Polarization prop erties and disp ersion relations for spiral resonances of a dielectric

Harald G. L. Schwefel and A. Douglas Stone”
Yale University, Department of Applied Physics,
P.O. Box 208284, New Haven, CT 06520-8284, USA

Hakan E. Tureci
Yale University, Department of Physics,
P.O. Box 208120, New Haven,
CT 06520-8120, USA

Dielectric microcavities basedon cylindrical and deformed cylindrical shapes
have been employed as resonatorsfor microlasers. Suc systemssupport spi-
ral resonancesvith "nite momertum along the cylinder axis. For such modes
the boundary conditions do not separate and simple TM and TE polariza-
tion states do not exist. We formulate a theory for the dispersion relations
and polarization properties of sud resonancedor an in nite dielectric rod of
arbitrary cross-sectionand then solve for these quartities for the caseof a
circular cross-section(cylinder). Useful analytic formulas are obtained using
the eikonal (Einstein-Brillouin-Keller) method which are shavn to be excellert
approximations to the exact results from the wave equation. The major "nding
is that the polarization of the radiation emitted into the far- eld is linear up
to a polarization critical angle (PCA) at which it changesto elliptical. The
PCA always lies betweenthe Brewster and total-in ternal-re°ection anglesfor
the dielectric, as is showvn by an analysis basedon the Jonesmatrices of the

rod

spiraling rays.
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1. Intro duction

There has been a great deal of recert interest in cylin-

drical and deformed cylindrical dielectric resonators for
micro-laser applications.® From the theory sidethere is
a particular interest in the deformedcase,asin this case
such resonatorsare wave-chaotic systemsand can be an-
alyzedwith methods from non-linear dynamics and semi-
classicalquantum theory. Analysis of the resonancesand
emission patterns from such systemshas focused exclu-
sively on the scalar Helmholtz equation which describes
the axial componert of the electric (TM mode) or mag-
netic (TE mode) "elds for the caseof resonart modes
with zeromomertum in the axial direction (z-direction).

For this case(k; = 0) the polarization state is unchanged
by boundary scattering and the non-trivial ray dynamics
in the transverse plane does not a®ectthe polarization

state of the resonan solutions. However it is interesting
to considerthe solutions of the wave equation for both

cylindrical and deformed cylindrical dielectric rods with

k, 6 0, sincein this casethe boundary scattering cou-
ples the electric and magnetic "elds and there no longer
exist TM or TE solutions with a xed direction in space
for one the "elds. We refer to these non-zerok, modes
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as \spiral modes" and note that elastic scattering from
such spiral resonancemodes has been measured previ-
ously by Poon et al. Ref. 6, the polarization properties
were unfortunately fully exploredin those experiments.

The authors did however measurea systematic \blue-
shift" of the resonancemodeswith tilt angle, which has
beenpredicted by Ref. 7,8 and which we will derive be-
low. The modes we study here are similar to the hy-
brid modesknown in the study of optical "b ers, whereit
is also well-known that there are no simple TE, TM or
TEM-lik e modes, but more complex vector solutions are
necessary Our emphasisdi®ershowever in seeral ways:
1) we are interested in uniform dielectric rods, not the
variable index pro les typical of optical b ers. 2) We are
interested in modes which are not totally internally re-
°ected sowe can study the nature of the polarization of
the emitted radiation in the far-"eld. 3) We are primar-
ily interested in resonancesof uniform rods with cross-
sectionsin the range of tens to hundreds of * m, so they
are strongly multi-mo de and can be treated within the
eikonal (semi-classical)approximation.

Here, we will model "nite resonatorsasin nite dielec-
tric rods, neglecting the end e®ectsin the z-direction;
we therefore formulate the vector wave equation and the
necessaryboundary conditions for an in nite rod of arbi-
trary cross-section.Various approximations are possible
to treat end e®ectswhen they are relevant, but we will
not explore them here. We de ne the resonar solutions
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Fig. 1. Schematics of a spiraling ray in a rod with ar-
bitrary cross-section. The ray can refract out and the
polarization can be de'ned in the far- eld with respect
to a local coordinate system. For a generaldeformation,
the polarization will changewith the azimuthal angle A.
Here, we will focus only on the circular cross-section,
where the polarization is constart (with respect to A)
when referred to the local coordinate system oriented
along and perpendicular to a ray in the far- eld.

(quasi-bound modes) of such a systemand write down a
generalformalism which can be usedto obtain exact nu-
merical solutions for the vector resonancesWe alsoshow
how the corresponding solutions canbe usedto derive the
spatially-varying polarization state of the emitted radia-
tion in the far- eld. We then study in detail theseequa-
tions in the caseof a circular cross-section(cylinder) for
which a great deal of analytic progressand physical in-
sight may be obtained. The analysis of the non-circular
casefor which wave-dchaotic polarization states are pos-
sible will be published elsewhere’

Our goal is to relate the polarization state in the far-
“eld to the projected two-dimensionalray motion in the
plane transverseto the z-axis. (SeeFig. 1) One can have
spiral resonancesvhich range from motion along the di-
ameter of the rod in the transverseplane (bouncing ball
type modes)to whispering gallery modeswhich circulate
around the perimeter of the rod asthey spiral along it.
We will discusshow the polarization properties of the
resonancesvary as the angle of incidence in the plane
(sinA) and the spiral (tilt) angle (1) with respect to the
X i y plane varies. (In Fig. 2 A) we introduce the rel-
evant geometric parameters.) It should be noted that
due to the curvature of the boundary, even modeswhich
are totally-in ternally re°ected accordingto geometricop-
tics do emit by evanescen radiation into the far- eld and
their polarization "elds can be obtained from exact so-
lution of the wave equation, although experimertally it
may be impractical to measuretheir weak emission far

above the critical angle. In the simplest caseof k, = 0
(1= 0) one nds pure linear polarization in the far- eld;

in addition, the resonan energiesare just those of the
two-dimensionalproblem of a dielectric disk. In this two-
dimensional casethe resonarn energiesin the semiclassi-
cal limit are determined by the optical path length as
well asby the phaseshifts due to causticsand re°ections
at the boundary.'® These boundary terms in the semi-
classicallimit correspond simply to the TIR phaseshifts
for TM and TE scattering o®a plane dielectric interface
when sinA > sinA. = 1=n (here n is the index of refrac-
tion of the rod surroundedby air); if sinA < sinA; = 1=n
there is zero phaseshift but just a loss (imaginary part

of k) given by the Fresnelscattering coe+cients. For the
spiral modes (k, 6 0), the boundary terms have a new
character corresponding neither to the TE nor to the TM

Fresnel scattering and new phenomenacan occur, suc
as a non-zero phaseshift for modeswhich are not TIR.

