undergoes amplification it generates heat (due to
the quantum defect), which flows into the cladding and creates temperature fluctuation causing dynamic refractive index variations. The resulting optical
scattering causes growth in noise in the forward direction, which interferes with the signal producing a fluctuating beam profile at the output. Both TMI and
SBS can be suppressed by optimizing the input excitation as described in (a).
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a standard MMF with typical parameters, compared to the funda-
mental mode (FM)-only excitation. The optimal mode selection
minimizes the peak of the Brillouin gain spectrum while maximally
broadening its linewidth, without affecting the signal linewidth.
The SBS suppression provided by this mode content is also robust
to perturbations.

Our optimization approach can similarly be applied to suppress
TMI, which involves a fluctuating output beam profile caused by
nonlinear thermo-optical scattering and is primarily present in
active fibers [34]. A schematic of TMI in a fiber amplifier is shown
in Fig. 1(c). As a signal wave undergoes amplification, it generates
heat (due to quantum defects) that flows into the cladding and
creates temperature fluctuations causing dynamic refractive index
variations. The resulting nonlinear optical scattering causes expo-
nential growth of noise in the forward direction at a rate depending
linearly on the signal power in each transverse mode. For a high
enough signal power, defined as the TMI threshold, the power in
the noise at the output becomes significant, and it interferes with
the signal producing a fluctuating output-beam profile. Several
efforts have been made to suppress TMI and increase the TMI
threshold utilizing nearly single-mode fibers [89–96]. Most of
these approaches strive to maintain a single-mode operation, thus
avoiding a fluctuating beam profile. However, this is extremely
challenging as the quantum-defect heating increases the core
refractive index leading to the propagation of additional modes
even in a nominally single-mode fiber. Recently, it was shown
theoretically [69] and numerically [63] by several of the current
authors that the TMI threshold can be significantly increased
by equally exciting multiple modes in a highly multimode fiber.
Equal excitation is much more efficient in mitigating TMI than
SBS in active fibers, due to the distinct physical mechanisms at
play: thermo-optical interactions in TMI versus acousto-optical
interactions in SBS [68]. However, while equal excitation is quite
effective in suppressing TMI, it is not the optimal input excita-
tion. Below we will find the optimal input mode content for TMI
suppression in a typical MMF and show that it produces a 17×
higher TMI threshold compared to FM-only excitation, which is
significantly higher even compared to that achieved by equal mode
excitation (13× the TMI threshold under FM-only excitation).
Our approach for finding the optimal wavefront works even when
we include non-idealities present in real MMF amplifiers, such as
mode-dependent loss (MDL) or mode-dependent gain.

Selective mode excitation can be and has been implemented
via spatial light modulators in experiments [62,97]. The optimal
solution is expected to differ from the theoretical predictions, due
to limits on experimental control of the input modal superposition,
or experimental non-idealities [98] not accounted for in the theo-
retical model. In such a case, the optimal wavefront would need to
be obtained through search algorithms [56,99,100]. Nonetheless,
the optimal enhancement to SBS and TMI thresholds obtained
with our model would provide the upper bound for what can be
achieved by multimode excitation. Additionally, the optimal mode
content provides insight into the physical mechanism behind
both SBS and TMI suppression that can be utilized to improve the
search algorithms. Finally, our method provides a novel application
of linear optimization theory to a nonlinear optical phenome-
non, which addresses the important problem of improving power
scaling in high-power fiber lasers.

2. OPTIMAL SBS SUPPRESSION

We illustrate our general formalism for instability suppression by
applying it first to the case of SBS suppression in a MMF. A semi-
analytical theory of SBS for arbitrary multimode excitations was
recently derived and experimentally validated in Refs. [62,68,101].
It was shown that SBS results in the growth of a backward propa-
gating Stokes wave (seeded by spontaneous Brillouin scattering)
due to the scattering of the signal in various modes by acoustic
phonons. The phonons are in turn generated by spatially varying
optical forces created by the interference of signal and Stokes waves.
The equation for the Stokes power growth in various modes can be
obtained by solving coupled optical and acoustic wave equations,
and is given by

d P (S)
m (�, z)

dz
=−

[
g (z)+

∑
l

G (m,l)
B (�)Pl (z)

]
P (S)

m (�, z).

