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Output control of dissipative nonlinear 
multimode amplifiers using spacetime 
symmetry mapping
 

Chun-Wei Chen    1,4, Kabish Wisal    2,4, Mathias Fink    3, A. Douglas Stone    1 & 
Hui Cao    1 

In many linear and nonlinear systems, time-reversal symmetry makes it 
possible to control the output waves by appropriately shaping the input 
waves. However, time-reversal symmetry is broken in systems with energy 
dissipation, necessitating a different approach for relating the input and 
output fields. We theoretically consider a saturated multimode fibre 
amplifier in which light generates a heat flow and suffers thermo-optical 
nonlinearity, thus breaking time-reversal symmetry. We identify a  
spacetime symmetry that maps the target output back to an input field. 
This spacetime symmetry mapping applies phase conjugation, gain and 
absorption substitution but not time reversal, and it holds in a steady state 
and for slowly varying inputs. Our approach enables coherent wavefront 
control of nonlinear dissipative systems.

Time-reversal symmetry and reciprocity have been widely explored 
with various types of waves, including electromagnetic, acoustic and 
water waves1–3. The invention of time-reversal mirrors4–7 and opti-
cal phase conjugators8–10 has enabled a wide range of applications, 
such as aberration correction11–13, dispersion compensation14, and 
spatial and temporal refocusing15–22, which have practical impact in 
imaging, communications, spectroscopy and sensing23–29. In general, 
time-reversal symmetry holds not only for linear but also nonlinear 
processes, as long as the waves are not coupled to a bath by an irre-
versible process30–32. For example, the Kerr-effect-induced self-phase 
modulation and multi-wave mixing can be reversed to undo a pulse 
distortion33, remove the spectral broadening34 and even reconstruct 
rogue waves35,36. A common application of time-reversal symmetry 
is to create a wavefront that can autonomously refocus itself after 
scattering by time-reversing the fields generated by a point source in 
the desired focal position. Once identified, the refocusing wavefront 
can be synthesized experimentally and fed back into the same system 
to achieve focusing. A dissipative process, such as linear amplifica-
tion, does break time-reversal invariance, but the input wavefront 
can still be found by mapping to a different system with loss replac-
ing gain, as has been illustrated, for example, in the study of coherent 

perfect absorption (time-reversed lasing)37,38. In this case, the phase 
conjugation and replacing the gain with loss in the steady-state wave 
equation identifies a wavefront that will be completely trapped and 
absorbed by the time-reversed counterpart. Such mappings, which 
interchange gain and loss to find the solution to an inverse problem, 
exist even in the presence of nonlinearity and chaos39,40.

The high-power multimode optical fibre amplifier studied here 
is unlike the nonlinear dissipative systems previously studied; it is 
characterized by heat diffusion, thermo-optical nonlinearity and gain 
saturation41–43. As the light is amplified, heat is necessarily generated 
because of the non-radiative transitions in the pumping cycle, and 
this heat diffuses irreversibly out of the fibre to the surrounding res-
ervoir. The first derivative of the temperature with respect to time in 
the thermal diffusion equation reflects this irreversibility and, thus, 
breaks time-reversal symmetry. Even if we map this system to a con-
jugate system with the optical gain replaced by an equal amount of 
absorption, heat will still be generated in the fibre and flow to the 
reservoir. Thus, the two systems are not time-reversed counterparts in 
general, and reversing the output signal from a multimode fibre (MMF) 
amplifier and launching it to the complementary MMF with absorp-
tion will not reproduce the original input to the amplifier. Moreover, 
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The fibre is parallel to the z axis, extending from z = 0 to L, and r⊥ can 
denote any number of transverse coordinates (perpendicular to the 
fibre axis). The mth guided mode in the passive fibre has the transverse 
field profile ϕm(r⊥) and (axial) propagation constant βm. Am(z, t) is the 
complex amplitude of the field in the mth mode at position z and time t.