We derive below the generalization of the Fresnel scat-
tering coexcients for spiral modes of the cylinder using
the vector eikonal method. We nd that the angle at
which a non-zero phase shift setsin is always between
the critical angle and the Brewster angle and coincides
precisely with the onset of elliptical polarization in the
far-'eld. We call this new key quartit y the polarization
critical angle (PCA)

In Section 2 of the paper we set up the relevant form
of the vector wave equations for the in nite dielectric
rod and formulate the boundary conditions for the quasi-
bound modes (resonances).In Section 3 we discusshow
to extract the far- eld polarization of these quasi-bound
modes. All results are for the general caseof arbitrary
cross-sectionof the rod. In Section4 we specializeto the
caseof the dielectric cylinder and reduce the resonance
problem to a simple root- nding problem. This equation
is exactand is shown to yield the systematic blue-shift in
Ref. 6. In Section5 we reformulate the sameproblem us-
ing the eikonal (EBK) method which yields a simpler an-
alytic formula for the resonancesand allows a statemert
of the polarization problem in terms of generalizedFres-
nel coexcients. The exact and EBK resonancewavevec-
tors are shown to agreequite well, down to small k. In
Section 6 we restate the polarization problem in terms of
Jonesmatrices and thus derive the internal polarization
state and the far eld polarization of the resonancesn the
semi-classicallimit. Both the Jonesand EBK formula-
tions are shown to yield the sameanswer for this quantit y
and to agreewith the exact results to a good approxima-
tion. Finally, the origin of the polarization critical angle
is explained.

2. Wave equation and resonances for the in nite
dielectric rod

For electromagnetic elds in free spaceinteracting with
uniform dielectrics, Maxwell equationsreduceto the vec-
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Fig. 2. A) Coordinates usedfor ray dynamicsin a rod with arbitrary cross-section.The ray can refract out and the
polarization can be de ned in the far-"eld with respect to a local cartesian coordinate systemtilted sothat one of the
axesis along the propagation direction. We de ne ~ asthe angle of incidencein the plane of incidence; A, the angle of
incidenceprojected into the plane; ¥ the projected far- eld angle; p, the tilt angle measuredfrom the cross-sectional
X i Yy plane, given by tanu = k;=°;; ®, the external tilt angle tan ® = k,=°;; B), C) Schematics highlighting the
trigonometric relations among the inside and outside quartities. Note that ® can be found through the application

of Snell'slaw, nsinp = sin®.

tor Helmholtz equation
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where n is the uniform index of the rod and n = 1 out-
side the rod. Thus n di®ersfrom unity in an arbitrary
closed simply-connected domain @ in the x j y plane
for all valuesof z (the rod is innite in the z-direction).
The translational symmetry along the z-axis (seeFig. 1)
allows us to expressthe z-variation of the "elds as

E(x) = E(xy)e **; B(x)=B(xye “% (2
and henceforth the vectors E ;B will refer to the x;y
dependert vector “elds just de ned. With this ansatz,
we can show that the most general solution of the six-
componert vector wave equation for this problem is de-
termined by E, and B, componerts alone; the perpen-
dicular “elds are given by linear combinations of these
two scalar “elds and their derivatives!! Hencewe must
solve the two-component scalar wave equation

% Ya

¢ EL(xy)

Bz(X;y)

't 2402 =0; with °%=n(x)%k?; K

(3)

wherewe have intro ducedthe reduced wavevetor ° which
is the wavevector assaiated with the transverse mo-
tion. The complication of solving this remaining two-
componert Helmholtz equation stemsfrom the fact that
the two “elds E,;B, are coupled through the boundary
conditions. Four independert boundary conditions are
found through the application of the general Maxwell
boundary conditions:

E;1= Exn or
B;1= By or

@E;1 = @E.» (4)
U@BZl = @PZZ %)

k k k k
@B -5@Bx2 = i 50 55 @Es (6)
1 2 1 2
H 1
nZk nsk k, k
%@Ezli %@Ezz = + éi oé @B1: (7)
1 2 1 2

Here, 1 and 2 refer to inside and outside solutions. Were-
cover the familiar special caseof two-dimensionalmodes
when we take k, = 0; in this casethe boundary condi-
tions can be satis ed with either B, = 0 (TM solutions)
or E; = 0 (TE solutions) i.e. we get spatially uniform
eigenpolarization directions. For the TM casewe nd
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and for the TE casewe nd B, = 0 and
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In both casesthe equations Egs. (4)-(7) completely de-
couple and we have only to solve the scalar Helmholtz
equation for E, or B, with the boundary conditions of
the corntinuity of the "eld and its normal derivative on
the boundary. In both casesthe electromagnetic eld is
linearly polarized in the far- eld, either in the direction
parallel to the rod axis (TM) or perpendicularto it (TE).
We will now focuson the k, 6 0 modeswhich we will re-
fer to as spiral modes. We will not considerthe extreme
casewherek = k; (TEM modes).

Our interest is in the dielectric rod as a resonator, i.e.
asa devicefor trapping light. Experiments on resonators
fall into two broad categories,and the presenceof quasi-
bound modes are manifested di®erertly in thesetwo sit-
uations. One can measureelastic scattering of incident
laserlight from such arod, aswasdonein Ref. 6 and focus
on the speci ¢ wavewvectors at which one obsenes scat-
tering resonances.For this casethe linear wave equation
that we are studying provides an exact description. One
can also imagine the rod cortaining a gain medium and
when pumped emitting laser light into these spiral reso-
nancesi® In suc a case,the linear wave equation is not
an exact description; however for high-Q resonancesyp-
ically the resonancesf the passiwe and active cavity are
very similar.*? In order for the laserto emit speci cally
into spiral modes, there would have to be some meda-
nism to suppresslasing of planar (k, = 0) modes; one
could imagine doing this with a small seedpump which
is tuned to the frequency of a spiral mode and pushes
it above threshold before all the other modes. It is pos-
sible to describe these two di®erent physical situations
(elastic scattering and lasing) using appropriate bound-
ary conditions on the linear vector Helmholtz equation.
To be precise,we assumethat the rod is bounded by the
interface @ given by (seeFig. 1)

@=R(z;A 8 z2IR, A2[0;2%}: (10)
We are typically interested in boundaries which are
smooth and not too far from a circle, henceit is natural
to expand the internal and external solutions E, and B,
of Eq. (3) in cylindrical harmonics!®

TR IRRRTI | T :
Ez< _ ®m + (o m i (o imA
Bz< - - »m Hm( 1I‘)+ “m Hm( 1I’) €
(11)
HE>ﬂ ¥ .pﬁm‘" M, .
B ~ an HRCan+ 0 HLCor) e™;
z m=11 m m

(12)
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whereH $ are the Hankel-functions, Hi represerting an
incoming wave from in nit y and H* an outgoing wave.