(1)
Here, P (S)

m (�, z) is the backward Stokes power in mode m at
Stokes frequency� at point z along the fiber axis. g (z) is the linear
gain coefficient, which is assumed to be mode-independent. The
case of mode-dependent gain is discussed in detail in Section 4.
G (m,l)

B is the Brillouin gain coefficient for mode pair (m, l). Pl (z)
is the signal power in mode l , which is either constant (in passive
low-loss fibers) or grows along the fiber axis (in fiber amplifiers)
in +z direction due to the stimulated emission. Equation (1)
neglects mode coupling and polarization mixing due to fiber
inhomogeneities, as well as loss in the passive fiber and mode-
dependent gain and gain saturation in the active fiber, but captures
the important physical features of multimode excitation. The
signal power can be treated as independent of the (initially very
small) Stokes power, up to the SBS threshold (at which the Stokes
power becomes a non-negligible fraction of the total power). It
follows that the Stokes power in each mode m grows exponentially
in the backward direction and the power at the proximal end of the
fiber is given by

P (S)
m (�, 0)= P (S)

m (�, L)e
∫ L

0 dzg (z)e
∑

l G(m,l)B

∫ L
0 dzPl (z)

= P (S)
m (�, L)e g av L e P0 Leff

∑
l G(m,l)B P̃l . (2)

Here, L is the fiber length. P (S)
m (�, L) is the Stokes power in

mode m seeded by the noise at the distal end of the fiber. P0 is the
total output signal power, and we have defined P̃l as the fraction
of signal power in mode l , i.e., P̃l = Pl (L)/P0. Assuming signal
gain/loss is mode-independent, P̃l is the same throughout the
fiber. g av is the averaged linear gain due to the stimulated emission
and is given by g av =

∫ L
0 dzg (z)/L . The Stokes power in mode

m grows exponentially with growth rate given by a sum of the
linear gain g av and a nonlinear gain, which is proportional to P0

and a weighted sum of the Brillouin gain coefficients G (m,l)
B , with

weights P̃l depending on the input excitation. L eff is the effective

length of the fiber defined as L eff =

∫ L
0 dzPl (z)

Pl (L)
. For passive fibers

with no loss, L eff = L , and in active fibers, L eff < L . In the absence
of mode-dependent loss and gain, L eff is the same for all the modes.

The Brillouin gain coefficient G (m,l)
B represents the nonlinear

gain in Stokes mode m for a unit signal power in mode l . It can
be calculated for any mode pair using an analytic formula that
involves numerically evaluating the overlap integrals of relevant
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optical and acoustic modes. We consider a standard step-index
fiber with 10-µm core radius and numerical aperture (NA) of 0.3
supporting 160 modes (M = 160) including both polarizations.
The Brillouin gain coefficients for all 160× 160 mode pairs are
calculated and stored at 100 different Stokes frequencies (in the
range [13.5,14.5] GHz). More details on the formula and the
values of Brillouin gain coefficients are given in Supplement 1.

The SBS threshold [17,43,68] is typically set as the signal power
level at which, for a given fiber length, the reflected Stokes power
is >1%. From Eq. (2), at frequency �i each mode m experiences
growth that is exponential in

∑
l G (m,l)

B (�i ) P̃l , and the SBS
threshold will be determined by the single Stokes mode with the
largest sum. Maximizing the SBS threshold, then, requires mini-
mizing, over all possible input excitations P̃l , the maximum of the
weighted Brillouin-gain-coefficient sums over all possible modes.
Any distribution of input powers must satisfy two constraints: each
mode weight is non-negative [ P̃l ≥ 0, and the total sum of weights
equals one (

∑
l P̃l = 1)]. Hence the input that maximizes the SBS

threshold is the minimizer of the optimization problem:

min
{ P̃l }

[
max
m,�i

∑
l

G (m,l)
B (�i ) P̃l

]
,

∑
l

P̃l = 1, P̃l ≥ 0,

l ∈ {1, 2, . . . M}, (3)

where we consider M modes for each of N� Stokes frequencies.
Both constraints of Eq. (3) are linear functions of the P̃l variables,
while the maximum value of the weighted Brillouin coefficients
is not. But there is a standard transformation that linearizes the
problem: introduce a slack variable t that is constrained to be larger
than all possible values of

∑
l G (m,l)

B (�i ) P̃l , and minimize this
variable. The discontinuities in the original objective are replaced
by the intersection of M × N� linear constraints. We arrive at the
transformed optimization problem:

min
{ P̃l },t

t,

∑
l

P̃l = 1,

P̃l ≥ 0, l ∈ {1, 2, . . . M},∑
l

G (m,l)
B (�i ) P̃l ≤ t,m ∈ {1, 2, . . . M}, i ∈ {1, 2, . . . N�}.