In the slowly varying approximation for Am(z, t), the scalar paraxial 
optical wave equation gives

∂Am(z, t)
∂z

+ 1
vm

∂Am(z, t)
∂t

= (iβm + gm
2 )Am(z, t) + i∑

j
A j(z, t)

[γm,j + k0η ei(βj−βm)z∫ϕj(r⟂)ΔT(r⟂, z, t)ϕm(r⟂)dr⟂] ,
(2)

where vm is the velocity of the mth mode, gm denotes the 
mode-dependent gain, γm, j represents the linear-mode coupling coef-
ficient and k0 is the vacuum wavenumber. The frequency of the pump 
light ωp is higher than that of the emission ω0, causing quantum-defect 
heating Q(r⊥, z, t) ∝ (ωp/ω0 − 1)I(r⊥, z, t) that depends on the local inten-
sity I(r⊥, z, t) = ∣ψ(r⊥, z, t)∣2. Multimode interference results in a highly 
speckled intensity distribution throughout the fibre, and non-uniform 
heating causes local variations of the temperature ΔT(r⊥, z, t). Owing 
to the thermo-optical nonlinearity, the temperature change induces 
a refractive-index variation through the thermo-optic coefficient 
η = 2n(dn/dT). The spatial and temporal change of the index Δn(r⊥, z, 
t) introduces nonlinear coupling between fibre modes, as represented 
by the last term of equation (2).

The heat diffusion equation is

ρC∂ΔT(r⟂, z, t)
∂t

− κ ( ∂
2

∂r2⟂
+ ∂2
∂z2 )

ΔT(r⟂, z, t) = Q(r⟂, z, t)

= |g(r⟂, z, t)|qD I(r⟂, z, t),
(3)

where ρ is the mass density, C is the specific heat capacity, κ is the ther-
mal conductivity, Q is the rate of heat generation per unit volume, 
g(r⊥, z, t) is the local gain coefficient and qD = ωp/ω0 − 1 represents the 
quantum defect.

The thermo-optical nonlinearity involves processes on different 
timescales, as detailed in Supplementary Information Section I. The 
thermal response time, determined by quantum-defect heating and 
thermal diffusion, is of the order of milliseconds in a Yb-doped MMF 
amplifier. Thus, the temperature distribution can be considered static 
during the transit time (nanoseconds) of light in a fibre of typical length 
~1–10 m. For a given temperature distribution, the optical response 
time, that is, the time it takes for the optical field distribution through-
out the fibre to reach a steady state, is of the order of nanoseconds.

Steady state
First, we consider the case in which the fibre amplifier reaches a steady 
state when excited with a time-invariant seed signal. In the optical and 
heat equations, ∂/∂t = 0, and equations (2) and (3) reduce to:

∂Am(z)
∂z

= (iβm + gm
2 )Am(z) + i∑

j
A j(z) [γm, j

+ k0η ei(βj−βm)z∫ϕj(r⟂)ΔT(r⟂, z)ϕm(r⟂)dr⟂]

(4)

and

−κ ( ∂
2

∂r2⟂
+ ∂2
∂z2 )

ΔT(r⟂, z) = |g(r⟂, z)|qD I(r⟂, z), (5)

respectively.

the non-uniform heating of the fibre, arising from the spatially vary-
ing intensity distribution of the multimode interference, causes a 
non-uniform index change because of the thermo-optical nonlinearity 
and scatters light between fibre modes. As the power increases in the 
fibre, dynamic mode coupling will destabilize the MMF amplifier and 
the quality of the output beam degrades due to an effect termed the 
transverse mode instability (TMI)44.

Recent studies reveal that increasing the number of excited modes 
in a MMF will suppress TMI, enabling further power scaling of fibre 
amplifiers45,46. However, even in the absence of TMI, multimode inter-
ference will generate speckled fields at the output, which is undesirable 
for practical applications. Unlike in a linear MMF without gain, simply 
phase-conjugating a desired output field profile and sending it back 
into the fibre amplifier will not generate the required input wavefront. 
Recently, it was shown experimentally that shaping the wavefront of a 
coherent seed to a MMF amplifier can focus the output light47,48. How-
ever, it was not known whether it is possible to generate any desired 
output beam profile of a MMF amplifier by shaping the input wavefront.

We present a spacetime symmetry mapping showing that, indeed, 
there is an input wavefront with a specific power that can generate an 
arbitrary output beam profile at any chosen power, as long as the fibre 
amplifier operates below the TMI threshold. Our mapping is a gener-
alization of the more familiar gain–loss mapping between an amplifier 
and its absorbing counterpart. With a monochromatic time-invariant 
seed, the amplifier reaches a steady state and produces a static output 
field. In the complementary fibre with absorption, the amplifier output 
is phase-conjugated and sent back to the distal end. As we will show, the 
power growth in the nonlinear amplifier with saturated gain is exactly 
reversed in the absorbing fibre with an identical saturation intensity 
for absorption. Assuming that the same amount of heat is generated 
in the fibre and flows into the thermal bath, the phase-conjugated 
field undergoes nonlinear thermo-optical scattering, which reverses 
the effect of the nonlinear-mode coupling in the amplifier. Therefore, 
the steady-state transmitted field at the proximal end of the absorb-
ing MMF is identical to the phase-conjugated input of the amplifying 
fibre, proving that any target amplifier output can be generated by 
wavefront-shaping a coherent monochromatic seed.

