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Stokes flow in the presence of a planar interface covered
with incompressible surfactant

Jerzy Bławzdziewicz,a) Vittorio Cristini, and Michael Loewenberg
Department of Chemical Engineering, Yale University, New Haven, Connecticut 06520-8286

~Received 27 March 1998; accepted 3 November 1998!

The Lorentz solution for Stokes flow in the presence of a plane wall is generalized to a
surfactant-covered interface, and the Stokeslet solution is derived. The result is used to describe the
motion of a small particle in the presence of the interface. The surfactant is insoluble and
nondiffusing. The effects of surface viscosity are included. Small variations in surfactant
concentration are assumed; this assumption usually holds under small capillary number conditions.
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I. INTRODUCTION

The Stokes flow scattered from a planar boundary
been the subject of many studies that are reviewed in Ref
2. The scattered field is known for a rigid wall3–5 and a clean
fluid–fluid interface.6 In this paper we consider hydrody
namic interactions with a surfactant-covered interface.

Adsorbed surfactants modify the hydrodynamic boun
ary conditions at a fluid–fluid interface: bulk stresses
coupled to surface stresses that arise from surface visc
and surface tension gradients resulting from the redistr
tion of surfactant.7 Thus, the motion of particles and drop
near the interface is qualitatively affected by adsorbed s
factant. In general, surfactant convection introduces non
earity into the problem.

Herein we develop a theory for hydrodynamic intera
tions with planar interfaces covered with insoluble nond
fusing surfactant under flow conditions for which the surfa
tant is incompressible. Long-aliphatic-chain surfactants m
be insoluble; moreover, surfactant solubility is unimporta
if the adsorption/desorption time scale is long compared
the flow time scale. Typically, surfactant diffusion is unim
portant except at very small length scales~e.g., drops in near-
contact motion8,9!. As shown in the following section, in
compressibility usually holds under low-capillary-numb
conditions. Thus, our theory can be used to describe a w
range of systems that involve motion of small particles in
presence of a surfactant-covered interface.

Under the assumption of incompressibility, the conce
tration of adsorbed surfactant is uniform. Thus, the surfac
conservation equation implies that the surface divergenc
the velocity field is zero at the interface~however, the inter-
facial velocity does not generally vanish!. Uniform surfac-
tant concentration is maintained by gradients of surface

a!Permanent address: IPPT PAN, S´wiȩtokrzyska 21, 00-049 Warsaw, Po
land.
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sion. The situation is analogous to the three-dimensio
incompressible flow, where constant fluid density is ma
tained by pressure gradients, and three-dimensional di
gence of fluid velocity vanishes.

As a result of surfactant incompressibility, the bounda
condition at the interface is linear, and the Stokes-flow pr
lem can be solved for an arbitrary incident flow. In this pap
we present the general solution and use it to find the fl
field generated by a point force~Stokeslet!. The result is
applied to describe the motion of a small particle in the pr
ence of the interface. Further applications of the Stoke
solution include the motion of finite-size particles and dro
near a much larger drop or near a flat interface.

The assumption of incompressibility and the resulti
boundary conditions for the Stokes flow are discussed in S
II. The boundary-value problem is simplified in Sec. III b
decomposing the flow into two components:~1! a component
that is surface solenoidal on planes parallel to the interfa
and ~2! a component that is surface irrotational. In Sec. I
the Stokes equations are solved with the help of this dec
position and a general expression for the scattered flow fi
is found in terms of the incident flow. In Sec. V, an explic
expression is derived for the Stokeslet in the presence
surfactant-covered interface. The result is used in Sec. V
determine the mobility of a small sphere near an interfa
the resulting~small! deformation of the interface, and th
surface tension distribution. The paper concludes with a
cussion in Sec. VII.