(4)

This is a standard linear program with one equality constraint
and (M + 1)N� inequality constraints. Linear programs are a
subset of convex optimization problems, and globally optimal
solutions can be computed with standard techniques (e.g., simplex
or interior-point algorithms [102]). The inequality constraints
define intersecting half-spaces and the equality constraints define
a plane in M + 1 dimensional real-euclidean space RM+1, which
defines a convex polytope as the feasibility region for the solution.
The optimal solution exists on the boundary of the feasibility
region due to the convexity of linear functions [70,71].

We utilize this framework to find the optimal input excitation
for the maximal SBS threshold in the step-index MMF described
above. We use the linprog function in MATLAB [103], which via
the simplex algorithm can find an optimal solution for a 160-mode

excitation on a MacBook Air laptop (1.6-GHz dual-core) in less
than a minute. The optimal excitation leads to a SBS threshold
9.6× higher than the fundamental mode (FM)-only excitation in
the same fiber [Fig. 2(b)].

The optimal mode content is shown in Fig. 2(a). The specific
modal content is highly non-trivial and would be hard to predict
from physical intuition only. However, the mode content does
have certain qualitative features that can be understood in terms
of the properties of the Brillouin gain coefficients G (m,l)

B . For
instance, higher-order modes (HOM) appear in a relatively higher
fraction, since the Brillouin gain coefficients typically decrease
with increasing mode order. Multiple modes are excited instead of
a single HOM; this takes advantage of relatively lower intermodal
gain coefficients (l 6=m) compared to the intramodal gain (l =m).
Since this is the case, dividing power among many modes decreases
the maximum modal gain. Finally, we observe that the optimal
mode content involves a few clusters of modes with significant
separation in the propagation constants, instead of exciting all the
modes. This is because the Brillouin gain coefficients for mode
pairs with significant differences between their propagation con-
stants peak at very different frequencies. As a result, excitation
of widely separated modes (as measured by their propagation
constants) leads to a broadened Brillouin gain spectrum with a
significantly lower peak gain value. This is highlighted in the inset
of Fig. 2(a) where we compare the Brillouin gain spectrum for
FM-only excitation with the optimal excitation. This qualitative
feature of widely separated modes was also observed in a recent
experimental study on optimizing the SBS threshold via input
control with a phase-only spatial light modulator [62]. However,
the maximum enhancement in SBS threshold achieved was lower
than the globally optimal value, since the control over the input
was limited and an iterative search algorithm was used to the find
the optimal solution.

Next, we study the scaling of the SBS threshold enhancement
with the number of modes in the fiber for the optimal excitation
and compare it with two other types of input excitations, equal-
mode excitation, and best single-HOM excitation. The results are
shown in Fig. 2(b). The SBS threshold enhancement is defined
with respect to the FM-only excitation in all three cases. Single-
HOM excitation shows minimal threshold enhancement, while
equal-mode excitation does lead to a significantly higher threshold
enhancement, which increases with the number of modes, reach-
ing a maximum of 6.5× higher SBS threshold when all modes are
excited. The enhancement of the SBS threshold upon optimal exci-
tation also increases with the number of modes and is consistently
higher than both the equal-mode and single-HOM excitations,
reaching a maximum value of 9.6 with 160 modes.

To understand the importance of finding a global optimum, we
also study random input excitations with power in each mode cho-
sen randomly from uniform [0,1] distribution with the total power
normalized to unity. We calculate the SBS threshold enhance-
ment for 500 such excitations and plot the histogram [shown
in Fig. 2(c)]. The threshold enhancement factor over FM-only
excitation roughly follows a Gaussian distribution with a mean
value of 6.5 and the standard deviation σ = 0.18, with most values
falling between six and seven. The threshold enhancement factor
upon optimal excitation is 9.6, which is 16σ away from the mean.
Assuming a normal distribution in the tail, this implies that a ran-
dom search has a probability of 10−56 of finding the optimal mode
content, showing the power of the optimization approach.

