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Stokes flow in the presence of a planar interface covered
with incompressible surfactant
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The Lorentz solution for Stokes flow in the presence of a plane wall is generalized to a
surfactant-covered interface, and the Stokeslet solution is derived. The result is used to describe the
motion of a small particle in the presence of the interface. The surfactant is insoluble and
nondiffusing. The effects of surface viscosity are included. Small variations in surfactant
concentration are assumed; this assumption usually holds under small capillary number conditions.
© 1999 American Institute of Physids$1070-663199)02902-3

I. INTRODUCTION sion. The situation is analogous to the three-dimensional
incompressible flow, where constant fluid density is main-
The Stokes flow scattered from a planar boundary hasained by pressure gradients, and three-dimensional diver-
been the subject of many studies that are reviewed in Refs. §ience of fluid velocity vanishes.

2. The scattered field is known for a rigid wift and a clean As a result of surfactant incompressibility, the boundary
fluid—fluid interface® In this paper we consider hydrody- condition at the interface is linear, and the Stokes-flow prob-
namic interactions with a surfactant-covered interface. lem can be solved for an arbitrary incident flow. In this paper

Adsorbed surfactants modify the hydrodynamic bound-we present the general solution and use it to find the flow
ary conditions at a fluid—fluid interface: bulk stresses ardield generated by a point forceStokeslet The result is
coupled to surface stresses that arise from surface viscosigpplied to describe the motion of a small particle in the pres-
and surface tension gradients resulting from the redistribuence of the interface. Further applications of the Stokeslet
tion of surfactant. Thus, the motion of particles and drops solution include the motion of finite-size particles and drops
near the interface is qualitatively affected by adsorbed surnear a much larger drop or near a flat interface.
factant. In general, surfactant convection introduces nonlin- The assumption of incompressibility and the resulting
earity into the problem. boundary conditions for the Stokes flow are discussed in Sec.

Herein we develop a theory for hydrodynamic interac-Il. The boundary-value problem is simplified in Sec. Il by
tions with planar interfaces covered with insoluble nondif-decomposing the flow into two componen(s) a component
fusing surfactant under flow conditions for which the surfac-that is surface solenoidal on planes parallel to the interface,
tant is incompressible. Long-aliphatic-chain surfactants maynd (2) a component that is surface irrotational. In Sec. 1V,
be insoluble; moreover, surfactant solubility is unimportantthe Stokes equations are solved with the help of this decom-
if the adsorption/desorption time scale is long compared tgosition and a general expression for the scattered flow field
the flow time scale. Typically, surfactant diffusion is unim- is found in terms of the incident flow. In Sec. V, an explicit
portant except at very small length scalegy., drops in near- expression is derived for the Stokeslet in the presence of a
contact motioft®. As shown in the following section, in- surfactant-covered interface. The result is used in Sec. VI to
compressibility usually holds under low-capillary-number determine the mobility of a small sphere near an interface,
conditions. Thus, our theory can be used to describe a widthe resulting(smal) deformation of the interface, and the
range of systems that involve motion of small particles in thesurface tension distribution. The paper concludes with a dis-
presence of a surfactant-covered interface. cussion in Sec. VILI.

Under the assumption of incompressibility, the concen-
tration of adsorbed surfactant is uniform. Thus, the surfactant
conservation equation implies that the surface divergence d
the velocity field is zero at the interfagkowever, the inter-
facial velocity does not generally vanjstUniform surfac- We consider Stokes flow in the presence of a planar
tant concentration is maintained by gradients of surface tersurfactant-covered fluid—fluid interface z¢ 0, with normal
vector e,. The surfactant is incompressible, nondiffusing,