II. INTERFACE COVERED WITH INCOMPRESSIBLE
SURFACTANT

We consider Stokes flow in the presence of a pla
surfactant-covered fluid–fluid interface atz50, with normal
vector ez . The surfactant is incompressible, nondiffusin
and insoluble in the bulk phases. Fluid~1! with viscosityh1

occupies the half-spacez.0 and fluid (2) with viscosityh2
© 1999 American Institute of Physics
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occupies the half-spacez,0; the interface has shear visco
ity hs . The equilibrium concentration of adsorbed surfact
is c0 , and the equilibrium surface tension iss0 . We assume
that the imposed flow~generated in the half-spacez.0) is
characterized by a lengthl c and a velocityuc .

The problem is nondimensionalized usingc0 for the con-
centration, andh1 , l c , anduc for all other quantities. The
bulk and surface viscosity parameters arel5h2 /h1 and b
5(hs /h1) l c

21 . The scale for bulk stresses istc5h1uc / l c ,
and the scale for surface stresses~including surface tension!
is tsc5 l ctc .

A. Incompressibility conditions

Surface tension gradients~Marangoni stresses! resulting
from surfactant redistribution are balanced by the jump
tangential viscous tractions across the interface. Assum
that the magnitude of the viscous tractions is comparabl
tc , and that the variation of the surface tension occurs on
length scalel c , we find that in dimensionless variables,

ds5O~1!, ~1!

whereds is the perturbation of the surface tensions ~scaled
by tsc) from the equilibrium value.

We seek conditions under which the perturbationdc
5c21 is small, wherec is the normalized surfactant con
centration. Accordingly, we expands in dc at c51, which
to the leading order yields

ds52Madc, ~2!

where

Ma5
E

Ca
~3!

is the Marangoni number; here

Ca5
tcl c

s0
~4!

is the capillary number, and

E52
c0

s0
S ds8

dc8
D

0

~5!

is the surfactant elasticity, where a prime denotes unsc
variables, and the derivative is evaluated atc85c0 .

Equations~1! and ~2! indicate that

dc5O~Ma21!. ~6!

Thus, in the limit

Ma→`, ~7!

the surfactant becomes incompressible: a finite chang
surface tension corresponds to an infinitesimal change of
factant concentration. The situation is analogous to inco
pressible fluids, where finite changes of pressure prod
only negligible changes of fluid density.

In order to find the range of applicability of the incom
pressibility limit ~7!, we note that typically

E5O~1! ~8!
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at surfactant concentrations that correspond to anO(1) rela-
tive change of surface tension from the clean-interface va
The only exceptions are surfactants close to interfacial ph
transitions or critical points. In the absence of gravitation
restoring forces, a small deformation of the interfa
requires10

Ca!1. ~9!

Conditions~8! and ~9! imply that

Ma@1. ~10!

Thus, surfactant is usually incompressible under lo
capillary-number conditions. The limit of an incompressib
adsorbed film has been previously recognized.11,12

B. Equations of motion

At finite Marangoni numbers, the transport of insolub
nondiffusing surfactant adsorbed on a constant-shape in
face is described by the continuity equation

]c

]t
52“s–~cus!, ~11!

where us is the interfacial velocity, and“s is the two-
dimensional gradient operator at a surface perpendicula
the z axis.

However, in the limit ~7! the surfactant concentratio
becomes constant. Thus, in analogy with three-dimensio
flow of an incompressible, constant density fluid, the int
facial continuity equation reduces to

“s–us50. ~12!

We note that Eq.~12! does not imply that the interfacia
velocity vanishes; e.g., shearing motion at the interface
still possible.

Surface stresses that arise at the interface due to su
viscosity and surface tension are

ts5b@“sus1~“sus!
T#1sI s , ~13!

whereI s5exex1eyey . The dilatational surface viscosity doe
not enter this expression because of the incompressib
condition ~12!. The tangential stress balance at the interfa
is

I s–~t22t1!–ez5“s–ts

5b¹s
2us1“ss, ~14!

whereti is the stress in the bulk fluid~i! at z50.
According to Eqs.~12! and ~14!, surfactant distribution

is eliminated from the description in the incompressibil
limit ~7!, and surface tension becomes an independent v
able; in an analogous procedure for three-dimensional
compressible flows, fluid density is eliminated and press
becomes a field variable.