https://doi.org/10.6084/m9.figshare.27377232
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Fig. 2. Suppression of SBS with optimal input excitation in a step-index fiber amplifier. (a) Optimal mode content for 160 modes involves exciting a
cluster of modes with a relatively larger weight to HOMs. This produces a significantly broadened Brillouin gain spectrum (inset) with much lower peak
gain compared to FM-only excitation. (b) Scaling of SBS threshold enhancement (relative to FM-only excitation) with the number of modes for best single
HOM excitation (orange), equal mode excitation (blue), and optimal excitation (green). The optimal excitation produces a significantly higher threshold
enhancement than the other two excitations with a maximum 9.6× enhancement. (c) A histogram of SBS threshold enhancement for 500 random input
excitations. It follows a roughly Gaussian distribution with a mean value of 6.5× and the standard deviationσ = 0.18. The optimal enhancement is roughly
16σ higher than the mean. (d) SBS threshold enhancement for optimal mode content with a random error of varying magnitude characterized by the stand-
ard deviation δ. For scale, δ is compared with the standard deviation of the optimal mode contentα. The light-green region corresponds to various instances
of random errors and the black curve shows the mean threshold enhancement for a fixed δ. For small error magnitude the threshold enhancement is close to
the optimal value and for large errors (δ� α), it eventually converges to 6.5×.

Finally, we test the robustness of the optimal solution to small
perturbations in the mode content. We start with the optimal
mode content and add a noise with power randomly distributed
and sampled from a uniform distribution with standard deviation
δ. We quantify the noise power by dividing δ with α, the standard
deviation of optimal mode power distribution. The results for
increasing noise are shown in Fig. 2(d). The light-green region
shows the range of the threshold enhancement for various random
instances, while the black curve represents the mean enhancement
for a fixed δ. A crucial observation (not visible in the plot) is that
for small δ (where the excitation is close to our supposed global
optimum) all of the values for the enhancement factor are smaller
than 9.6, consistent with our claim of having found the global
optimum. As δ increases, the average threshold enhancement is
close to the optimal value and decreases gradually as δ becomes
large, instead of showing a sudden drop for arbitrarily small errors.
This robustness is a consequence of the linearity of the optimiza-
tion function and makes this method robust against experimental
noise. Eventually, when δ & α, the mode content is essentially
random and the mean threshold enhancement converges to 6.5,
the mean enhancement for random input excitations.

Note that in all of the comparisons mentioned above for the
threshold enhancement upon optimal multimode excitation,
we utilize the value of the threshold for single-mode excitation as
the baseline. In few-mode or multimode fibers, exciting with a
Gaussian beam of variable diameter is a common scenario, and will
excite some higher-order radial modes. This leads to a somewhat
higher threshold than the single-mode excitation, by a factor up to
1.5 for the fibers discussed here.

In the next section, we will show that our optimization
approach can also be used to significantly suppress TMI.

3. OPTIMAL TMI SUPPRESSION

TMI is a result of dynamic transfer of power between various
optical modes due to nonlinear thermo-optical scattering [34]
[see Fig. 1(c) for the schematic]. The equations for the noise power
growth in various modes in a MMF can be obtained by solving
coupled optical and heat equations, and were derived in Ref. [69]:

d P (N)
m (�, z)

dz
=

g +
∑
l 6=m

χml(�)Pl (z)

 P (N)
m (�, z). (5)

Here, P (N)
m (�, z) is the noise power in mode m at a down-

shifted frequency� at a distance z along the fiber axis. Pl (z) is the
signal power in mode l . χml(�) is the thermo-optical coupling
coefficient between mode pair (m, l). Here we present the growth
equations neglecting the effect that the signal power in each mode
will grow in a different manner due to mode-dependent, nonlinear
gain saturation. We present the justification for neglecting this
effect in Section 5.

Notice that the equation for noise power growth leading to
TMI has the same form as the one for SBS [Eq. (1)], except for a
few differences. Here, the negative sign on the right-hand side of
the equation is absent, the Brillouin gain coefficients are replaced
by the thermo-optical coupling coefficients, and only the cross-
couplings (m 6= n) are relevant. The thermal gratings responsible
for the self-coupling terms (m = n) are much longer than the
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typical fiber length and therefore do not play a significant role. The
thermo-optical coupling causes forward scattering and the noise
power in each mode grows exponentially in the same direction as
the signal. As a result, for a large enough signal power (defined as
the TMI threshold [39,40]), the noise in some mode can have a
power equal to a significant fraction (typically set at >1%) of the
signal power and interfere with the signal, leading to a fluctuating
output beam profile. Similar to the case of SBS, the condition for
finding the optimal input excitation leading to the maximum TMI
threshold is given by

min
{ P̃l }

max
m,�i

∑
l 6=m

χml(�i ) P̃l

 , ∑
l

P̃l = 1, P̃l ≥ 0,

l ∈ {1, 2, . . . M}. (6)