To describe the scattering experiment we simply ap-
ply the boundary conditions Eqgs. (4)-(7) which will
connect these interior and exterior solutions by a set

These linear equations will have solutions for any inci-
dent wavevector k and will de ne a scattering matrix
for the "elds which can be usedto calculate the intensity
scatteredat any givenfar- eld angle. An exampleof such
a calculation for the cylinder is givenin Fig. 3; the values
of kR (R is the cylinder radius) at which rapid variation
is obsened are the resonart wavevectors for which the
incident light is trapped for long periods. However the
precisepattern of radiation in the far- eld in this caseis
determined by both the scattered and incident radiation
and is not represenativ e of a lasing mode for which there
is noincident radiation. To determinethe resonancesor-
responding to emissionfrom a sourceit is corvertional to
usethe Sommerfeldor radiation boundary conditions; in
this casewe would setthe incident wavesfrom outside to
zero(the coexcients +;,;#n, in Eq. (12)) and still impose
the boundary conditions of Egs. (4)-(7). The resulting
linear equationsfor the remaining coe+cients would not
have any solutions for real k (since current is not con-
sened), but would have discrete solutions for complex
k values; those solutions are known as the quasi-bound
modesof the problem. It can be shavn that the discrete
complexsolutions of this problem correspond to the poles
of the S-matrix of the current-conserving problem when
that S-matrix is cortinued to complex values of k (see
e.g.Ref. 10,13. Relk] at the pole position givesthe ap-
proximate location of the resonar peakin the on-shell
S-matrix and the Im [k] givesthe width of the peak;the
Q-value of the resonanceis just Q = 2Re[k]=jIm [k]].
Thesestatemerts hold for k, = 0 resonancesfor the spi-
ral modesthere are solutions for all k, and for discrete
complex values of the reduced wavewvector °. Once the
resonan wavewvector has been found the coezcients of
the outgoing waves can be determined to give the emis-
sion pattern and polarization properties of the emitted
radiation. As is well-known, the Hankel functions with
complexk and large argumert grow exponertially and do
not provide normalizable "elds at in"nit y. This is unim-
portant for studying the emissionpatterns as a function
of far- eld angle or polarization properties, although it
may causesome practical dixculties in numerical algo-
rithms. If desired,this unphysical feature of the solutions
can be avoided for a given resonanceby adding a tunable
imaginary part of the index of refraction to yield a so-
lution with real k outside the dielectric. This imaginary
part represeits linear ampli cation in the medium and
would give an estimate for the lasing threshold for that
mode if mode competition e®ectswere negligible. One
“nds that thesereal k solutions are continuously related
to the complex k quasi-bound states at real index and
have approximately the same spatial properties except
for the absenceof growth at in nit y.
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Fig. 3. A comparisonof scattering and emissionpictures
for quasi-bound modes. The complex quasi-bound mode
frequenciesare plotted on the Re[kR] i Im [KR] plane.
On the back panel we plot the real k S-matrix, scatter-
ing cross-sectionat 170° with respect to the incoming
wave direction. Notice that the most prominent peaksin
scattering intensity are found at the valuesof k where a
quasi-bound mode frequency is closestto the real-axis.
These are the long-lived resonancesof the cavity. Also
visible is the contribution of resonanceswith shorter life-
times (higher valuesof Im [kR]) to broader peaksand the
scattering badkground. Calculations are for a dielectric
cylinder with n = 1.5 and for k, = 0.

3. Polarization of spiral modes in the far-"eld

Having outlined how to solve for the quasi-bound spi-
ral modeswe now analyze their polarization properties.
Strictly speaking polarization of the time-harmonic elec-
tromagnetic "eld cannot be de ned inside the cavity or
in the near "eld around it as the electric and magnetic
“elds neednot be perpendicular to one another or to the
direction of energy °ow. In the far-"eld on the other
hand, where the radiation is well-approximated locally
by a plane wave, we should be able to analyze the po-
larization of the emissionfrom spiral modesin conven-
tional terms. Assuming the matching problem is solved,
the coetcients An;3y, determining ES (%! );BS (2! )
are known and these "elds can be di®ereriiated in or-
der to nd E, ewerywhere outside the rod. These re-
lations simplify if we usethe large argumert expansion
of the Hankel functions and their recursion relations to
nd the relative magnitudes of the E-"eld componerts
in cylindrical coordinatesas¥2! 1 ,

0 15 0O Pp. . .15 0 1

—Ey 52 — k=% 5 Agem (i ¥ _22 — k,="2E; 52

@E. Ay @ k=°, 3,dm( i DA= @ k=",B,A
E, Aneim (i %=2) E,

(13)
To extract the polarization at a particular angular direc-
tion ' we needto recognizethat far away from the rod
the radiation is not propagating in the radial (¥} direc-
tion with respect to the cylindrical coordinates certered
on the rod axis but is instead propagating at angle ® be-
tweenthe Y2and z directions determined by Snell's law
for the z motion (SeeFig. 2). We can then rotate our

coordinate systemby ®
0 10 1 0 1
cos® 0 j sin® tan ®E, 0

@0 1 0 A@sew®B,A = @sec®B,A: (14)
sin® 0 cos® E, Sec®E,

In this rotated coordinate systemin the far eld, the elec-
tric “eld (on the RHS) only has two componerts in the
plane transverse to the propagation direction. Thus,
the polarization of the electric eld in the far-eld is
then determined by the ratio of these two componerts,
E,(" )=B,(' ). If thesetwo "eld amplitudes have zero
phasedi®erencewe have linear polarization in a certain
direction which can vary as the angle of obsenation '
varies; if there is a non-zerophaseshift ¢ betweenthem,
then wetypically haveelliptical polarization exceptin the
speci ¢ caseof ¢ = ¥#2andjB,j? = jE,j? corresponding
to circular polarization. It should be noted that when
the angle ® is complex k, > k then the wavewector °,
of the outgoing Hankel functions is pure imaginary and
there is no propagating radiation as %! 1 ; this cor-
responds to the total internal re°ection condition with
respect to the z motion of internal ray in the cylinder,
nsinp= 1 (seeFig. 2), for which there is no evanescen
escape. It should be emphasizedhowever that this does
not correspond to the true total re°ection condition for
spiraling rays, which comesat smaller p except in the
caseof normal incidencein the transverseplane. In par-
ticular one can ask about the polarization statesin the
far-"eld of spiral whispering gallery modes, which emit
solely by evanesceh escafe.

The analysis up to this point has been exact for a
dielectric rod of arbitrary cross-sectionand the vari-
ous formulas can be used to solve for both the reso-
nancewavevectors and polarization properties of the spi-
ral modes of such a system. We have deweloped and
implemerted a numerical algorithm to do this!?; we in-
tend to describe the algorithm and preser results for
deformedcylinders in a subsequen paper.® At this point
we specializeto the problem of spiral modesof a cylinder
for which a number of analytic techniques are possible
which will allow usto dewvelop a useful physical picture.