The remaining boundary conditions at the interface,

u15u2 , ~15a!

at z50,

ez–ui50, ~15b!
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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do not depend on the presence of surfactant. The flow in
bulk fluid is described by Stokes equations,

l i¹
2ui2“pi50, ~16a!

“–ui50. ~16b!

Hereui(r ) andpi(r ) are the velocity and pressure at a po
tion r in fluid ( i ), with the corresponding viscosity param
eter l151 and l25l. Equations~12!–~16! form a well
posed boundary-value problem with a unique solution.9 In
general, normal tractions do not balance at the interface
assume that the resulting deformation of the interface
small.

III. DECOMPOSITION OF STOKES FLOW

For certain flows, boundary condition~12! implies van-
ishing interfacial velocity. However, there are other flow
that satisfy~12! with nonzero surface velocity. Examples
the former include potential flows and axisymmetric flow
without swirl; examples of the latter include two
dimensional incompressible flows such as shear flow
rigid-body rotation. Here we show that a general Stokes fl
can be decomposed into two components with these com
mentary characteristics.

For this purpose, we use a two-dimensional analog of
Helmholtz decomposition of vector fields on the family
planes parallel to the interface. Accordingly, a vector fieldu
is decomposed into a surface-irrotational and a surfa
solenoidal component:

u5uirr1usol, ~17!

where

ez–“s3uirr50, ~18!

“s–u
sol50, ~19a!

ez–u
sol50. ~19b!

The fieldsusol and the tangential component ofuirr are
derivable from scalar potentials:

uirr5“sx1uzez , ~20!

usol5ez3“sc, ~21!

where

¹s
2x5z, ~22a!

¹s
2c5r, ~22b!

and

z5“s–u, ~23a!

r5ez–“s3u. ~23b!

For ~bulk! solenoidalu, relations~19! and ~20! yield

]uz

]z
52¹s

2x, ~24!

which indicates thatuz is also derivable fromx. The decom-
position ~17!–~19! is unique provided thatu→0 asx21y2

→`.
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Potential flows and axisymmetric flows with no az
muthal component~where z is the axis of symmetry! are
surface irrotational; two-dimensional incompressible flo
are surface solenoidal.

The following properties are shown in the Appendix.
u is a solution of Stokes equations with pressurep, thenuirr

and usol are also solutions of Stokes equations, with cor
sponding pressures

pirr5p, ~25a!

psol50. ~25b!

For Stokes flow, the potentialx is a biharmonic function and
c is a harmonic function.

At the interface, Eqs.~12! and ~18! imply that the
surface-irrotational componentuirr satisfies the no-slip
boundary condition

us
irr50; ~26!

boundary condition~14! becomes

I s–~t2
irr2t1

irr!–ez5“ss, ~27!

because decomposition~17!–~19! is unique, the fields
I s–ti

irr
–ez and “ss are surface irrotational, and the field

I s–ti
sol
–ez and ¹s

2us
sol are surface solenoidal. The stress b

ance~27! determines the surface tension gradient neede
maintain the incompressible surface flow. Forusol, the defi-
nition ~19a! implies that boundary condition~12! is auto-
matically satisfied; boundary condition~14! becomes

I s–~t2
sol2t1

sol!–ez5b¹s
2us

sol. ~28!

IV. GENERAL SOLUTION

A. Surface-irrotational flow

A surface-irrotational flow field satisfies Stokes equ
tions with the no-slip boundary condition~26!. Thus,
Lorentz’s2,3 solution applies:

u15ue1P̂ûe , p15pe1P̂p̂e , z>0, ~29a!

u250, p250, z<0; ~29b!

whereue andpe denote the incident fields that are genera
by forces in the half-spacez.0 in an unbounded fluid~1!.
The reflection operatorP̂ is defined by

P̂u5~ I22ezez!–u~x,y,2z!, ~30a!

