Multiple stationary states for deformable drops in linear Stokes
flows
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Abstract

Using a small-deformation expansion and numerical simulations we study stationary shapes of
viscous drops in two-dimensional linear Stokes flows with nonzero vorticity. We show that high-
viscosity drops in flows with vorticity magnitude S < 1 have two branches of stable stationary
states. Ome branch corresponds to nearly-spherical drops stabilized primarily by rotation, and
the other to elongated drops stabilized primarily by capillary forces. For drop-to-continuous-phase
viscosity ratios beyond a critical value )., the rotationally-stabilized solution exists in the absence
of capillary stresses, because the rate of drop deformation (but not rotation) decreases with drop
viscosity. We show that A, = 10872, and the capillary stresses required for drop stability vanish
at A\; with exponent 1/2, as required by flow-reversal symmetry.



The behavior of viscous drops in creeping flows is relevant to the dynamic properties of
fluid-fluid dispersions. Thus, drop dynamics has been extensively studied experimentally
[1-4], theoretically [5-7], and by numerical simulations [8-11].

The nonlinear character of drop dynamics in Stokes flow results from the nonlinear de-
pendence of the flow field on the drop shape. Nonlinear effects include the existence of a
stable and an unstable branch of stationary shapes [7]. The branches merge and disappear
at a critical value of the capillary number (dimensionless flow strength). Despite of the
nonlinear character of the system, the possibility of multiple stable branches of stationary
shapes has not been explored. Here we examine this situation.

We focus on two-dimensional linear incident flows, defined by the velocity gradient
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where (3 is the vorticity parameter (8 = 0 corresponds to a two-dimensional strain, and
B = 1 to shear flow). Drop evolution in such flows depends on 3, the capillary number
C = pay/o (%71’@3 is the drop volume, and o is the interfacial tension), and the viscosity
ratio A = fi/p of the drop-phase and continuous-phase fluids.

Stationary shapes of a drop in an incident velocity field (1) may be produced by two
stabilizing mechanisms: (i) drop rotation by the vorticity of the external flow, and (i) drop
relaxation due to capillary stresses. Rotation is particularly important for high-viscosity
drops, because the time scale for drop rotation ¢, = (8%)~! is independent of ), unlike
the time scales for capillary relaxation ¢, = Aua/o and drop convection by the straining
component of the flow t; = Ay~!, both of which increase with A > 1.

In this letter, we demonstrate that two branches of stable stationary drop shapes exist
for highly-viscous drops in nearly-straining flows with 0 < 8 S 0.4 as a result of stabilizing
mechanisms (¢) and (4i). The first branch is predominantly stabilized by drop rotation, and
the second by capillary relaxation.

To explore the branch structure of stationary drop shapes, we use a small deformation
expansion [5]. Accordingly, the position rg of the drop interface is expanded in spherical
harmonics

rs/a=1+a+ f, (2)
£ =2 f1Re(Yim) + frnIm(Yim)], (3)
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where [ > 0, [ > m > 0, and fjj = 0. The isotropic term « is required for volume
conservation. Assuming that drop shapes preserve the symmetry of the flow (1), only even
powers of [ and m contribute to the expansion (3).

For simplicity, we restrict our analysis to the subspace | = 2. Thus the drop shape f
has three independent components: fj,, fa,, and fi,, corresponding to deformation along
the the x axis, straining axis ¢ = y, and the z axis. In the evolution equations for the drop
shape we retain terms up to order O(f?). This description captures the essential features
of the system, and for nearly-straining flows yields quantitative asymptotic results. For the

incident flow (1), the truncated evolution equations are



f:éo = N"N(difay + diafagfon) = X'CT[Di fag — Do(fog — fo5 — f23)] (4a)
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where the dot denotes differentiation with respect to time normalized by 4~'. Terms in-
volving coefficients d;; correspond to drop deformation by the flow, and terms involving D;
are associated with capillary relaxation. The coefficients d;; and D; are functions of A, and
have finite limits for A — co. The remaining two terms correspond to the rotation of a rigid
particle with shape f by the external flow. The angular velocity of this rotation is

w = =B+ c1fa, (5)

where ¢; = 3(15/7)'/? characterizes the rotation produced by the straining component of
the flow. Equations (4) and expressions for the coefficients d;; and D; can be obtained by
transforming Eq. (2.2) in Ref. [5] into the spherical-harmonics representation (3).