4. Quasi-b ound resonances in the cylinder

Focusing now on the caseof the cylinder (circular cross-
section) we have the immediate simpli cation that the
Helmholtz equation and boundary conditions separatein
cylindrical coordinates and we can look for solutions cor-
responding to a singlecomponent of the angular momen-
tum, m, instead of the sumsin Eq. 11. In the following
we will usethe following notation:

Jm = JIm(°1R) and Hpy = H;(°2R) (15)
where°®; = P n?k?i kZ;i 2 f1,2g and R is taken on the
boundary of the domain. With this convertion we can



write the ansatz for the cylinder

Ef (rimj) = Gudn(1 r)é™  r<R  (16)
By (r;m;}) = »mdm(°T r)e™ r<R  (17)
EZ(rim;j)= AwHACYr)é™  r>R  (18)
By (r;m;j) = mHA(CYI )™ r>R: (19)

Here, j is the radial mode index enumerating the solu-
tions for a given m. Using the boundary conditions for

|

H im(nj n¥)sinunHm

N2 coS®Hm @Jm i n?cofudm @Hm

Co8®Hn @Jm | N2 CoSHIn@Hm | @

6

the continuity of the "eld, Egs. (4) and (5), we get the
relations

(20)

Using this, Egs. (6) and (7) can be rewritten in the fol-
lowing form

il

=0 (21)

im(3;j n)sinpImHm »m

where the anglesare given following the corvertion in Fig. 2 B), C), with tan u= k,=°;. pis the interior angle of the
ray spiraling up with respect to the (x;y) plane and ® the corresponding exterior angle. In order for this systemto
have a non-trivial solution the determinant needsto vanish, resulting in:

(1i n?)?m?sinu= 1
‘]m m

£

JmHm

- GTM ¢GTE:

Where we have de ned:

1 £ a
G'E = I H COS®H M @Jm i N?coSudm @Hm
m m
™ 1 £ a
G™ = T COS®HM@Jm i COSPIm@Hm :
m m

(23)

This form is useful sincethe left-hand sideis independert
of k and vanishesas ! 0 for all m, yielding

£
0= G™ ¢6™ = Hn@Jn i "I @Hy  (24)
£ Hn@ni In@Hm = (25)

The vanishing of the left bracket describes the reso-
nancecondition for the usual two-dimensional TE modes
and the vanishing of the right bracket that for the TM
modes!®13 so one recovers the correct limiting behav-
iorasp! O (k, ! 0). In orderto nd the resonance
wavevectors for the spiral modesat pu 6 0 one needsto
‘nd the complexroots of Eq. (22). An example of such
solutions is given in Fig. 4, where the roots were found
by the SLATECoutine dnsge.'* The seriesof resonances
for a given value of m will be labeledby a secondinteger
j which indexesthe quantized radial momertum in the
transverseplane.

Further insight into the solutions can be obtained by
noting that for k, = 0 and m 6 0 the TE and TM res-
onancevalues di®er so that at a typical TM resonance,
for example, the factor G'E will haveits typical order of

£
C052®Hm @JIm i n? C052|.1Jm @Hnm °

£
0052®Hm @Jnm i COS?HJm @Hnm °

(22)

magnitude while the factor G™™ vanishes. By cortin uity
of these functions with p we can expect for small p that
the resonanceswill have one of the factors GT™:TE small
while the other is not, and that the corresponding reso-
nance will have a TM or TE character, i.e. the electric
“eld will be predominartly in the z-direction or predom-
inantly in the x j y plane. The TE-lik e resonanceswill
then show a large width (imaginary part) nearthe Brew-
ster angle while the TM-lik e resonanceswill not. As the
tilt angle p increasesthe spiral modes becomefull mix-
tures of TE and TM modesand it is no longer possibleto
classifythem in this manner. In Fig. 4, pis small enough
to classify them as TE- and TM-lik e and the coloring
represerts this classi cation.

Oncethe resonancesre found, the polarization in the
far "eld can be determined by rewriting Eq. (21) using
the functions GT™MTE as

| 37
.m nj n° sSINu

m= T gt O (26)
m'ndin sinp

The coezxcients ®y,; », determine the ratio of E, to B,

in the far-'eld by
¢
sinp

E; @y n2GTE
We will however defer detailed analysis of the polariza-
tion properties of spiral resonancesf the cylinder until

i
B> » _.mnjnd

P= (28)
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Fig. 4. TE like resonanceqred circles) and TM like res-
onances(blue circles) for a cylinder with n = 2; u= 0:2,
dashedline correspnds to the critical angle de ned by
°, = mp and the solid line to the Brewster condition
°2 = m n2+ 1. Note that the TE or TM assiation
doesnot work around the Brewster angle.

we have deweloped the theory in a more intuitiv e semi-
classicalapproximation in Sections5 below.

A. Small uexmnsion

In the limit of small k,, or , we seethat Eq. (22) is of
order | on the left hand side. Closeto a TE or TM
like resonanceat k = kg,k, = 0, one of the factors GTE
or G™ s small while the other is not. We expand the
small term (which vanisheson resonance)to lowest order
in @ and insist that the resonancecondition is satis ed
at a slightly shifted value of the resonancewavewector,
nk = n(kg + ¢ ko). One can then shaw that

(29)

where ® is given by a ratio of Besselfunctions, which is
plotted in Fig. 5. Note that the coexcient ® ¥4 1 for rela-
tiv ely small sin A; exactly this value follows from the EBK

guartization formula near normal incidencediscussedin
Section 5. This result can be comparedto experiments
done by Andrew Poon,® where a tilted optical glass b er
was illuminated with an unfocused Gaussian beam. A
simple \w avefront matching” argumert for this blue shift
was given in Ref. 6 and is reproducedin Fig. 6. An inci-
dent plane wave propagatesalongthe X 5, direction and
is incident onto a rod tilted by an angle ® An upward
propagating spiral resonancerequiresthat the spiral wave
be in phasewith the incident wave farther up the tilted

‘b er. Howewer upper incident wave of the same phase
front must travel an extra distance d to reach the ber
whenit is tilted. Thusthe phase-matding condition be-
tweenthe internal wave and the extendedincident wave
reducesthe e®ectiwe cavity length for the spiral wave by
a distance d=n, where n is the refractive index. Fixing

1.1

®@ 1 LR

oo

. Q.4 0.6
sinA = m=nk

Fig. 5. Exact calculation of the coetcient for the reso-
nant shift (circle) TM-lik e, (cross) TE-like. The coezx-
cient is expectedto be unity for small sinA.

the quantum numbers of the resonancesthis implies a
quadratic blue-shift asa function of the tilt angle .