9permanent address: IPPT PANistokrzyska 21, 00-049 Warsaw, Po- and in_SO|Ub|e in the bulk phases. FM@ Wit_h ViSCOSit_y 71
land. occupies the half-spaa>0 and fluid (2) with viscosityn,
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occupies the half-spac<0; the interface has shear viscos- at surfactant concentrations that correspond t@#éh) rela-
ity 5. The equilibrium concentration of adsorbed surfactantive change of surface tension from the clean-interface value.
is ¢y, and the equilibrium surface tensiondg. We assume The only exceptions are surfactants close to interfacial phase
that the imposed flowgenerated in the half-spage-0) is  transitions or critical points. In the absence of gravitational
characterized by a lengil and a velocityu,. restoring forces, a small deformation of the interface
The problem is nondimensionalized usityfor the con-  requires?
centration, andy,, I, andu, for all other quantities. The c
. . a<1. (9)
bulk and surface viscosity parameters are n,/7, and 8
=(7ns/my)l: . The scale for bulk stresses is=7,u./l,  Conditions(8) and(9) imply that
gnd the scale for surface stressegluding surface tension Mas 1. (10)
iS 7gc=lc7c -
Thus, surfactant is usually incompressible under low-

- " capillary-number conditions. The limit of an incompressible

A. Incompressibility conditions adsorbed film has been previously recognizetf.
Surface tension gradien{®darangoni stress¢sesulting

from su_rfact_ant red|str|but|on are balanged by the jump ing Equations of motion
tangential viscous tractions across the interface. Assuming
that the magnitude of the viscous tractions is comparable to At finite Marangoni numbers, the transport of insoluble,
7., and that the variation of the surface tension occurs on theondiffusing surfactant adsorbed on a constant-shape inter-

length scald ., we find that in dimensionless variables, face is described by the continuity equation
Sa=0(1), (1) ac
E:—Vs'(CUS), (13)

wheredo is the perturbation of the surface tensieriscaled
by 750 from the equilibrium value. where ug is the interfacial velocity, andVg is the two-

We seek conditions under which the perturbatién  dimensional gradient operator at a surface perpendicular to
=c—1 is small, wherec is the normalized surfactant con- the z axis.

centration. Accordingly, we expand in 5c atc=1, which However, in the limit(7) the surfactant concentration
to the leading order yields becomes constant. Thus, in analogy with three-dimensional
So=—Masc, ) rovy of an_inqompress_ible, constant density fluid, the inter-
facial continuity equation reduces to
where
V.-u,=0. (12
E
Mazc— (3) We note that Eq(12) does not imply that the interfacial
a velocity vanishes; e.g., shearing motion at the interface is
is the Marangoni number; here still possible.
1 Surface stresses that arise at the interface due to surface
Ca= =€ (4)  Viscosity and surface tension are
Jo
. . TS:B[VSUS+(VSUS)T]+O-IS’ 13
is the capillary number, and T ) )
wherel ;= ¢,g,+ €6, . The dilatational surface viscosity does
E—_ Co d_G' 5 not enter this expression because of the incompressibility
oo\ de’ (5) condition(12). The tangential stress balance at the interface
O .
is
is the surfactant elasticity, where a prime denotes unscaled | ) 6=V
variables, and the derivative is evaluatectatc. (27 7)&=Vs
Equations(1) and(2) indicate that =BV§US+ Vo, (14)
sc=0(Ma™ ). (6)  wherer is the stress in the bulk fluidl) at z=0.
Thus, in the limit According to Egqs(12) and(14), surfactant distribution
is eliminated from the description in the incompressibility
Ma— oo, () limit (7), and surface tension becomes an independent vari-

the surfactant becomes incompressible: a finite change éible; in an analogous procedure for three-dimensional in-
surface tension corresponds to an infinitesimal change of sueompressible flows, fluid density is eliminated and pressure
factant concentration. The situation is analogous to incombecomes a field variable.

pressible fluids, where finite changes of pressure produce The remaining boundary conditions at the interface,

only negligible changes of fluid density. Uy="Uy, (153
In order to find the range of applicability of the incom-

pressibility limit (7), we note that typically at z=0,
E=0(1) tS) e, u;=0, (15b)
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do not depend on the presence of surfactant. The flow in the Potential flows and axisymmetric flows with no azi-

bulk fluid is described by Stokes equations,
)\ivzui—VpiZO, (163
V.y;=0. (16b

Hereu;(r) andp;(r) are the velocity and pressure at a posi-
tion r in fluid (i), with the corresponding viscosity param-
eter \;=1 and \,=\. Equations(12)—(16) form a well
posed boundary-value problem with a unique solufidn.

general, normal tractions do not balance at the interface; we
assume that the resulting deformation of the interface is

small.