The spacetime symmetry mapping also holds for a dynamic ampli-
fier with time-varying input and output fields. The target dynamic 
output from the amplifier is phase-conjugated but not time-reversed 
before it is sent to the absorbing fibre. The transmitted field provides 
the phase-conjugated input to the amplifier, and the resulting output 
has a negligible difference from the desired one. This mapping relies 
on the thermal response time (milliseconds) being much longer than 
the optical response time (nanoseconds) in a typical fibre amplifier and 
further requires that the input and output field envelopes are slowly 
varying compared to the optical response time, such that dynamic 
changes of temperature and refractive index are negligible during the 
time of flight for light through the fibre.

Our spacetime symmetry mapping proves that there exists an 
input wavefront that can produce any output beam profile in a non-
linear MMF amplifier below the instability threshold. This generaliza-
tion of symmetry-based mappings beyond time-reversal to describe 
nonlinear dissipative systems not only advances our physical under-
standing of complex wave phenomena but also broadens the range of 
applications for coherent wave control.

Thermo-optical nonlinearity
We now present the analytic and numerical results that validate this 
argument. Consider coherent, narrowband light of frequency ω0 
launched into a MMF amplifier of length L. The electric field can be 
decomposed by the fibre modes as:

ψ(r⟂, z, t) = ∑
m

ϕm(r⟂)Am(z, t) eiβmz−iω0t . (1)
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If {Am} satisfies equations (4) and (5), then {A∗m} satisfies the com-
plex conjugate of equations (4) and (5), which corresponds to switching 
the gain gm to absorption −gm and the forward propagation in z to 
backward propagation −z. All coefficients and constants including qD 
are kept the same. These equations govern the time-reversed counter-
part of the steady-state MMF amplifier. Although the field is 
complex-conjugated, the intensity distribution is unchanged. Although 
the atomic transitions in the absorbing fibre will not be reversed, we 
simply assume that the same amount of heat will be generated by 
absorption in the fibre. Then the temperature distribution will be 
unchanged, as the thermal boundary conditions are identical. As the 
equations for the time-reversed counterpart of the steady-state MMF 
amplifier are invariant, ‘sending back’ the conjugated output will pro-
duce the original input field, conjugated.

To confirm this argument for the steady-state condition, we per-
formed numerical simulations in the time domain. We considered 
a waveguide with a one-dimensional cross section and core width 
w = 40 μm, cladding width W = 400 μm, refractive index n = 1.5 and 
length L = 1 m. For simplicity, we assumed perfect reflection of light 
from the core–cladding interface and neglected linear-mode cou-
pling, γm,j = 0. We also assumed that the optical gain gm is linear (the 
gain saturation is considered later) and identical for all modes. The 
outer boundaries of the cladding are perfectly thermally conducting. 
Further details of the simulation and relevant timescales are given in 
Supplementary Information Sections I, II and III.

Figure 1 shows the numerical result for one representative exam-
ple. A coherent, monochromatic seed was launched into the wave-
guide at z = 0 and amplified from 30 W at z = 0 to 270 W at z = L. The 
steady-state output field profile was very different from the input, due 
to modal dispersion and thermo-optical mode coupling. The output 
field pattern was phase-conjugated and launched into a waveguide 
with absorption (gm → −gm) from the distal end. The power was reduced 
back to 30 W at the proximal end, and the steady-state output field pat-
tern of the absorptive waveguide was, indeed, the same as the original 
input to the amplifier (with conjugated phase) to high accuracy. The 
temperature distribution was identical in the two cases, validating our 
argument for the steady-state case.

Note that random linear-mode coupling, which was neglected in 
the above simulation, does not affect the validity of our spacetime sym-
metry mapping, as long as it remains constant during the transit time 
of light through the fibre. This is confirmed in the numerical results of 
strong linear-mode coupling in Supplementary Information Section IV.