Here, P̃l is the fraction of signal power in mode l . The opti-
mization involves finding a distribution of signal power { P̃l } in
various modes that minimizes the maximum noise growth rate
(proportional to the weighted sum

∑
l 6=m χml(�i ) P̃l ) over all the

noise modes m and frequencies �i . By the same slack-variable
technique Eq. (6) can be transformed into a standard linear pro-
gram similar to Eq. (4), whose global optima can be obtained by
any linear-programming solver.

We consider a step-index MMF amplifier with a core radius of
20 µm and NA= 0.15, which supports 80 modes per polariza-
tion at λ= 1064 nm. First, we calculate χml for all the mode pairs
at 100 frequencies (in the range [0,10] kHz) using an analytical
formula involving the overlap integrals of relevant optical and
thermal modes. More details on the formula used and the resulting
values of χml are provided in Supplement 1. We find that χml is a
highly sparse matrix and leads to strong coupling only between
the optical modes with similar transverse spatial frequencies. This
is a result of the diffusive nature of underlying heat propagation,
which exponentially dampens high-spatial-frequency features in
the temperature fluctuations. The sparse coupling matrix generi-
cally favors multimode excitation for achieving a lower effective
thermo-optical coupling.

We calculate the optimal excitation and the associated enhance-
ment in the TMI threshold for a variable number of excited modes
in the fiber. The optimal mode content for when all 82 modes

are considered is shown in Fig. 3(b). Generically most modes
are excited with relatively higher weight given to higher-order
modes. These features in the optimal mode content are consistent
with the sparse nature of χml, which favors multimode excitation
and relatively lower value of χml for high mode orders, which
favors exciting the HOMs. Surprisingly, the optimal mode con-
tent reveals a new strategy to further increase the threshold—not
exciting a group of modes in the middle (i.e., with intermediate
propagation constants). The modes in the middle have a signifi-
cant number of ‘neighboring modes’ with both higher and lower
mode indices. As a result, these modes experience the highest
thermo-optical coupling, and avoiding these modes increases
the TMI threshold. This displays the power of the optimization
approach, which not only reveals the maximum level of threshold
enhancement possible upon multimode excitation but also deep-
ens our understanding of the strategies to achieve the maximum
enhancement. For comparison, we also calculate the scaling of
the TMI threshold enhancement for equal-mode excitation and
single-HOM excitation and study the scaling with the number of
modes considered. The results are shown in Fig. 3(a). In each case,
the TMI threshold enhancement is defined relative to the FM-only
excitation. Both optimal- and equal-mode excitations perform sig-
nificantly better than both FM-only and single-HOM excitations
and lead to a linear increase in the TMI threshold with the number
of allowed fiber modes. This is consistent with the sparse nature of
thermo-optical coupling, mentioned earlier. The slope of the linear
scaling is significantly higher for the optimal excitation (0.20)
compared to the equal-mode excitation (0.15). When all 82 modes
are excited, the optimal excitation and equal-mode excitation lead
to 17× and 13× higher TMI thresholds than that of the FM-only
excitation, respectively.

Finally, we test the robustness of the optimal solution to small
perturbations in the mode content. We follow the same procedure
as we did for SBS in the previous section. We add a randomly
chosen mode content of varying relative magnitude to the optimal
mode content and calculate the TMI threshold enhancement.
The results are shown in Fig. 3(c). For small errors, the threshold
enhancement is close to the optimal value and decreases slowly as
the error becomes large, instead of a sharp drop for arbitrarily small
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errors. Similar to SBS, this robustness is a consequence of linear-
ity of the optimization function and increases the experimental
feasibility of this method.