P̂p5p~x,y,2z!; ~30b!

and

û52~ I22ezez!–u22z“uz1z2¹2u, ~31a!

p̂5p12z
]p

]z
24

]uz

]z
, ~31b!

where I is the identity tensor. The flow fieldu1 is surface
irrotational for a surface-irrotational incident flow.

In a system with a rigid wall, Lorentz’s solution~29!–
~31! is valid for an arbitrary incident flow.
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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B. Surface-solenoidal flow

In the absence of surface viscosity, a surface-soleno
flow u is a solution of Stokes equations in the presence o
clean fluid–fluid interface, as indicated by boundary con
tion ~28!; thus, the solution is known.6 For bÞ0 the surface-
solenoidal flow field can be determined by a Fourier ana
sis.

Equation~21! indicates that the Fourier decompositio
of u in a planez5const has the form

u~s,z!5
1

2p
ez3E ikc̃~k,z!eik–sd2k, ~32!

wherek5kxex1kyey is the wave vector;s5xex1yey ;c̃ is
the Fourier transform of the potentialc,

c̃~k,z!5
1

2pE c~s,z!e2 ik–sd2s; ~33!

and the integrations are over the entire plane.
Let ue denote the incident surface-solenoidal flow fie

produced by forces in the half-spacez.z0.0 in an un-
bounded fluid~1!. The Fourier expansion coefficients ofue

in the half-spacez,z0 have the form

c̃e~k,z!5c̃e
1~k!ekz, ~34!

which follows from ~32!, Stokes equation~A4!, and the be-
havior ue→0 for z→2`. In the presence of the interfac
the flow field ui can be expressed as a sum of the incid
and the scattered flow:

ui5ue1vi . ~35!

The Fourier expansion coefficientsj̃ i(k,z) of the scattered
flow field vi have the form

j̃1~k,z!5A~k!c̃e
1~k!e2kz, z>0; ~36!

j̃2~k,z!5A~k!c̃e
1~k!ekz, z<0; ~37!

which follows from~32!, Stokes equation~A4!, the behavior
of the scattered fields at infinity, and continuity of the velo
ity. The scattering amplitudes,

A~k!5
12~l1bk!

11~l1bk!
, ~38!

are obtained from the stress balance~28!, where the viscous
stresses are evaluated using~32! with Fourier coefficients
~34! and ~36!–~37!.

Surface viscosity introduces a length scale. Forbk!1
surface viscosity is unimportant; the interface behaves lik
clean fluid–fluid interface according to boundary conditi
~28!. For bk@1 the scattering amplitude isA(k)521 thus,
ui50 atz50 according to~34!, ~35!, and~37!; the interface
behaves as a rigid wall. The rigid-wall behavior is also
tained forl→`.

In real space, relations~35!–~38! and ~25b! yield

u15~12P̂!ue1P̂K̂ue , p150, z>0, ~39a!

u25K̂ue , p250, z<0, ~39b!

where
Downloaded 18 Apr 2002 to 130.132.231.156. Redistribution subject to 
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@K̂w#~s!5
b2

p~11l!
E K~bs8!w~s2s8!d2s8, ~40!

b5
11l

b
, ~41!

and

K~ t !5E
0

` k

11k
J0~kt!dk ~42a!

5
1

t
1

p

2
@N0~ t !2H0~ t !#. ~42b!

HereinJn andNn are Bessel functions of the first and seco
kind, andHn is the Struve function.13 The asymptotic behav
ior,

K~ t !5O~ t21!, for t!1, ~43a!

K~ t !5O~ t23!, for t@1, ~43b!

assures that the kernelK is integrable on a plane.
The limiting values of the operatorK̂ can be most easily

derived in Fourier space by comparing the limiting behav
of ~37!–~38! with the expression~39b!. The limits

lim
l→`

K̂50, lim
b→`

K̂50 ~44!

correspond to the no-slip boundary condition; clean-interf
behavior is obtained from

lim
b→0

K̂5
2

11l
Î, ~45!

where Î is the identity operator.