Gain saturation
Next, we include another saturating nonlinearity in the multimode 
amplifier. In the steady state, gm = g(0)m /[1 + I(r⟂, z)/Isat] , where g(0)m  
denotes the small-signal gain for the mth mode of the fibre and Isat is 
the saturation intensity of a MMF amplifier. The presence of gain satu-
ration in real amplifiers has important physical effects. As the degree 
of saturation depends on the spatially varying intensity, the gain dis-
tribution becomes spatially inhomogeneous in both the transverse 
and longitudinal directions. Hence, the nonlinear gain becomes 
mode-dependent, which modifies the growth rate of individual modes 
and their interference throughout the fibre. The resulting intensity 
changes alter the heat generation and temperature distribution. Con-
sequently, the thermo-optical coupling between fibre modes is sub-
stantially modified by gain saturation, and the output field pattern 
changes dramatically.

However, there is still the time-reversed counterpart of a 
steady-state MMF amplifier. The saturated gain is replaced by sat-
urated absorption. In the time-reversed counterpart, the optical 
absorption −gm is saturated by the same amount as the optical gain, 
because the intensity distribution is unchanged and Isat is identical. 
We verified this explicitly with time-domain numerical simulations, 
and the results are shown in Fig. 2 (details in the caption). We used 

the time-reversed counterpart to obtain an input wavefront that 
focuses to a diffraction-limited spot after propagating through the 
waveguide amplifier with gain saturation and thermo-optical nonlin-
earity. This opens up important practical applications for obtaining 
high-quality beams at the output of MMF amplifiers, which could 
provide a much higher stable output power than single-mode fibre 
amplifiers45. Although the MMF amplifiers in our numerical simulations 
have a one-dimensional cross section to reduce the computational load, 
our theoretical analyses based on spacetime symmetry mapping are 
valid for any number of dimensions and for any transverse geometry  
(Supplementary Information Section II).

Time-varying input
In the previous examples, the multimode amplifier reached a steady 
state with a time-invariant seed and the time derivative of the envelope 
dropped out. We now consider a dynamic state of the amplifier, in 
which both the amplitude and phase of the input envelope vary on a 
timescale of 0.1–1 ms, like that of the temperature changes. Figure 3a 
shows an example of the output generated by the amplifier for such a 
seed. For computational simplicity, in this time-varying case, we con-
sider only two modes in a 0.1-m-long fibre and neglect gain saturation. 
Analysing equations (2) and (3), we see that phase-conjugating the 
output field and sending it back into the absorptive waveguide without 
reversing the envelope in time corresponds to the mapping z → −z, t → t, 
gm → −gm, Am(z, t) → A∗m(−z, t)  and ΔT(r⊥, z, t) → ΔT(r⊥, −z, t). The heat 
equation (3) remains invariant, but the optical equation (2) is not due 
to the (1/vm)∂Am(z, t)/∂t term. However, this term is much smaller than 
∂Am(z, t)/∂z and can be neglected, as the optical pulse envelope evolves 
temporally on the thermal response time, which is much longer than 
the nonlinear optical response time in the fibre. Ignoring (1/vm)∂Am(z, 
t)/∂t means that the optical equation also remains invariant under our 
proposed mapping. Hence, we propagated backwards in space the 
conjugated output of Fig. 3a in Fig. 3b without reversing the direction 
of time, and indeed, we found that this generated a transmitted field 
almost identical to the phase-conjugated input to the waveguide ampli-
fier. Note that the naive time-reversal operation with an extra mapping 
t → −t satisfies the equation for light propagation, equation (2), but not 
that for heat diffusion, equation (3). Hence, this mapping does not 
reproduce the conjugated input field, as confirmed numerically in 
Fig. 3c. A phase-conjugated, time-reversed, output field propagated 
backward in the waveguide with absorption created a transmitted field 
completely different from the original input to the waveguide amplifier 
(Fig. 3c). See Supplementary Information Sections VI and VII for more 
simulation details and a discussion.

Discussion
In summary, we have identified a spacetime symmetry mapping that 
proves the existence of an input field profile at a specific power that 
generates a desired output field profile at a chosen power for a MMF 
amplifier with both thermo-optical and saturating nonlinearities. 
This mapping is valid for both steady-state inputs and slowly varying 
pulses, but it will fail when the power is high enough to cause a dynami-
cal instability, such as TMI (for a further discussion, see Supplementary 
Information Section VIII). This limitation is like that in other nonlinear 
systems in the regime of dynamical chaos or instability, where even if 
time-reversal symmetry exists, noise and sensitivity to small perturba-
tions make it impractical to exploit.