IIl. DECOMPOSITION OF STOKES FLOW

For certain flows, boundary conditidd2) implies van-
ishing interfacial velocity. However, there are other flows
that satisfy(12) with nonzero surface velocity. Examples of
the former include potential flows and axisymmetric flows
without swirl; examples of the latter include two-
dimensional incompressible flows such as shear flow an

muthal componenfwhere z is the axis of symmetyyare
surface irrotational; two-dimensional incompressible flows
are surface solenoidal.

The following properties are shown in the Appendix. If
u is a solution of Stokes equations with pressprehenu™
and us® are also solutions of Stokes equations, with corre-
sponding pressures

pirr= P,
pS°'=O.

(259
(25b)

For Stokes flow, the potentigl is a biharmonic function and
¢ is a harmonic function.

At the interface, Eqs(12) and (18) imply that the
surface-irrotational component satisfies the no-slip
boundary condition

ug'=0; (26)
boundary conditior(14) becomes
d (-7 6=V, 27)

rigid-body rotation. Here we show that a general Stokes flow . _ _ .
can be decomposed into two components with these compl&ecause decompositioil7)—(19) is unique, the fields

mentary characteristics.

Is-7"-e, and Vo are surface irrotational, and the fields

For this purpose, we use a two-dimensional analog of thés 7:°-€, and Viug® are surface solenoidal. The stress bal-

Helmholtz decomposition of vector fields on the family of
planes parallel to the interface. Accordingly, a vector field

ance(27) determines the surface tension gradient needed to
maintain the incompressible surface flow. FiS?', the defi-

is decomposed into a surface-irrotational and a surfacelition (193 implies that boundary conditiol2) is auto-

solenoidal component:

u=u"+us (17
where

e,V xu"=0, (18

V-u=0, (199

e,-u'=0. (19b)

The fieldsu*® and the tangential component of" are
derivable from scalar potentials:

U=V x+uye,, (20)

us'=e,x Vi, (21
where

Vix=¢, (229

Veu=p, (22b)
and

{=Vg-u, (239

p=6,Vxu. (23b)
For (bulk) solenoidalu, relations(19) and (20) yield

Moo vy, (29

which indicates that, is also derivable frony. The decom-
position (17)—(19) is unique provided thati—0 asx?+y?

— 00,

matically satisfied; boundary conditigti4) becomes

| (757 %) 0= VU 8

IV. GENERAL SOLUTION
A. Surface-irrotational flow

A surface-irrotational flow field satisfies Stokes equa-
tions with the no-slip boundary conditiori26). Thus,
Lorentz's*® solution applies:

=

z=0, (293

(29b)

P1=pe+Ppe,
z<0;

U;=UtPug,

<

=

u,=0, p,=0,

whereu, andp, denote the incident fields that are generated
by forces in the half-space>0 in an unbounded fluidl).

The reflection operatd? is defined by

Pu=(1-2e,,)-u(x,y, - 2), (308

Pp=p(x,y,~2); (30b)
and

U=—(I—2e&,)-u—2zVu,+z2vVa, (313

=p+2 op 4’9uZ 310

p=p+2z__—4——, (31b

wherel is the identity tensor. The flow field, is surface
irrotational for a surface-irrotational incident flow.

In a system with a rigid wall, Lorentz’s solutiof29)—
(31) is valid for an arbitrary incident flow.
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B. Surface-solenoidal flow . b2 ,
. . . Kw](s)= ———| K(bs")w(s—s")d*s’, 40
In the absence of surface viscosity, a surface-solenoidal [Kwi(s) 77(1+)x)f (bs")w( ) (40)
flow u is a solution of Stokes equations in the presence of a 14+

clean fluid—fluid interface, as indicated by boundary condi- p=_—_— (42)
tion (28); thus, the solution is knowhFor #0 the surface-
solenoidal flow field can be determined by a Fourier analygnd

sis.