A)

(p/ a‘005\)’

u

2va
B)

Fig. 6. A) Schematic of wave-front-matching argumert.
Internal spiral wave of a tilted optical b er with respect
to the incoming wave. The phase-matding condition
betweenthe spiral mode and the external incident wave
reducesthe e®ectiwe cavity length for the spiral wave by
a distance d=n, where n is the refractive index. B) The
spiral quadratic blue shift can be interpreted by unwrap-
ping the circular "b er. The dashedlines indicates the
wavefront. The wavefront matched path is only 2%a cosy,
therefore the resonancesare quadratic blue shifted with
the tilt angle. The “gures are adapted from Poon.®

In Fig. 7 we compare the blueshift obtained from the
exact numerical solution of Eq. (32) to the small pexpan-
sion Eq. (29). The agreemen is quite good. We will see
at the end of the next sectionthat the EBK quartization
will give the samequadratic blue shift.
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Fig. 7. Shift of the resonancecondition with the quantum
numbersj = 21;m = 20 (sinA ¥ 0:33) and n = 2 with
respect to the internal tilt angle u. Crossesare the nu-
merical solutions following Eq. (32), and circlesfollowing
the small p expansionEq. (29). Note the discortin uity
in the exact numerical values around p = 0:33; this is
due to the onset of the polarization critical angle which
will be discussedin Section7. This discortinuity occurs
beyond the regime of the small p expansion.

5. The EBK quantization conditions

As already noted, using the quantized solutions of res-
onance condition Eq. (22), we can easily calculate the
polarization in the far eld. However, to get insight into
the dependenceof the polarization on the internal ray
motion, a more appealing approad is to usethe eikonal
method, and the Einstein-Brillouin-Keller (EBK) type
formulation of the resonanceconditions. The eikonal
method in generalrefersto nding approximate solution
of the wave equation with a speci ¢ ansatz which is ex-
pectedto be good in the short-wavelengthlimit (k! 1 ).
The EBK method describeshow to apply that ansatzto
boundary value problems, typically assuming Diric hlet
or Neumann boundary conditions.!® The approac has
beenusedfor exampleto 'nd approximate quantization

formulas for the circular and elliptical billiard systems!®
Recerly it wasgeneralizedto treat the scalar Helmholtz
equation for a dielectric billiard in two dimensions!©
Howevwer it was also emphasizedthat the EBK method
only works for the small subset of boundary shapes for
which the ray motion within the boundary is integrable 3
a point which goesall the way back to Einstein's original
paper in 191717 The motion of a ray within an in nite

cylinder is also integrable (the energyand z-componerts
of linear and angular momertum are consened) and a
generalization of the EBK method should work in this
casealso. The necessarygeneralization is to introduce
the boundary conditions appropriate for the coupled E,
and B, componerts of the "eld; this will leadto a gener-
alization of the Fresnelcoezcients for a plane interface.

We study the vector Helmholtz Equation (3) for
E;(X;y);Bz(x;y) in the semiclassial limit k;°1.0! 1 ;
in this limit we expect the solutions to have rapid phase
variations and relatively slow amplitude variations. The
generalizedEBK ansatz for the quasi-bound solutions of

the vector Helmholtz Eq. (3) can be written as
1
H E,

=3(r)= Alei° Si(r) 4 Azei° Sa(r)
B

(30)

where A;., are two-componert vectors and S is the
Eikonal. Note that all the functions are de ned on the
two-dimensional x j y plane. Following Refs 10,16 we
can write the generalquantization condition

|

°  dgr S= 2¥ + ©

i=12 (31)

Here the quartity r S is the gradient of the phasefunc-
tions S;;S, considered as the two sheetsof a double
valued vector "eld de ned on the cross-section,l; are
integers and j; refer to topologically irreducible set of
loops. To avoid confusionin this section we temporarily
drop the subscript °; ! °. Keller shaved that in order
for the EBK solution to be single-valued it is necessary
that theseloop integrals of the phasebe quantized and
that any two topologically inequivalent and non-trivial
loops can be chosen. ©; is a total phase shift due to
caustics and boundary scattering; for the scalar two-
dimensional Helmholtz equation in a circle these phase
shifts are known for Dirichlet, Neumann and dielectric
boundary conditions. For the caseof a dielectric circle
the phaseshifts are complex in general, represeting ei-
ther refraction out of the circle or the phaseshift at the
boundary due to total internal re°ection.1® In order to
get the appropriate ray dynamics for the spiral modesit
is easily shown that the eikonals S;; S, must be identi-
cal to those of the two-dimensional circular billiard (i.e.
k, = 0); the new feature hereis an additional eigervalue
condition on the amplitude two-vector, which will deter-
mine the eigenpolarization directions. This will lead to
a modi cation of the phaseshifts ©; with respect to the
two-dimensional case.

Before discussing the latter point we brie®y review
the quartization relations assumingthe ©; are known.
Two corventional loops for implemerting the quantiza-
tion conditions are showvn in Fig. 8. The rst loop, j 1,
goesjust outside the inner turning point of a ray of xed
angular momertum; r S points in the direction of the
ray so this integral just yields the length of the caus-
tic for this ray. No caustic surfacesare crossedand the
path doesnot touch the boundary, sothe phase©; = 0.
Thus the rst loop givesa relation equivalent to angular
momertum consenation,

m

sinA =
°R

(32)

where we have replacedthe integerl; ! m to conform
to our earlier notation.

The secondloop j > givesthe quantization condition
for the reducedwavevector ° in terms of the path length

L of the loop (the vector "eld r S is everywhere parallel



to this path)

o ° Ya A, Ai
2Co0sAj 2 5i A sinA R
2%} + ©y; (33)

where we have replacedthe integer |, by j. This is ex-
actly the relation we would "'nd for the two-dimensional
billiaﬁd problem, except that the transverse wavewvector
° = n2k?; k2 hasreplacedthe full wavevector nk and
the appropriate phaseshift ©, needsto be determined,
and will di®er from the two-dimensional case.

°L

B)

Fig. 8. A) Path of the rst curvej ;. B) Secondpath j »,
of length L.

A. Semi-classi@l boundary conditions for dielectric rod

To treat the spiral modes of a dielectric cylinder in
this approach we needto project the three-dimensional
boundary conditions corresponding to Snelland Fresnel's
laws into two dimensions. The relevant anglesfor this
projection are all de ned in Fig. 2 Since we are in the
ray optics limit we can regard the \scattering" of the
eikonal from the boundary as the scattering of a plane
wave from the tangent plane. Becauseof our assumption
of only outgoing waves, it is sutcient to assumeonly an
incident, re°ected and a transmitted wave (seeFig. 9).

1. Generalized Snell's law

The form of each of the “elds is given by
Tl
am — Ez;m ei" Sm .
Bz;m '
The gradient of the Eikonal r S givesthe direction of the
the ray and is of constart length jr Sj = n. We nd

@Sf:i°1cos§\ @S'=; i°1cos,§ @S'=i°,cos¥.
@S'=i°1sinA  @S'= i°1sinA  @S'=i°,sin¥%’
(3%)

with  m 2 fi; r;tg (34)

Fig. 9. Scematics of scattering on the projected plane.
We will expandthe wave solution inside into an incoming
componert 2 ' and are®ected 2 ". The outside transmit-
ted componert is givenby 2 t.