4. JOINT OPTIMIZATION OF SBS AND TMI

So far, we have shown that our linear-programming-based
approach can be used for optimally enhancing the threshold
for either SBS or TMI, when considered individually. However, the
optimal mode content in the two cases is not identical since SBS
and TMI are a result of different physical processes. To improve
power-scaling in narrowband high-power fiber lasers we ultimately
must simultaneously increase the threshold of the lowest of these
nonlinear instabilities without reducing the threshold of the
other one to occur at lower power levels. Simultaneous mitigation
strategies such as this have not really been addressed with existent
methods. Here we show that a globally optimal multimode power
division can be obtained that maximally increases the minimum
threshold value between SBS and TMI. Following the procedure
in the previous sections, the joint optimization problem can be
mathematically stated as follows:

min
{ P̃l }

max

max
m,�i

∑
l 6=m

χml(�i ) P̃l ,max
m,�i

∑
l

G (m,l)
B (�i ) P̃l

 ,
∑

l

P̃l = 1, P̃l ≥ 0, l ∈ {1, 2, ... M}. (7)

The optimization involves finding a distribution of signal
power { P̃l } in various modes that minimizes the maximum noise
growth rate across all modes and frequencies due to both SBS
and TMI. In this case, a slack variable t can be introduced that
corresponds to an upper bound for both SBS and TMI induced
noise growth rates. The optimization corresponds to minimizing
t . Similar to Eq. (4), the joint problem given by Eq. (7) can still be
transformed into a standard linear program whose global optima
can be obtained by a standard linear-programming solver.

The SBS and TMI threshold for a given excitation (say FM-
only excitation) depends on various fiber parameters such as core
radius, dopant concentration, fiber length, etc., and therefore can
be somewhat independently controlled. To have a well defined
joint optimization problem, we fix the relative value of SBS and
TMI thresholds for FM-only excitation, and study multiple cases
involving different relative starting values. In the joint problem we
are maximizing the minimum value of the threshold between SBS

and TMI; therefore, we expect SBS and TMI thresholds to be equal
for the optimal mode content. First, we consider a fiber with equal
SBS and TMI thresholds for FM-only excitation. The results for
the optimal mode content are shown in Fig. 4(a). Both SBS and
TMI have a threshold enhancement factor (TEF) of 9.39, which
is very close to the optimal enhancement factor of 9.6 when only
SBS is considered. The mode content is also qualitatively similar to
SBS-only optimization [Fig. 2(a)]. This makes sense, as raising the
TMI threshold is easier compared to SBS with generic multimode
excitations. Therefore if SBS and TMI thresholds start out equal
(FM-only), the optimization focuses on reducing SBS and simul-
taneously manages to achieve enough enhancement in the TMI
threshold. Interestingly, if we start out with a relatively higher SBS
threshold for FM-only excitation, the results are quite different. In
Fig. 4(b), we have shown the optimal mode content when the SBS
threshold is 1.5× the TMI threshold for the FM-only excitation.
In this case, many more modes are excited and the SBS TEF is
reduced to 8.8 whereas the TMI TEF is increased to 13.2 such that
the final SBS and TMI thresholds are equal. The trend continues
as we keep increasing the relative value of the SBS threshold for
FM-only excitation. In Fig. 4(c), the optimal mode content is
shown for the case when the starting SBS threshold is 2× the TMI
threshold. In this case, the TMI TEF is 16.4×, which is quite close
to the value (17×) obtained upon TMI-only optimization. The
SBS TEF is still substantially large 8.5× such that the final SBS and
TMI thresholds are equal. Overall, our approach provides a novel
and quantitative method to achieve simultaneous suppression of
multiple nonlinear instabilities, solving a critical problem in power
scaling in high-power lasers.

5. DISCUSSION AND CONCLUSION

In this work, we present an approach that provides the optimal
input excitation for maximal output power thresholds for stable
operation in any MMF, limited by two nonlinear instabilities,
SBS and TMI. The key insight involved transforming both SBS
and TMI suppression into standard linear programs, allowing us
to find globally optimal solutions via existing numerical solvers.
The optimal excitations lead to substantially higher output power
limited by SBS and TMI, displaying the power of the optimization
approach.

In our formalism, above, we neglected any mode depend-
ence in gain or loss in the fiber [98,104–106]. In Section 3 in
Supplement 1, we incorporate mode-dependent loss and gain
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in our optimization formalism and are still able to find glob-
ally optimal excitations for nonlinear instability suppression.
The optimization approach results in significant SBS threshold
enhancement even with high MDL. For simplicity in our analysis,
we consider the signal gain to be linear and ignore any gain satura-
tion. This assumption can break down in high-power amplifiers
where gain saturation can be a significant effect [91,107,108]. If
needed, this assumption can possibly be relaxed in our formal-
ism. The key modification would be that L (l)eff would need to be
computed numerically, instead of using a simple analytic formula
as we did in Eq. (S3). For SBS, gain saturation would not have
a significant impact on the optimal excitation and the optimal
threshold enhancement, except for the increased mode-dependent
gain via spatial-hole burning [109]. For TMI, the gain saturation
would play a more significant role as the heat load is also impacted
by the gain saturation, which modifies the thermo-optical coupling
[91,108,110]. The qualitative characteristics of the optimal exci-
tation are still expected to remain unchanged since the qualitative
nature of the thermo-optical coupling is not modified on average.