C. General flow

For a general incident flow fields (ue ,pe), the velocity
and pressure fields in the presence of a surfactant-cov
interface can be expressed in a compact form:

u15ue1P̂ûe1P̂K̂Ŝue , p15pe1P̂p̂e , z>0, ~46a!

u25K̂Ŝue , p250, z<0, ~46b!

whereŜu5usol. The result follows from superposition of th
surface-irrotational and surface-solenoidal components~29!

and ~39! by application of the identityûe
sol52ue

sol.
For K̂50 ~limits l→` or b→`) result~46! is identical

to the solution for a rigid-wall;2,3 however, in the limitb
→0 expressions~46! tend to the clean-interface solutio
only for a surface-solenoidal incident flow.

D. Stresses at the interface

Normal and tangential tractions can be used to determ
a small deformation of the interface and the perturbation
the surface tension.

Normal tractions are obtained from general solution~46!
using ~19b! and definitions~30!–~31!:
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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t1zz54
]uez

]z
22pe , t2zz50, ~47!

at z50. According to~19b! and~25!, normal tractions resul
entirely from the surface-irrotational component of the flo
and are therefore independent of the viscosity parametel
andb. It can be shown that normal tractions on a surfacta
covered interface are the same as on a clean interface.

According to~27!, the surface tension gradient is ass
ciated with the jump of surface-irrotational tangential tra
tions. From the solution~29! and definitions~30!–~31!, we
obtain

I s–t1
irr
–ez52I s–te

irr
–ez , I s–t2

irr
–ez50, ~48!

at z50, wherete is the stress associated with the incide
flow. The deviation of surface tension from the unperturb
value is obtained from~27! and ~48!:

s522S uez1
]xe

]z D , ~49!

wherexe is the scalar potential~20! associated with the ir-
rotational component ofue .

V. STOKESLET

We use the formalism developed in the previous secti
to find the flow field generated by a point force in the pre
ence of a surfactant-covered interface. The axisymme
flow field generated by the force normal to the interface
the same as for a rigid-wall4 because flow is surface irrota
tional and thus, the no-slip boundary condition applies. He
we find the velocity field generated by a point force para
to the interface.

We consider a forcef5 f ex on thez axis at a distance
z0.0 from the interface. The characteristic scalesl c5z0 and
uc5 f /(8ph1z0) are adopted. In dimensionless variables,
plane is atz50 and the Stokeslet is atz51. In an unbounded
fluid (1), the velocity and pressure fields generated by
point force are

ues~s,z!5
~ z̄212s2!cosf

r̄ 3
, uef~s,z!52

sinf

r̄
, ~50a!

uez~s,z!5
sz̄cosf

r̄ 3
, pe~s,z!5

2s cosf

r̄ 3
, ~50b!

wheres, f, z are the cylindrical coordinates,z̄5z21, and
r̄ 5(s21 z̄2)1/2.

A. Rigid-wall contribution

The rigid-wall contributionsP̂ûe and P̂p̂e in ~46a! are
known.2,4 In cylindrical coordinates the explicit expressio
for ûe and p̂e are

ûe52ue1ûe8 , p̂e52pe1 p̂e8 , ~51a!

whereûe8 and p̂e8 are

ûes8 5
2z~ z̄222s2!cosf

r̄ 5
, ûef8 52

2z sinf

r̄ 3
, ~51b!
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ûez8 522sS 1

r̄ 3
1

3zz̄

r̄ 5 D cosf, p̂e852
12sz̄cosf

r̄ 5
,

~51c!

from which the rigid-wall contributions are obtained by a
plying the reflection operator~30!.