Eguation(Zl) indicates that the Fourier decomposition K(t)= f“ K Jo(kt)dk (429
of u in a planez=const has the form 0o 1+k

1 T ik-sq2 1 =

u(sz)=5_&x | iky(k,z)e™d%, (32 =1 T 3[No()=Ho(1)]. (42b
wherek=k,g,+ kg, is the wave vectors=xe,+ye, W is  HereinJ, andN, are Bessel functions of the first and second
the Fourier transform of the potentigi kind, andH,, is the Struve functiod® The asymptotic behav-

ior

~ 1 . ’

Pik,2)= gf p(sz)e” ' d’s; (33 K(t)=0(t™Y), for t<1, (43a
and the integrations are over the entire plane. K(t)=0(t™3), for t>1, (43b)

Let u. denote the incident surface-solenoidal flow field
produced by forces in the half-spaege-z,>0 in an un-
bounded fluid(1). The Fourier expansion coefficients of
in the half-space<z, have the form

assures that the kernKlis integrable on a plane.

The limiting values of the operatdft can be most easily
derived in Fourier space by comparing the limiting behavior
of (37)—(38) with the expressioni39b). The limits

7 _ 7t kz

velkiz)= e (k)€ (34 lim k=0, lImR=0 (44)
which follows from (32), Stokes equatiofA4), and the be- Ao B

havior u,—0 for z— —c. In the presence of the interface, correspond to the no-slip boundary condition; clean-interface
the flow fieldu; can be expressed as a sum of the incidenpehavior is obtained from

and the scattered flow:

A 2 .
Ui=UgtV;. (35 [LILT'IO K= Y [, (45
The Fourier expansion coefficienés(k,z) of the scattered . ] )
flow field v, have the form wherel is the identity operator.
&(k2)=AK)Jqg (k)e™*%,  z=0; (36)

Z,(k,2)=A(K) P2 (k)ek? 0 @7 C. General flow
Z)= et z=0;

. 2 e _ . For a general incident flow fieldau,p.), the velocity

which follows from(32), Stokes equatiofAd), the behavior  ang pressure fields in the presence of a surfactant-covered

of the scattered fields at infinity, and continuity of the veloc-jnterface can be expressed in a compact form:

ity. The scattering amplitudes,

1— (A + BK)
1+ (N 1K)’

are obtained from the stress balari2e), where the viscous whereSu=u*. The result follows from superposition of the
stresses are evaluated usi(®?) with Fourier coefficients surface-irrotational and surface-solenoidal componé2®s
(34) and (36)—(37). and(39) by application of the identityiS®'= — us'.

Surface viscosity introduces a length scale. Bér<1 For R=0 (limits \— o or B—x) result(46) is identical
surface viscosity is unimportant; the interface behaves like & the solution for a rigid-walk® however, in the limit3
clean fluid—fluid interface according to boundary conditionHo expressiong46) tend to t’he clean-i;lterface solution

(28). For Bk>1 the scattering amplitude &(k)=—1 thus, S
only for a surface-solenoidal incident flow.
u;=0 atz=0 according tq34), (35), and(37); the interface y u 1aatinc W

behaves as a rigid wall. The rigid-wall behavior is also at-
tained for — o,
In real space, relation@5)—(38) and(25b) yield

Up=Ue+ |,:\)l’:le"' l’:\)kéue: P1=Pet l’:\)ﬁev z=0, (463

A(k)= (39

u,=KSu,, p,=0, z=<0, (46b)

D. Stresses at the interface

. . Normal and tangential tractions can be used to determine
u;=(1—P)ug+PKu,, p;=0, z=0, (398 a small deformation of the interface and the perturbation of
- the surface tension.
Up=Kue, po=0, z=<0, (39D Normal tractions are obtained from general solutié6)
where using (19b) and definitiong30)—(31):
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U, B . 1 3zz ., 12szcos¢
Tz~ 4G, 2P 20, @0 =25 % cos, pe=-——
atz=0. According to(19b) and(25), normal tractions result (510

entirely from the surface-irrotational component of the flowfrom which the rigid-wall contributions are obtained by ap-
and are therefore independent of the viscosity paramaters plying the reflection operatdi30).

andp. It can be shown that normal tractions on a surfactant-
covered interface are the same as on a clean interface.