The rst set of boundary conditions, the cortinuity of
the "eld acrossthe boundary, Egs. (4) and (5) becomes:
T TR | TR |
E, I g 1S' E, ' g’ 1S’ = E, t

B, B, B,

é 25" (36)
Since these equations need to hold everywhere on the
boundary, the phasesneedto be equal, thus yielding
°18' = °1S" = °,8h: (37)
Using the fact that the tangent componerts are cortin u-
ous, we obtain
°1sinA=°,sin% )  sinA= Zsin¥% (38)
1
This equation can be identied as the projection of
Snel's Law into the transverse plane. Note that when
k, = 0 we recover the usual result
nsinA= sin¥% (39)
We can write the projected Snell's Law in a completely
geometric fashion noting °,=°, = tan p=tan ®,

sSin® cosp

m sinA= f(WnsinA: (40)

sin%= _LsinA=
2
With the function f () given by
s
1i sip
1i n2sin®p’

cosy

f(w=p 1. (41)

1i n2sin’p
Hence,asis clear geometrically, the projected Snell'slaw,
leadsto total internal re°ection of the projected motion
before the critical angle sinA = 1=n is reached in the
plane (this is simply becausehe actual angleof incidence
is steeper than the projected angle due to the z-motion);
the function f (1) which determinesthe e®ectiw critical
angleis plotted in Fig. 10.

2. Generalized Fresnel Matrices

The kinematics of the projected ray motion hasbeende-
termined above simply from the cortinuity of the tan-
gertial componerts of the “elds; the transport of ray
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Fig. 10. Functional dependenceof f (i) for n = 2. Note
that f (M) divergesat the critical anglewhensinpu= 1=n.

°ux acrossthe boundary will now be determined from
the normal derivative boundary conditions.
uEzﬂr g1 = gt uEzﬂt o 2S'
B, B, B,
(42)
where the matrices B are derived from the boundary
conditions Egs. (6) and (7) and given by the matrices

B(ir) = “(n i n®)sinut@ cof®¢t@ 1 43
- ' ncog®¢@ (n®j n)sinpuc@ (43)

_ 0 ncos ut@ .
B'= n2 cof 1 ¢@ 0 : (44)

Here @ and @ are the normal and tangertial derivatives.
We can now relate the incoming eld to the outgoing and
the re°ected using the boundary conditions Eq. (36) and
Eq. (42)

ar - Ra i

(45)
(46)

at:Tai

whereR and T are the general Fresnelmatrices given by

¢ oqi

R='B'j B''''B!j B (47)

and similarly

i ¢ i ¢
T="'Bt; B '*'BI; BT : (48)

In the limit p! 0) ®! O0these2£ 2 matrices become
diagonal and take the form
A 1
n cosAj cos¥ 0 ’ 9} |
R = NcosAicos % cosAj n cos¥ P R= I’S . 0
0 COSA+ N coS ¥ i fp
o 49
i ! 49
2n cosA 0 Mt 0
T= n cos A+cos ¥ 2cos A b T= S .
0 COSA+ n cos% 0 tp
(50)

We recognizethe diagonal elemerns asthe Fresnelcoez-
cients for TM (denoted by subscript s) and TE (subscript
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p) plane wavesincident on a dielectric interface. The di-
agonalnature of the matricesimplies that for u= 0 these
polarization statesare presened. When p 6 0 the matri-
ceshave o®-diagonalelemeris implying the mixing of po-
larization states upon re°ection (strictly speaking these
matrices mix E, and B, upon re°ection, which will be
shawn to be equivalert to rotating the local polarization).
Recallthat we are applying the EBK quartization condi-
tion (31) to the two-vector (E,(X; y); B.(X;y)); when we
integrate around the path B in Fig. 8 which touchesthe
boundary, we must imposethe correct dielectric bound-
ary conditions on this two-vector. In generalthis changes
the ratio of E, to B, and will lead to a multi-v alued so-
lution as we complete the closedloop (for uniform in-
dex rods, only boundary scattering leadsto the rotation
of the two-vector). Therefore in order to have a single-
valued solution the ratio of E, to B, must be unchanged
upon re°ection, i.e. the two-vector 2 ; must be an eigen-
vector a of the re°ection matrix,

Ra= oa (51)
We thus seethat for the spiral modes of the cylinder
there are two allowed mixtures of TM and TE polariza-
tion for ead resonancelabelled by angular momertum
m and wavevectors °1; k;; the eigervalues of the R ma-
trix @ = € will give the extra phase shift ©, needed
to complete the EBK quantization condition in Eq. (33)
(©, = * + ¥=2 where the term ¥=2 comesfrom the caus-
tic phaseshift). As already shonn above, at p = 0 the
R matrix is diagonal, corvertional TE and TM states
are eigervectors and the eigervalues are just the Fres-
nel re°ection coexcients, rs;r,. Thesehave the familiar
property of being purely real and lessthan unity for inci-
dent angle A below total internal re°ection, and complex
numbers of modulus unity for anglesabove TIR. Hence
one has pure re°ection and refraction with no phaseshift
below TIR, and pure phaseshift and no refracted wave
above TIR. The phase shifts for totally internally re-
°ected TM and TE waves are di®erernt and well-known
functions of A.*® This familiar behavior is modied for
the spiral modes.

The behaviour of the eigernvaluesa = € of the ma-
trix R for k, 6 0 is shawvn as a function of the angle
sinA = m=° in Fig. 11. Note that ~ isin generalcomplex,
and we are plotting here its magnitude. The magnitude
of the eigervaluesare di®erert up to a point betweenthe
Brewster angle (vertical dashed), and the CA (vertical
dashed). At this point the the eigervaluesbecomecom-
plex conjugatesof eat other. We will call this point, the
polarization critical angle (PCA) and will explain how it
is related to the far- eld polarization below. Hencespiral
modes acquire a phaseshift upon re°ection before they
reach the critical angle. Not until the CA do =1, lie
on the complex unit circle asthey should for TIR. Thus
we have a new phenomenon,a phaseshift for a refracted
wave. Having determined the two possiblevalues of ©,,
we can write the quantization condition for the spiral
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Fig. 11. Absolute value (solid red and black lines) and the
phase divided scaledby ¥4 (dashed red and black lines)
of the eigernvaluesof R for n = 2 and tanpu = 0:2 vs.
sinA. The dotted black horizontal line is the Brewster
angle and the black dashedline is the critical angle. Red
indicates the TE-lik e componert and blue the TM.

resonancesas a transcenderial equation
S

2 1

2 . Hmﬂ Y4 .
+2marcsin :21/4+§+m1/4+3+|lnjr1;

(52)
where j; m are integers,a = re” , and we have usedthe
angular momertum quartization condition Eq. (32). We
can simplify this result further to get an explicit solu-
tion for rays near normal incidencein the plane, sothat
sinA!l 0:

o2

3 N )
°=1/41+g+;1 + (AW

(53)
where the cortributions of the phase shift and the loss
at the boundary have been combined in f (A). We will
analyze the function f (A;p) further in the next section
on polarization properties of the spiral modes.