B. Surface-solenoidal contribution

To find the transmitted velocity fieldK̂Ŝue we first
evaluate the surface-solenoidal component ofue . From
~23b! and ~50a! we find

re~s,z!5
2s sinf

r̄ 3
; ~52!

then, the Poisson equation~22b! is solved for the potential of
the surface-solenoidal component of the flow to obtain

ce~s,z!5
2~ uz̄u2 r̄ !sinf

s
, ~53!

which is well behaved at infinity. According to~21! and the
above relation, the surface-solenoidal velocity field is

@Ŝue#~s,z!52
2~ uz̄u2 r̄ !cosf

s2
es

1
2~ uz̄u2 r̄ !uz̄usinf

r̄ s2
ef , ~54!

wherees , ef are unit vectors in cylindrical coordinates.
The Fourier transform of the potentialce is

c̃e~k,z!5
2ie2kuz̄u

k2
sinf8, ~55!

wheref8 is the azimuthal angle in the Fourier space. T
result ~55! corresponds to the principal-value interpretati
of the integration~33! in the vicinity of k50.

The Fourier coefficients of the transmitted surfac
solenoidal velocity field are obtained from~55! and ~37!–
~38!. After inverting the Fourier transform, we obtain th
potential of the transmitted field:

j2~s,z!522 sinfE
0

`

A~k!
e2kuz̄u

k
J1~ks!dk, z<0.

~56!

After some manipulations involving the partial-fraction d
composition ofA(k)/k and integration by parts, this expre
sion simplifies to

j2~s,z!52ce~s,z!1J~s,z!, ~57!

where

J~s,z!5
2

bEuz̄u

`

e2b~ t2uz̄u!ce~s,11t !dt, ~58!

andce is given by~53!. By inserting the potential~57!–~58!
into expression~21! for the solenoidal velocity field, and by
comparing the result to~35! and ~39b! we obtain
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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@K̂Ŝue#~s,z!5
2

bEuz̄u

`

e2b~ t2uz̄u!@Ŝue#~s,11t !dt, ~59!

where the surface-solenoidal component of the incident fl
is given by~54!. The result reduces to~44! and ~45! in the
appropriate limits.

The complete reflected and transmitted velocity fie
are given by Eqs.~46! supplemented with~51!, ~54!, and
~59!.

C. Singularity representation of surface-solenoidal
contribution

An analysis of the singular behavior of the potential~53!
for small s indicates that the surface-solenoidal compon
~54! of the Stokeslet can be represented by an integral ov
line of singularities along the halfz axis:

@Ŝue#~s,z!5E
0

`

tG~s,z̄7t !dt, ~60!

where

G~s,z!52ez3“s

2s sinf

~s21z2!3/2
, ~61!

and the upper~lower! sign corresponds toz̄<0 (z̄>0). The
validity of the above representation can be verified by dir
integration. The kernel functionG(s,z) is a singular surface
solenoidal solution of the Stokes equations. Inserting~60!
into ~59! and integrating yields the singularity representat
for the transmitted velocity field~46b!:

@K̂Ŝue#~s,z!5E
0

`

g~ t !G~s,z̄7t !dt, ~62!

where the line densityg is

g~ t !5
2

11lS t2
12e2bt

b D . ~63!

The rigid-wall limit g→0 is recovered forb→` or l→`,
and the clean-interface limitg→2t/(11l) is obtained for
b→0.

Equations~60!–~62! indicate that the reflected flow fiel
obtained from~35! and~46a! is represented in terms of a lin
singularity on the half-axisz<21, and the transmitted flow
field ~46b! is represented in terms of a line singularity on t
half-axisz>1. In contrast, for a rigid wall4 or a clean fluid–
fluid interface6 the transmitted and scattered fields can
represented in terms of point singularities.

D. Stresses at the interface

For a forcef5 f ex parallel to the interface, the jump o
normal tractions atz50 is obtained from~47! and ~50b!:

t2zz2t1zz512r 0
25s cosf, ~64!

wherer 05(s211)1/2. For a normal forcef5 f ez , the jump
of normal tractions, obtained from the rigid-wall solution,1 is

t2zz2t1zz5212r 0
25 . ~65!
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Equations~64!–~65! apply also to the case of a clean fluid
fluid interface.6

For a force parallel to the interface, the potentialxe of
the irrotational component of the Stokeslet~50! is obtained
by solving ~22a! and ~23a!:

xe~s,z!5
~ uzū2 r̄ !2 cosf

sr̄
. ~66!