According to(27), the surface tension gradient is asso-g gy rface-solenoidal contribution
ciated with the jump of surface-irrotational tangential trac-

tions. From the solutiorf29) and definitions(30)—(31), we To find the transmitted velocity fielkSu, we first
obtain evaluate the surface-solenoidal componentugf From
- - i 23b) and (508 we find
T2l dle, 1760, (4g (P andGoaved
at z=0, wherer, is the stress associated with the incident pu(5,2)= 253“925; (52)
flow. The deviation of surface tension from the unperturbed rs

value is obtained frong27) and (48): then, the Poisson equati¢®22b) is solved for the potential of

IXe the surface-solenoidal component of the flow to obtain
o=—2 ueZ+§_ , (49 o
z 2(|z]—r)sing
where y. is the scalar potentigR0) associated with the ir- Ye(s2)= s ' (53

rotational component afi, .
P € which is well behaved at infinity. According t@1) and the

V. STOKESLET above relation, the surface-solenoidal velocity field is

We use the formalism developed in the previous sections [8u](s2)= — 2(|z| —r)cos¢
e. y

to find the flow field generated by a point force in the pres- s?

ence of a surfactant-covered interface. The axisymmetric o

flow field generated by the force normal to the interface is 2(|z|=r)|z|sin¢

the same as for a rigid-wélbecause flow is surface irrota- + T2 €. (54

tional and thus, the no-slip boundary condition applies. Here, ) ) o )
we find the velocity field generated by a point force parallelVherees, e, are unit vectors in cylindrical coordinates.

to the interface. The Fourier transform of the potentidi, is

We consider a forcé=fe, on thez axis at a distance 2ie X
z,>0 from the interface. The characteristic scdlesz, and Yok, 2)= >—sing’, (55
u.= f/(8mn,2y) are adopted. In dimensionless variables, the k

plane is az=0 and the Stokeslet is at=1. In an unbounded \here ¢’ is the azimuthal angle in the Fourier space. The
fluid (1), thevelocity and pressure fields generated by theregyit (55) corresponds to the principal-value interpretation

point force are of the integration33) in the vicinity of k=0.
2+ 252)cos sin The Fourier coefficients of the transmitted surface-
Ued(S2)= % Uey(S,2)=— T¢ (503 solenoidal velocity field are obtained fro®5) and (37)—
r r

(38). After inverting the Fourier transform, we obtain the
potential of the transmitted field:

SZCOoS¢ 2sC0S¢ B
uez(srz) = —3 ) pe(S’ Z) = -3 ) (SOb) o e~ k|z|
r r Ex(s2)=—2 sin¢f A(k)——Ji(ks)dk, z=0.
Wheres,_¢, z are the cylindrical coordinateg=z—1, and ° (56)

r=(s?+72)2 o . : .
After some manipulations involving the partial-fraction de-

A. Rigid-wall contribution composition ofA(k)/k and integration by parts, this expres-

The rigid-wall contributions®(, and Bp, in (463 are simplifies to

known?* In cylindrical coordinates the explicit expressions  £,(S,2)=— i¢(s,2) + E(s,2), (57)
for U, andp, are where
Ue=—Ug+U., Pe=—PetPs, (51a 2 (= 2
e eT Ue Pe PeT Pe E(S,Z) - Eﬁleb(tz|)¢e(syl+t)dt, (58)
Z

whereu, andp,, are

2 o2 . and i, is given by(53). By inserting the potentialb7)—(58)
22z ES )cos¢ 0= — zzind’ (51  into expressior(21) for the solenoidal velocity field, and by
5 e 3 comparing the result t635) and (39b) we obtain

o
ues

r r
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. 2 (e — Equations(64)—(65) apply also to the case of a clean fluid—
—b(t—|2]) L
[KSue](s,2)= 3)5° [Suel(s,1+1)dt, (59 fluid interface®
g For a force parallel to the interface, the potenjjalof

where the surface-solenoidal component of the incident flowhe jrrotational component of the Stokesi&0) is obtained
is given by (54). The result reduces t@#4) and (45) in the  py solving (229 and(23a:

appropriate limits. L

The complete reflected and transmitted velocity fields (|z| —r)? cos¢
are given by Eqs(46) supplemented wit{51), (54), and Xe(82)= o '
(59).