From Eq. (53) we can derive the blue shift for small p
by noting the the right hand side without f (A; ) is just
the resenart condition for the circle. From the de nition

of° =" nk2j kZ=nk(1i sin’u) we can write
3} 1 1
nk = nk, 1+ éuz ; (54)

where nkj, is the resonancecondition for the circle p= 0.
Comparing to Eq. (29) above we seethat this implies that
the coezcient of the small u quadratic blue-shift should
be®= 1for small sinA, just aswe found in Fig. 5 above.
As noted there, this coetcient changesslightly whenthe
polarization critical angleis reached; this changeis cap-
tured by the cortribution from f (A; ) we have just ne-
glected. In Tab. 1 we comparethe resonancedound by
the exact wave matching method (Eq. (22)) and by the
EBK method "nding good agreemen for pu= 0:1;0:2.

In general we can always calculate the R matrix via
Eqg. (47), nd the eigen-plarization directions, and sub-
sequettly act with T on the internal eigen-polarizations

11

Table 1. spiral resonance®f the cylinder with n = 2, u=
0:1;0:2. We compare the resonancescalculated by the
solution of Eqg. (22) and the EBK method, nding good
agreemen Although resonancesan no longer be classi-
“ed asTM or TE, classi cation as TM-lik e or TE-lik e is
basedon which factor GTE™TM s small at the resonance
as discussedabove

p= 0:1 exact EBK
m kR j kR

18| TE |100.52083-0.27170i55 100.520468-0.271695i
20| TE [100.42571-0.27098i54 100.425346-0.270979i
44| TE |100.06672-0.25117i43 100.066168-0.255107i
74| TE [100.30341-0.20475i31 100.301095-0.204629i
98| TE [101.41861-0.09114i23 101.382400-0.075236i

pu= 0:2

5/TM | 99.62235-0.59423)29 99.61990-0.59421i
17| TE | 99.86057-0.55418(23 99.86699-0.55433i
20|TM | 99.29851-0.56992i22 99.29473-0.56984i

34| TE |100.17837-0.84848i16
39| TE | 99.78148-1.35232j14
57| TE | 99.76787-0.00005j 8
62|TM [100.78974-0.00000;i 7

100.20152-0.85155i
99.74088-1.36053i
96.79993+0.00009i
100.86339+0.00000i

to determine the corresponding polarization in the far-
“eld. A physically more transparent method to do this
involves the a reformulation of the problem in terms of
the actual polarization vector, rather than the two-vector
(Ez;B;). Below, we will introduce an equivalent ma-
trix description in terms of the JonesAlgebra which we
will subsequetly shav to be exactly equivalert to the
(Ez; B2) description.

6. Jones form ulation of polarization prop erties

We intro ducethe parallel and perpendicular componerts
of the electric "eld, E, and Es in the local coordinate
systemde ned by the plane of incidence. The Jonesvec-
tor'® which describesthe local polarization is
Al A !

E = Ep - EOpeﬁp (55)

Es Eos€”s

with Eos and Egp being the magnitude of the electric
“eld and the phasesAs and A,. The Jones matrix for
the re°ection and transmission at a dielectric interface is
give by

A !
_ irp O o
J, = (for re°ection), (56)
. 0 T
A !
_ 0 L
Ji = 0t (for transmission) (57)
S

and would describe any seriesof re°ection in the same
plane of incidence. However a spiraling ray in the cylin-
der changesits plane of incidence at ead re°ection, so
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Fig. 12. Comparison of the of the eigervalues of the ro-
tated Jonesmatrix, absolute value (solid line red/black)
and the phase(divided by 3 (dashedline red/black), to
the eigervalues of R (red/black circles). Parameters of
the calculation aretanp= 0:2and n = 2.

that we needto rotate our coordinate system into the
new plane of incidencebetweenead re°ection beforewe
apply the Jonesre®ection and transmission matrices. (It

is precisely this rotation of the plane of incidence for a
spiraling ray which is the physical reasonbehind the non-
consenation of TE or TM polarization). If the angle
betweenthe two planesis given by » we can do this by
multiplying the Jonesvector by the rotation matrix R (»).

This angle » can be determined for a generalcylindrical

symmetry.'! Dueto the rotational and translational sym-
metry of the cylinder, the polarization at ead angle A on
the cylinder must be the samefor any value of z and must
be described by the sameJonesvector when referred to

the plane of incidenceat that point. Therefore the Jones
vector emerging from a re°ection must be the same as
the incident Jonesvector oncethe coordinate systemhas
beenrotated into the new plane of incidence. This yields
an eigervalue condition for the Jonesvectors describing
the spiral modesof the cylinder,

A A
J :012 Ep

E T E
S 12 S 12

(58)

where J = R(»)J;. Thus the two polarization states
are the two eigervectors of J and their eigernvalues®.,
describe the phase shifts and refractive lossesat ead
re°ection, just as do the eigervalues of R for the two-
vector E,; B, studied earlier. Therefore,the two matrices
J and R are related by a similarity transformation and
have the sameeigervaluest! which is con'rmed in Fig. 12.

7. Polarization critical angle

Realizing that the eigervalues of interest are obtained
from the product a rotation and a diagonal Jonesmatrix
with known ertries allows us to understand the behavior
of the these eigervalues rather simply. The eigervalues
can now be written in terms of the rotation angle of the

plane of incidence,» and the Fresnelre°ection coezcients

12

0.45 0.5

0.3 0.35
A)
S —
0.4 LI L
.
N
«L ~
c o3 ~. %
7] ™ .
0.2 & 5
N
\
0.1 )
\
\
% 0.1 0.2 0.3 0.4 o5
B) : : U- : :

Fig. 13. A) Absolute value of the two eigervalues®;., of
the rotated Jonesmatrix (solid red and black). Phaseof
the eigernvalues (divided by %) is plotted in dashes.The
Eigenvaluesbecomecomplex at the point where the two
curvesmeet and join. This point lies betweenthe Brew-
ster angle (dashedvertical black) and the e®ectiwe critical
angle (dotted vertical black). Calculated for tan pu= 0:2,
n = 2. B) (Black) The sine of the polarization critical
angle PCA at which the eigervalue of R gets complex.
(Dotted) Sine of the Brewster Angle, (Dashed) sine of
the critical angle of total internal re°ection.