An asymptotic analysis of the bifurcation that produces two branches of stationary drop
shapes can be performed for highly-viscous drops in strain-dominated flows. The bifurcation
occurs in the regime where the effects of drop deformation by the straining component of
the flow, drop rotation, and capillary relaxation are comparable. For high-viscosity drops a
balance between drop deformation and rotation corresponds to A™! ~ wfs,, and a balance
between relaxation and rotation corresponds to relations (AC) ! fi, ~ w fay and (AC) 1 fo, ~
wfa,. We also assume that near the bifurcation point the two contributions to the angular
velocity (5) are of the same order but do not cancel, i.e., w ~ § ~ fi,.

The above assumptions yield scaling relations

At=p%,  C7'=(Bn) 'k, (6a,b)

fé? = /Bf_é% éIQ = ﬁ _512, (6C:d)

where 7, &, and f are the rescaled viscosity, capillary, and shape parameters. Relation
(6a) indicates that for 8 < 1, high drop viscosity is needed to achieve a balance between
deforming viscous forces and the rotational and capillary stabilizing mechanisms. Relations
(6¢c,d) show that drop deformation is small in the regime considered; therefore, the small-
deformation equations (4) can be used to determine stationary drops shapes close to the
bifurcation point in nearly straining flows. Inserting relations (6) into Eq. (4a) yields fj, =
O(8%); thus, to the leading order, the shape component f5, is unimportant.

The asymptotic form of the evolution equations in the regime § < 1 is obtained by
inserting scaling relations (6) into Egs. (4b) and (4c), and retaining only the leading-order
terms. For stationary states we find

201 er i)k Jop — DIV Jop = 0, (7a)
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where D\ = 2 and dY = 2(2m)1/2 are the high-viscosity limits of the corresponding

coefficients in Egs. (4).
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FIG. 1: Function A(f},) for a subcritical, critical, and supercritical value of parameter % (as
labeled).

Solving (7a) for fj, and inserting the result into (7b) yields
A(f) +nds? =0, ®)
where
1—cifs
Since 77 > 0, solutions of Eq. (8) are constrained to the range 0 < f}, < 1/c;, where A(f},)
is negative. Each solution f5, corresponds to a single value of f3, according to Eq. (7a).
The typical behavior of A(fj,) is shown in Fig. 1 for several values of the rescaled capillary

parameter k.
In the regime k > K* with

A(fyy) = =2(1 = c1fa) fry — LH(DR)? 9)

Rr=2,/5/D, (10)

the function A(f},) is monotonic thus, Eq. (8) has a unique solution. For & < &* the function
A(f35) has a minimum at

Jmin = 5671 [5— (g2 + g71/3)] (11)
and a maximum at
fmax _ %cfl {5 . [(_1)2/391/3 + (_1)—2/39—1/3]} : (12)

where g = 1 — 2R? — 2i&,(1 — ?)'/2, and K, = &/RK*. Here, the branch cut of z/3 is taken

along the negative real axis and (—1)"/3 = 1(1 4 iv/3), which yields real-valued fu, and
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fuax- It follows that for & < &*, equation (8) has three solutions f; < fo < fo in the viscosity
range

m(k) > 1> n2(F), (13)
where
h = _A(fmin)/di(’g)’ N2 = _A(.fmax)/d:(’,(i)' (14a’b)

For 7 outside of this range, Eq. (8) has a unique solution.

An analysis of the time-dependent form of the rescaled evolution equations (7) indicates
that the branches of drop shapes {1} and {2} corresponding to solutions f, and f, are stable,
and the branch corresponding to f; is unstable. The pairs of stable and unstable solutions
(fi, fo) with i = 1,2 merge and disappear at the critical lines 7 = #;(k), where turning-point
bifurcations occur.

Equations (10)—(12) imply that fu, and fpa., merge at & = &*,

fmin(’_{*) = fmax(’_{*) = %01_11 (15)

as do the two stable branches of stationary solutions {1} and {2}. The two lines of critical
parameters 77 = 7;(k) converge (and disappear) at & = &* and 77 = 77*, where

7 = (k") = B(cd) 1, (16)

according to Eq. (14a). This behavior indicates that the system undergoes a cusp bifurcation
at the critical point (k*,7*). In unscaled variables, the bifurcation point corresponds to
C =C* and A = \*, where
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An analysis of Egs. (8)—(9) indicates that drop deformation on branch {1} never exceeds
O(p); thus, the asymptotic solution f; is accurate in the regime § < 1. For viscosity ratios
71 above the critical value

B2 (17)

Mo =m(0) = (crds)) ™! (18)

solution {1} exists for all £ > 0. This branch of solutions is stabilized predominantly by the
O(p) drop rotation for & < 1.
In unscaled variables, relation (18) corresponds to the critical viscosity

A =108 2 (19)