(66)

The perturbation of surface tension is obtained fr8),

(50b), and the above equation:
1 ( L 1) s
An analysis of the singular behavior of the poten(&3) S o rg
for small s indicates that the surface-solenoidal component . o o
(54) of the Stokeslet can be represented by an integral over For a force normal to the interface, a similar analysis yields
line of singularities along the haif axis: o(s) = _4r63- (69)

C. Singularity representation of surface-solenoidal
contribution

o(9)=—4 CcOS¢. (67)

[Suel(s,2)= fo tG(szFt)dt, (60 v|. SMALL SPHERE NEAR AN INTERFACE
where As an application of the results obtained in the previous
, section, we consider the motion of a small spherical particle
Sﬂ (61) in the presence of a surfactant-covered interface. The particle
(s2+2%)%2’ is at a distance, from the interface and has dimensionless
radiusé=alzy<<1.

G(s,z)=—¢e,xV

and the uppeflower) sign corresponds <0 (z=0). The -
validity of the above representation can be verified by direcA. Mobility of the sphere

integration. The kernel functio®(s,z) is a singular surface- To the leading order,
solenoidal solution of the Stokes equations. Inser{i6@
into (59) and integrating yields the singularity representation ~ #=1—pu;+0(5%), (69

for the transmitted velocity fiel@46b): whereu is the nondimensional particle mobility normalized

by the mobility of an isolated particle ¢67,a) 1. The first-
order correctionu, due to the interaction with the interface
is

[KSu.](s,2)= fmy(t)G(s,?It)dt, (62
0

where the line density is
2 1_e—bt M1= — %51)1(011)! (70)
YO= T 5 ) (63

The rigid-wall limit v— 0 is recovered fo3—o or A\ —x, obtained from(35) and (463.

; . ; ; For motion parallel to the interface, the above relation
and the clean-interface lim 2t/(1+\) is obtained for !
B—0. ! imiy—2t/( )| I and the expression far; obtained from(303), (54), and(59)

Equations60)—(62) indicate that the reflected flow field yield

where the reflected velocity field, (s,z) for the Stokeslet is

obtained from(35) and(4643 is represented in terms of a line 8bE,(2b)e?®

singularity on the half-axig<—1, and the transmitted flow pay(N,B) = pi| 1— W} (72)
field (46b) is represented in terms of a line singularity on the

half-axisz=1. In contrast, for a rigid wafllor a clean fluid— where

fluid interfacé the transmitted and scattered fields can be R o

represented in terms of point singularities. M1 =169 (72)

is the result for rigid wall andE; is the exponential

. 14 . . .
D. Stresses at the interface integral:* Relation(71) indicates that

R C
For a forcef=fe, parallel to the interface, the jump of pa> k(N B)= pay(N,0)> gy, (73
normal tractions ak=0 is obtained from(47) and (50b): where
Togr— T127= 120 5 °SCOS@, (64) 5
CcC_ R _
wherer,=(s?+1)¥2 For a normal forcé=fe,, the jump '“1_'“1|[1 3(1+N) (74)

of normal tractions, obtained from the rigid-wall solutibis, ) o
is the result for a clean fluid—fluid interfafdn the absence

Tozr T127=—1205°. (65  of surface viscosity,
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where h is the nondimensional deformation, Ca

! =f/(4moyzp) <1 is the capillary numbef,is the force act-

075 ¢ ing on the sphere, andl, is the surface tension correspond-
05 [ ing to the unperturbed surfactant distribution.
M 02'5 For a parallel forcé=fe,, the solution of(64) and(77)
i 0257 is
o]
1l 4(1—rg)cos
025 | Calh= (+)¢ (78)
0

0.5 1

which decays as 4&/at infinity. For a normal forcé=fe,,

-0.75 ¢t the solution of Eqs(65) and (77), nonsingular as=0, is

0.001  0.01 0.1 1 10 100
1
A Ca1h=4(r——log(1+r0)
0
FIG. 1. Mobility coefficientu,) normalized by the result for a rigid wall, as

function of viscosity ration. Result(71) for surfactant-covered interface which diverges logarithmically fos>1 and matches to an

with different values of surface viscosity paramefr as labeled(solid ~ outer solution for a finite-size interface or a weak buoyancy
curves; Result(74) for the surfactant-free interface with no surface viscos- restoring force.
ity (dashed curve

+const, (79

The jump in normal tractions and thus the dependence of
the deformation on capillary number are the same for clean
and surfactant-covered interfaces. The results for a clean in-
terface with both surface-tension and buoyancy restoring

' (79 forces have been studiédl’

(N ,0) = uf

1 4
3(1+N)

For normal motion, the no-slip boundary condition ap-
plies at the interface. The exact expression for the mobility jg/Il. CONCLUSIONS

given in Ref. 1; to the leading order the result is We have analyzed Stokes flow in the presence of a pla-

N B)=uR =24R 76 nar interface covered with incompressible insoluble nondif-

#a (N B) =y =2 (79 fusing surfactant. The effects of surface viscosity have been
whereuf is given in(72). included.