I's;Ip,

q
co» (Fs i rp)’+ 4rprs:

(59)

Consider the discriminant of the eigervalues, D =
cog»(rs i rp)2 + 4rsrp, which determines whether they
arereal or complex. Recallthat the TM Fresnelre®ection
coexcient, r is real and positive for all anglesbelow the
critical angle passingthrough unity and becoming com-
plex and unimodular above the critical angle; whereas
the TE re°ection coezxcient, r, is real below the crit-
ical angle but becomesnegative at the Brewster angle
and passesthrough negative one before becoming uni-
modular and complex above the critical angle. It follows
that D will always be positive and °;., real for angles
of incidence below the Brewster angle. However for any
non-zero value of the rotation angle », D will become
zero before the critical angle since at the critical angle
D = 4(1; cos») is negative. The value of the incidence
angle » when D = 0 is the polarization critical angle
(PCA) which we have already mentioned above. Since
it occurs when both rs;r, have absolute value lessthan
unity, the eigervalues®;., also have modulus lessthan
unity and we have a phaseshift upon re°ection while a

1 1
°12= 500 (Isi Ip) § 5



fraction 1 j°1;2j2 of the incidencewave is refracted out.

This fraction can be calculated and doesnot correspond

to either of the usual Fresneltransmission coexcients for

TM or TE. The behavior of the eigernvaluesjust described
is shown in Fig. 13 A); the behavior of the polarization

critical angle vs. sinA is shavn in Fig. 13 B). We see
that for small p the onset of the the phaseshift is close
to the critical angle (CA); as p varies the PCA moves
closeto the Brewster angle and then for u closeto the

CA, where for any sinA we will have TIR, the PCA re-
turns to the CA. This analysis allows us a simple un-

derstanding of why there is a PCA which precedestotal

internal re°ection. The TM and TE componerts of the

spiral resonancesave no relative phaseshift at re°ection

until the Brewster angle; at the Brewster angle the TE

componert picks up a % phase shift, which mixes with

the TM componert to give a phase shift between zero
and ¥ Right at the Brewster angle r, vanishesand the

local TE componert of the resonanceis Ttered out, but

asthe TE re°ectivit y picks up above the Brewster angle
this phase shift appears before total internal re°ection

condition is reached. It is interesting to note that due
to the nite phaseaquired at the PCA, the resonance
condition Eq. (53) is slightly changed. The term PCA

suggeststhat at this angle the polarization properties of
the spiral modes change. We shall seethat this is the

casein the next section.

8. Polarization prop erties of spiral mo des

When the eigervaluesof the J matrix are real, the eigen-
vectors can be chosenreal (up to an overall phase)and
thus there is no relative phaseshift betweenEs and E,,.

While in general polarization is not well-de ned inside
the dielectric, in the short wavelength limit we are now
examiningit is well de ned with respectto the considered
ray direction, and zero relative phaseshift implies linear
polarization of the resonancewith respect to the spiral-
ing ray direction. Above the PCA, when the eigervalues
are complex, the eigervectors also becomecomplex and
there is a relative phase shift between Es and E, cor-
responding to elliptical polarization of the internal “eld.

This picture is con rmed by the calculation of the eigen-
valuesplotted in Fig. 14 A), B). At small sinA we have a
large ratio betweenthe eigervector componerts and zero
phaseshift, corresponding to linear polarization with the
electric "eld almost completely in the z or transversedi-
rection (TM-lik e and TE-lik e). After the PCA we get
a phase shift approading ¥#2 and equal ratios leading
to circular polarization right at the CA; above the CA
we have in generalelliptical polarization for the internal

“elds with a calculable ellipticit y and with a phase dif-

ferenceof ¥#2 as expected for whispering gallery modes.

The far- eld polarization arising from this internal "eld

can be found by applying to the relevant eigervector of
J the transmission matrix J; and then rotating the re-
sulting vector by an angle £ which projects the Jones
vector onto the the plane perpendicular to the outgoing
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Fig. 14. A) Phase di®erencesbetweenthe E, and B,
“eld, for TE and TM like modes. B) Absolute values of
the ratio of the eigervector componerts of R. For normal
incidence sinA = 0 the modes are clearly either TE or
TM, right at the PCA they completely mix. Calculations
donefor n = 2, tan u= 0:2. The solid vertical black line
is the e®ectie critical angle,the dashedline the e®ective
Brewster angle.

ray direction discussedin Section 6 above. This angle £
can be determined by straightforward geometric consid-
erations which we omit here and simply state that the
the far-"eld polarization vector (EJ; EJ) is given by

R(i £) Jijai (60)

where R is the the rotation just mertioned and jai is
either of the eigenplarization vectors of J.

In Fig. 15A), B), we comparethe far-"eld polarization
statesfor spiral resonance®f the cylinder aspredicted by
the exact and geometric optics approach. We nd good
agreemen betweenthe methods, although the exact so-
lutions smooth the abrupt behavior near the PCA pre-
dicted by the geometric optics approach. Above the CA
we have only evanecen emission,but the eccertricit y of
the two-vector is still "nite. Note that asformulated, the
Jones approad gives a cortinuous solution for the two
polarization states, whereasthe exact resonancesre dis-
crete and correspond to discrete allowed anglesA which
can be alsofound through the EBK approad. The Jones
approadc provides a smooth and k-independert formula
for the polarization stateswhich agresswith those of the
resonaces.

9. Summary and conclusions

We have reduced the Maxwell's equations for a dielec-
tric rod of arbitrary cross-sectionto a vector Helmholtz
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Fig. 15. Respective A) phase di®erencesand B) abso-
lute valuesof the ratio of the eigervector componerts of
R (green and red solid) in the fareld. The black cir-
clesare the exact numerical solutions following Eq. (22)
(m 2 [0;50]and °; < 50). For n = 2, tanp = 0:2. The
solid vertical black line is the e®ecti critical angle, the
dashedline the e®ectie Brewster angle.

equation for a two-componert vector “eld living in the
two-dimensionalcross-sectionaplane. We have deviseda
formulation of the resonanceproblem for the quasi-bound
modes(spiral resonances)which canbeimplemented nu-
merically for a generalcross-sectionand shavn how the
polarization state of the resonancesin the fareld can
be determined. Calculations were reported for the case
of a circular cross-section(cylinder) and the results were
compared to ray-optical results from an EBK formula-
tion of the resonanceproblem in the semi-classicalimit.

We have analyzedthe polarization state of the spiral res-
onancesboth inside the cylinder and in the far eld, and
related its properties to the internal ray motion. It was
shown that as the tilt angle of the spiraling ray with

respect to the cross-sectionalplane is increased, there
exists a polarization critical angle at which the polar-
ization changesfrom linear to elliptical both internally

and externally and this occurs before the total internal

re°ection condition, sothe e®ectcan be measuredread-
ily in the far- eld. The physical picture we developed in
terms of the Jonespolarization vectors was useful in un-
derstanding the PCA and may be useful in generalizing
the analysisto arbitrary cross-sectiondor which the ray
motion can be chaotic.
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