Experimental implementation of our approach can be achieved
by selective mode excitation with an SLM. Exact modal distribu-
tion can be achieved via both amplitude and phase modulation in
an SLM, which has been demonstrated [97]. Phase modulation
with an SLM is relatively straightforward but the amplitude modu-
lation is more complex and can lead to significant losses. Therefore,
a method that uses only phase modulation to excite nearly optimal
mode content would greatly enhance the applicability and impact
of our approach. In Section 2 in Supplement 1, we provide a new
strategy that uses phase-only SLM and utilizes the knowledge
of globally optimal mode content to excite nearly optimal mode
content, leading to SBS TEF in the range of [7.5–8.6], compared
to FM-only excitation. This is significantly higher than SBS TEF
achieved by random mode excitation or optimization schemes
that do not utilize the knowledge of optimal mode content, such
as a pixel-by-pixel optimization to minimize SBS gain. Such an
approach was experimentally explored in our previous work in
Ref. [62] and produces a SBS TEF of 6.5 in the fiber studied above.
Note that in the experiments discussed in Ref. [62], the FM-only
excitation consisted of two polarization modes due to polarization
mixing, increasing the measured FM-only SBS threshold and
lowering the reported SBS TEF to 3.6 instead of 6.5, which is in
accordance with our theoretical predictions when polarization
mixing is taken into account. More details on the pixel-by-pixel
algorithm and additional effects in the fiber are provided in the
supplementary information in Ref. [62].

Our theory assumes an ideal fiber, with no random linear
mode coupling [98]. This is typically valid if the fiber is of high
quality and not coiled very tightly, and the fiber is not too long.
The practical scenario we are considering is a fiber amplifier with
length L ∼ [1− 5]m with a coiling radius Rcoil ∼ [30− 50]cm.
With such coiling conditions, it was experimentally measured in
Ref. [62] that mode coupling was less than 10% power transfer
to other modes in a 50-m-long passive fiber. As such, in a fiber
with L < 5 m, we expect mode coupling to be extremely small. In
addition, in Figs. 2 and 3, we showed that the optimal solution is
fairly robust to the small changes in the mode content in terms of
threshold degradation. For fibers with strong random linear mode
coupling, the theoretically optimal solution will no longer be cor-
rect. However, even in such cases an optimal solution can be found

via search algorithms [56,65], although finding the globally opti-
mal solution is not guaranteed. Even for these cases, our method
can be helpful as it provides an upper bound on the maximum
possible enhancement in the SBS or TMI threshold via multimode
excitations. Additionally, the physical insights gained into the SBS
suppression strategy from the optimal mode content can be utilized
in improving the search algorithms in these experiments.

In this work, we focused on increasing the output power limited
by SBS and TMI, while ignoring any other nonlinear instabilities.
Input wavefront shaping in MMFs for controlling stimulated
Raman scattering and four-wave mixing due to Kerr nonlinearity
has been demonstrated in passive fibers [56]. The input excitations
in these studies were obtained with feedback optimization via a
genetic algorithm. As such, the globally optimal solution was likely
not obtained. Our optimization approach for finding the globally
optimal solution can possibly be extended to these nonlinearities
as well for both passive and active fibers. The key requirement to
apply our formalism is the linearity of the instability gain in terms
of the control parameters, along with any constraints. Also, in this
work, we primarily focus on step-index fibers but our formalism
for both SBS and TMI along with our linear-programming-based
optimization approach can be straightforwardly applied to the
graded index fibers. A key difference in the graded index fibers is
the presence of a higher number of modal degeneracies, which
need to be taken into account when deriving equations for Stokes
or noise power growth.

Wavefront shaping provides a novel and exciting tool for con-
trolling nonlinear phenomena. Our work contributes to this
emerging field by providing a new tool to find the optimal input
wavefront for nonlinear instabilities, helping address important
practical challenges in achieving ultrahigh laser powers.
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