The mobility coefficient(71) for a particle moving par- Surfactant is incompressible for Marangoni number Ma

allel to a surfactant covered interface is depicted in Fig. 1>1. For undeformed interfaces (&4), the Marangoni
along with the corresponding res(4) for a clean interface. number is usually large because the surfactant elastigity
Consistently with(73), the result for a surfactant-covered =0(1), except at small surfactant concentrations or near
interface differs both from the results for a rigid-wall and for jnterfacial phase transitions. For an incompressible surfac-
a clean interface. In the absence of surface viscosity, thgant, finite gradients of surface tension induced by the flow
difference with respect to a clean-interface is smaller, whichcorrespond to infinitesimal changes of concentration. Thus,

contrasts with the corresponding result for equal-sizesurfactant concentration remains uniform, and the divergence
surfactant-covered drops, where the transverse mobility ajf the interfacial velocity vanishes.

large separations is the same as for rigid sph&resransi- We have developed a general method to construct the
tion to rigid-wall behavior occurs fox or 8>1. The mobil-  flow field produced by an arbitrary incident flow in the pres-

ity correction changes sign: for small and g the particle  ence of an interface covered with incompressible surfactant.
mobility is enhanced, otherwise it is reduced. Accordingly, the flow field is decomposed into a component

Optical techniques are available for measuring singlehat is surface irrotational on planes parallel to the interface
particle mobilities in the presence of an interfd€¢® Thus, and a component that is surface solenoidal. The surface-
it may be possible to construct a device for directly measurirrotational component satisfies no-slip boundary conditions
ing surface viscosity using formulgl). on the interface and the surface-solenoidal component satis-

fies boundary conditions characteristic of a fluid—fluid inter-
face with surface viscous stresses but not Marangoni
B. Deformation of the interface stresses.

The motion of the sphere deforms the interface and per- The method has been used to calculate the flow gener-
turbs the surface tension. The surface tension distributiot®d Py @ point force in the presence of a surfactant-covered
resulting from the motion of the sphere is given (6y) and m_terface. For a fc_>rc¢ pe}rallel to the mt.e_rface, the sol_unon is
(69). given by a line distribution of singularities on the axis nor-

We consider the small deformation of an interface whosénal to the interface. For a normal force, the flow in the
equilibrium planar shape is maintained by surface tensionPrésence of a surfactant-covered fluid—fluid interface is the
The deformation is determined by the normal stress balancé@me as for a rigid boundary.

in dimensionless variables, The solutiqn for a point force is the Green'’s function for
- Stokes flow with a planar surfactant-covered boundary and
T2z~ T127= Ca ~ Vsh, (77) therefore, has an application to particle and drop dynamics in
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the presence of planar fluid—fluid interfaces or much larger  y2yse=q; (A4)
drops. As an application, the mobility of a small sphere in )
the presence of a surfactant-covered interface and the asstg-us’ from Eq.(163 we obtain
ciated interface deformation and surface tension distribution  \,V2u"=Vp. (A5)
was found. The results have relevance to particle capture _—
. . . P - cap From (A4)—(A5) and definitions(20) and (21) of the
processes such as microflotation. Using our results, it may be : :
; ; BPtenUalsX and ¢, we find that

possible to develop an apparatus for direct measurements
surface viscosity. \iV2x=p, (A6a)

The scattered flow produced by higher-order force mul- V24-0 (AGb)
tipoles is needed to construct multiple scattering expansions =0,
for the motion of finite-size particles and drops. A systematiovhere we assume thptvanishes at infinity. The potentig
analysis of multipole solutions for a rigid boundary has beeris a biharmonic function becau§&p=0.
performed by Cichocki and Jong3Ne are working on an
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