The perturbation of surface tension is obtained from~49!,
~50b!, and the above equation:

s~s!524F1

sS 12
1

r 0
D2

s

r 0
3Gcosf. ~67!

For a force normal to the interface, a similar analysis yie

s~s!524r 0
23 . ~68!

VI. SMALL SPHERE NEAR AN INTERFACE

As an application of the results obtained in the previo
section, we consider the motion of a small spherical part
in the presence of a surfactant-covered interface. The par
is at a distancez0 from the interface and has dimensionle
radiusd5a/z0!1.

A. Mobility of the sphere

To the leading order,

m512m11O~d3!, ~69!

wherem is the nondimensional particle mobility normalize
by the mobility of an isolated particle (6ph1a)21. The first-
order correctionm1 due to the interaction with the interfac
is

m152 3
4 dv1~0,1!, ~70!

where the reflected velocity fieldv1(s,z) for the Stokeslet is
obtained from~35! and ~46a!.

For motion parallel to the interface, the above relati
and the expression forv1 obtained from~30a!, ~54!, and~59!
yield

m1i~l,b!5m1i
R F12

8bE1~2b!e2b

3~11l! G , ~71!

where

m1i
R 5 9

16 d ~72!

is the result for rigid wall andE1 is the exponential
integral.14 Relation~71! indicates that

m1i
R .m1i~l,b!>m1i~l,0!.m1i

C , ~73!

where

m1i
C 5m1i

R F12
5

3~11l!G ~74!

is the result for a clean fluid–fluid interface.6 In the absence
of surface viscosity,
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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m1i~l,0!5m1i
R F12

4

3~11l!G . ~75!

For normal motion, the no-slip boundary condition a
plies at the interface. The exact expression for the mobilit
given in Ref. 1; to the leading order the result is

m1'~l,b!5m1'
R 52m1i

R , ~76!

wherem1i
R is given in ~72!.

The mobility coefficient~71! for a particle moving par-
allel to a surfactant covered interface is depicted in Fig
along with the corresponding result~74! for a clean interface.
Consistently with~73!, the result for a surfactant-covere
interface differs both from the results for a rigid-wall and f
a clean interface. In the absence of surface viscosity,
difference with respect to a clean-interface is smaller, wh
contrasts with the corresponding result for equal-s
surfactant-covered drops, where the transverse mobilit
large separations is the same as for rigid spheres.9 A transi-
tion to rigid-wall behavior occurs forl or b@1. The mobil-
ity correction changes sign: for smalll and b the particle
mobility is enhanced, otherwise it is reduced.

Optical techniques are available for measuring sin
particle mobilities in the presence of an interface.15,16 Thus,
it may be possible to construct a device for directly meas
ing surface viscosity using formula~71!.

B. Deformation of the interface

The motion of the sphere deforms the interface and p
turbs the surface tension. The surface tension distribu
resulting from the motion of the sphere is given by~67! and
~68!.

We consider the small deformation of an interface who
equilibrium planar shape is maintained by surface tens
The deformation is determined by the normal stress bala
in dimensionless variables,

t2zz2t1zz5Ca21 ¹s
2h, ~77!

FIG. 1. Mobility coefficientm1i normalized by the result for a rigid wall, a
function of viscosity ratiol. Result ~71! for surfactant-covered interfac
with different values of surface viscosity parameterb, as labeled~solid
curves!; Result~74! for the surfactant-free interface with no surface visco
ity ~dashed curve!.
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where h is the nondimensional deformation, C
5 f /(4ps0z0)!1 is the capillary number,f is the force act-
ing on the sphere, ands0 is the surface tension correspon
ing to the unperturbed surfactant distribution.