The line of critical capillary numbers C' = C;()) associated with the critical line 7 = 7; (g)
diverges at A, as

C~ (A — N2 (20)

which is obtained from Eq. (13) by evaluating the position of the minimum A(fmi,) using
a regular perturbation of Eq. (9) in k. The order of the singularity (20) is associated with
the symmetry of Stokes equations with respect to flow reversal {u,0} — {—u,—o}. This
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FIG. 2: Boundaries of stability domains for the two branches of stationary drop shapes, 8 = 0.1
(a) and B = 0.4 (b). Numerical solution of Egs. (4) (solid lines), asymptotic formula (14) (dotted
lines); numerical and asymptotic results indistinguishable for § = 0.1. Branch {1} exists below
and to the right of line Cy; branch {2} exists between lines Cy and Cj. Stationary drop shapes
in coexistence region shown in (a) for A/A, = 0.11 and C =~ Cj5 (results from boundary-integral
simulations).

symmetry requires that f5, is an even function and f, is an odd function of &. As a result
fay ~ K for & < 1, and A(fh,) is a function of k2. A similar argument applies for finite
values of the rotational parameter; thus Eq. (20) is valid for all 5 > 0.

The singular behavior of the critical line C' = C1(])) is seen in Fig. 2, where the stability
domains of stationary drop shapes {1} and {2} are depicted for two values of the rotational
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FIG. 3: Critical viscosity as function of rotational parameter. Asymptotic result (19) (solid line);
results of boundary-integral simulations (points).

parameter . The asymptotic result (19) is shown in Fig. 3, along with results from our
boundary-integral simulations [11].

In contrast to branch {1} of stationary drop shapes, branch {2} always requires nonzero
capillary forces for drop stability. Equation (9) indicates that for small values of &, the
maximum of A(f},) is at

fax ~ ¢ (1 = 1DO). (21)
Since fmax < fg < cl_l, it follows that
foxet  for R, (22)

and thus w < f, according to Eq. (5). The decrease of the angular velocity w, and the
associated loss of the rotational stabilizing mechanism, is accompanied by an increase of
drop deformation along the straining axis (cf. Egs. (7a) and (22)). An analysis of Eq. (9)
close to the singular point (22) reveals that the line C' = C3()) (corresponding to 77 = 72(k))
has the asymptotic behavior

G, =5, A (23)

Near this line we obtain fJ, ~ ¢;*. However, fi, > 1 for C = O(1), which indicates that
the unscaled shape parameter fJ, is O(1).

Asymptotic equations (7) are invalid for O(1) drop deformation, but the behavior of the
system in this regime can be qualitatively understood using the unscaled small-deformation
equations (4). These equations reveal that an elongated drop in a nearly-straining flow
(1) behaves, to the leading-order, as a drop in a purely straining flow. Accordingly, the
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stationary branch {2} exists only below a line of critical capillary numbers C' = C3()). A
small amount of rotation produces only a slight misalignment the drop with the straining
axis. In the regime A 2 O(\*) and 8 < 1, small-deformation approximation (4) yields

Cs3(X) = Cs + O(5%), (24)

where C3p = 0.11. A boundary-integral solution of the exact evolution equations yields
Cs0 = 0.101.

Equations (23) and (24) indicate that the domain Cy < C' < (3 in which the branch
of solutions {2} exists, diminishes with increasing 3, as illustrated in Fig. 2. This domain
disappears entirely for /3 slightly above the value 5 = 0.4 corresponding to Fig. 2(b).

To summarize, we have shown that there are two branches of stable stationary shapes for
drops in two-dimensional Stokes flows (1). On branch {1}, drop deformation is small, and
drops are nearly aligned in the z direction. On branch {2} drop deformation is larger, and
drops are approximately aligned with the straining axis.

Branch {1} is primarily stabilized by drop rotation; for viscosity ratios above the critical
value (19), this branch exists without the help of capillary stresses. The critical behavior
(20) at A & A, results from flow-reversal symmetry, and thus applies to all two-dimensional
linear flows.

It should be possible to experimentally access the two branches of stationary states using
a four-roll mill device to produce incident flows (1). The rotationally stabilized stationary
state {1} could be obtained by slowly increasing the magnitude of the flow at fixed 8 (the
procedure used in Ref. [3]). The elongated solution {2} could be obtained by quasistatically
increasing the rotational component of the flow, starting from pure strain.

The present paper is focused on the domains of drop stability. However, further analysis
of the evolution Egs. (4) indicate that predictions of small-deformation theory for drop
dynamics near the critical lines C, Cy, (3 is consistent with the bifurcation mechanism
described in our recent study [7].
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