Our results extend our understanding of the possibilities of wave 
control after nonlinear propagation in dissipative media. In particular, 
this work implies the possibility of generating any output beam profile 
for a high-power amplifier, including a diffraction-limited focal spot 
that can be collimated subsequently to the far field. Given the concerns 
regarding the output beam quality for high-power fibre amplifiers41–43, 
our results pave the way for employing MMF amplifiers in high-power 
applications, thus leveraging their advantages over the single-mode 
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counterparts, for example, high-power thresholds for TMI45,46 and 
stimulated Brillouin scattering49,50. Note that such wavefront-shaping 
schemes work well only for narrowband amplifiers; specifically, when 
the spectral bandwidth of an input signal is less than the spectral cor-
relation width of the output field pattern.

Although the spacetime symmetry mapping proves the existence 
of an input wavefront to produce any output beam profile for a non-
linear MMF amplifier, the physical implementation of such a mapping 
is difficult. Experimentally, the input wavefront could be adjusted to 
minimize the difference between the output pattern and the target 

one. Such feedback optimization has been used to focus the output 
beam of a MMF amplifier with weak nonlinearity to a spot at a chosen 
location47,48. Alternatively, an artificial neural network that maps the 
MMF amplifier output to its input may be trained with experimental 
data to predict the input wavefront for any desired output pattern. 
However, these methods do not guarantee a priori that the required 
input exists in the presence of strong nonlinearities. Hence, our theo-
retical proof based on the spacetime symmetry mapping lays a solid 
foundation for experimental wavefront-shaping methods in nonlinear 
dissipative systems.
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Fig. 1 | Steady-state time-reversal of a multimode amplifier with thermo-
optical nonlinearity and linear gain. a, A 30-W monochromatic input at a 
wavelength of 1,064 nm with a time-invariant wavefront excites five modes in 
a 1-m-long waveguide amplifier with a one-dimensional cross section (along 
x). With a linear, mode-independent, gain coefficient g = 2.2 m−1, the amplified 
output reaches 270 W. The steady-state temperature profile reveals non-uniform 
heating caused by an inhomogeneous intensity distribution throughout the 
waveguide. Even without linear-mode coupling, thermo-optical coupling and 

modal dispersion make the output wavefront very different from the input.  
b, When the output of the amplifier is phase-conjugated and launched backward 
at the distal end of a complementary waveguide with absorption, the wavefront 
distortion is removed, and the input to the amplifier is recovered (with a 
conjugated phase). The same amount of heat is generated, and the temperature 
profile is identical to that in a. In both cases, the temperature at the outer 
boundary of the waveguide cladding was set to 20 °C.
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More broadly, the spacetime symmetry mapping method is adapt-
able to any type of nonlinearity, provided that the nonlinearity does 
not induce instability (see Supplementary Information Section V for 
details of the optical Kerr nonlinearity). Beyond optical waves, our 
scheme is general and applicable to other types of waves. It paves the 
way for the non-equilibrium control of nonlinear dissipative processes 
in complex open systems.
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Fig. 3 | Spacetime symmetry mapping of a dynamic nonlinear amplifier.  
a–c, Time traces of the field amplitude and phase of a two-mode waveguide 
amplifier at the proximal and distal ends. a, A time-varying field with a peak power 
of 237 W was launched into a 0.1-m-long waveguide amplifier with two modes 
equally excited at z = 0. The amplitudes of the input fields of both modes have 
the same Gaussian envelope and are temporally chirped at ~2.1 kHz. Although 
mode 1 has a time-invariant phase, mode 2 has a phase modulation at ~0.1 kHz. 
The amplified field reached a peak power of 300 W at z = L. Heat-induced dynamic 

mode coupling in the waveguide caused a spatio-temporal distortion of the 
output field. In each diagram, the time-varying mode amplitudes were normalized 
by the time-averaged total power. b, Phase conjugation without time reversal of 
the amplifier output was sent to the absorbing waveguide. The transmitted field 
was almost identical to the phase-conjugated input to the amplifier. c, Phase-
conjugated, time-reversed output field of the amplifier was launched into a 
complementary waveguide with absorption at z = L. The transmitted field at z = 0 
is wholly different from the amplifier input. Amp., amplitude; Ph., phase.
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