For a parallel forcef5 f ex , the solution of~64! and~77!
is

Ca21 h5
4~12r 0!cosf

sr0
, ~78!

which decays as 1/s at infinity. For a normal forcef5 f ez ,
the solution of Eqs.~65! and ~77!, nonsingular ats50, is

Ca21 h54S 1

r 0
2 log~11r 0! D1const, ~79!

which diverges logarithmically fors@1 and matches to an
outer solution for a finite-size interface or a weak buoyan
restoring force.

The jump in normal tractions and thus the dependenc
the deformation on capillary number are the same for cl
and surfactant-covered interfaces. The results for a clean
terface with both surface-tension and buoyancy restor
forces have been studied.10,17

VII. CONCLUSIONS

We have analyzed Stokes flow in the presence of a
nar interface covered with incompressible insoluble nond
fusing surfactant. The effects of surface viscosity have b
included.

Surfactant is incompressible for Marangoni number M
@1. For undeformed interfaces (Ca!1), the Marangoni
number is usually large because the surfactant elasticitE
5O(1), except at small surfactant concentrations or n
interfacial phase transitions. For an incompressible sur
tant, finite gradients of surface tension induced by the fl
correspond to infinitesimal changes of concentration. Th
surfactant concentration remains uniform, and the diverge
of the interfacial velocity vanishes.

We have developed a general method to construct
flow field produced by an arbitrary incident flow in the pre
ence of an interface covered with incompressible surfact
Accordingly, the flow field is decomposed into a compone
that is surface irrotational on planes parallel to the interfa
and a component that is surface solenoidal. The surfa
irrotational component satisfies no-slip boundary conditio
on the interface and the surface-solenoidal component s
fies boundary conditions characteristic of a fluid–fluid inte
face with surface viscous stresses but not Marang
stresses.

The method has been used to calculate the flow ge
ated by a point force in the presence of a surfactant-cove
interface. For a force parallel to the interface, the solution
given by a line distribution of singularities on the axis no
mal to the interface. For a normal force, the flow in t
presence of a surfactant-covered fluid–fluid interface is
same as for a rigid boundary.

The solution for a point force is the Green’s function f
Stokes flow with a planar surfactant-covered boundary
therefore, has an application to particle and drop dynamic
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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the presence of planar fluid–fluid interfaces or much lar
drops. As an application, the mobility of a small sphere
the presence of a surfactant-covered interface and the a
ciated interface deformation and surface tension distribu
was found. The results have relevance to particle cap
processes such as microflotation. Using our results, it ma
possible to develop an apparatus for direct measuremen
surface viscosity.

The scattered flow produced by higher-order force m
tipoles is needed to construct multiple scattering expans
for the motion of finite-size particles and drops. A systema
analysis of multipole solutions for a rigid boundary has be
performed by Cichocki and Jones.5 We are working on an
extension of this analysis for a surfactant-covered interfa

Decomposition of the flow into surface-solenoidal a
surface-irrotational components can also be applied to fl
in the presence of nonplanar fixed-shape surfactant-cov
interfaces. In a recent work,9 we used the decomposition o
concentric spherical surfaces to evaluate hydrodynamic in
actions between spherical drops covered with an incompr
ible surfactant.
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APPENDIX: PROPERTIES OF DECOMPOSITION „17…

Assume that (u,p) is a solution of the Stokes equation
in a fluid with the viscosityl i . By applying the operator
ez–“s3 to both sides of Stokes equation~16a! and using
decomposition~17!, we obtain

ez–“s3@l i¹
2~uirr1usol!2“p#50, ~A1!

which, using~18!, can be reduced to

ez–“s3¹2usol50. ~A2!

Equation~19! indicates that

“s–¹
2usol50. ~A3!

Assuming thatusol→0 asx21y2→`, relations~A2!–~A3!
and ~19b! imply that
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¹2usol50; ~A4!

thus, from Eq.~16a! we obtain

l i¹
2uirr5“p. ~A5!

From ~A4!–~A5! and definitions~20! and ~21! of the
potentialsx andc, we find that

l i¹
2x5p, ~A6a!

¹2c50, ~A6b!

where we assume thatp vanishes at infinity. The potentialx
is a biharmonic function because¹2p50.
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