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We analyze axisymmetric near-contact motion of two drops under the action of an external force
or imposed flow. It is shown that the far-field stress generated in the near-contact region by the
outer flow qualitatively affects drainage of the thin fluid film separating the drops. If this stress
acts radially outward, exponential film drainage occurs. For a radially inward far-field stress, film
drainage is arrested at long times. An asymptotic analysis of the stationary long-time film profile
is developed for small deformation conditions, and the critical strength of van der Waals attraction
for film rupture is calculated. Hindered and accelerated drop coalescence have not been predicted
by previous theories, because the far-field stress was neglected.

The coalescence of drops brought together by an exter-
nal force or an imposed flow is largely controlled by the
lubrication flow in the thin fluid film between the drop in-
terfaces. Non-hydrodynamic effects (e.g., van der Waals
attraction) are significant only during the final stage of
film rupture. Thus, the nonlinear evolution of the thin-
film region has been the focus of much research [1–9].

The current theoretical descriptions of drop coales-
cence [4–7] rely on the assumption that under small-
deformation conditions the flow field v∞ produced inside
of the drops by their pairwise translational motion or
an imposed flow has no effect on film drainage dynam-
ics. Accordingly, no distinction has been made between
the film evolution under quiescent or non-quiescent con-
ditions.

This picture is, however, incorrect for drops with tan-
gentially mobile interfaces. As shown in this letter, the
flow field v∞ qualitatively changes film-drainage dynam-
ics for sufficiently thin films (e.g., at long times).

The qualitative effect of an imposed flow on drop co-
alescence can be understood in terms of the tangential
hydrodynamic stress f exerted on the film interfaces by
the drop-phase fluid. This stress has two contributions

f = f∞ + ft. (1)

Component f∞ is associated with the far-field velocity
v∞, which vanishes at the film interfaces and matches
to the externally-driven circulation away from the film.
Component ft is associated with the local flow that is
driven by the motion of the film interface and vanishes
far from the film.

In previous analyses, the far-field stress component f∞
was neglected under the assumption that it does not con-
tribute to the balance between the tangential stress and
pressure gradient p′ in the film,

1
2p
′h = f, (2)

where h is the film-thickness profile.
However, the flow field v∞ varies on the lengthscale

set by the drop size a, and, for drops approaching along

their line of centers, v∞ vanishes at the symmetry axis.
Accordingly, f∞ ∼ µG0r∞/a, where µ is the viscosity, G0

is the magnitude of the far-field velocity gradient, and r∞
is the radius of the film region. For given external force
and imposed flow, p′ and r∞ (thus also f∞) are nearly
independent of h. It follows that f∞ ∼ hp′ for sufficiently
small h, which implies that the far-field stress component
f∞ must be retained in stress balance (2), in contrast to
the current theoretical descriptions.

The boundary-integral simulations and asymptotic
analysis presented below confirm the foregoing scaling
argument and demonstrate that the far-field stress com-
ponent can arrest or accelerate film drainage. We con-
sider these effects for axisymmetric near-contact motion
of two drops i = 1, 2 subjected to body forces and an
imposed creeping flow

Fe
i = F e

i êz, ue = G( 1
2rêr − zêz). (3a,b)

Here (r, z) are cylindrical coordinates with unit vectors
êr, êz and origin at the center of the gap between the
drops; drop (1) is in the halfspace z < 0. The suspending
fluid has viscosity µ, the drops have viscosity λµ, and the
interfacial tension σ is constant. The undeformed-drop
radii are a1, a2.

Below, lengths are non-dimensionalized by a = (a−1
1 +

a−1
2 )−1, stresses by σ/a, force by σa, velocity by σ/µ,

and time by µa/σ. In the dimensionless formulation the
system dynamics is characterized by the force and flow
strength parameters

F̂ e
i =

F e
i

σa
, Ĝ =

µGa

σ
. (4)

Boundary-integral simulations Figures 1 and 2 depict
the film evolution for parameter values corresponding,
respectively, to a far-field stress directed inward and out-
ward. In the first case, a stationary film profile is at-
tained at long times; in the second case, the film drains
exponentially. For f∞ = 0, the film thickness decays al-
gebraically at long times [4, 10, 11]. The current theories
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FIG. 1: Evolution of center h0 and minimum hm film thick-
ness for equal-size drops with λ = 1 in straining flow; F̂ e

1 =
F̂ e

2 = 0 and (a) Ĝ = 0.05, (b) Ĝ = 0.02. Insets show station-
ary drop shape and film profile.

neglect the far-field stress component and thus predict al-
gebraic film drainage for all parameter values, in contrast
to the numerical results shown above.

Asymptotic analysis For weak forcing F̂ e
i , Ĝ� 1, the

flow field away from the near-contact region couples to
the thin film through (a) hydrodynamic forces FH

i acting
on the drops and (b) the mean of the far-field stresses
acting on the film interfaces f∞ = 1

2 (f (1)
∞ + f

(2)
∞ ). In the

weak-forcing regime, the extent of the thin film region r∞
is small, and the drops remain nearly spherical; thus, FH

i

and f∞ correspond to the forces and stresses on spherical
drops in point contact.

The hydrodynamic forces on spherical drops are given
by a linear resistance relation

FH
± = R±Û Û +R±ĜĜ, (5)

where R±Û , R±Ĝ are resistance functions (which depend
on λ and k = a2/a1), F± = F1 ± F2 are the total and
relative forces, and Û is the dimensionless translational
velocity of the drop pair. The total and relative force
balances on the drop pair are

F̂ e
+ + FH

+ = 0, F̂ e
− + FH

− = 2Fc, (6a,b)
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FIG. 2: Evolution of center h0 and local-minimum hm film
thickness for unequal-size drops with a2/a1 = 1

2
and λ = 1

in buoyancy motion; F̂ e
1 = 8F̂ e

2 = 4π, Ĝ = 0. Exponential
fit (dashed line). Insets show long-time drop shape and film
profile h/h0 at indicated times.

where the contact force Fc results from pressure in the
deformed near-contact region. The far-field stress com-
ponent is given by

f∞ = −rS, rλ� 1, (7)

where f∞ > 0 corresponds to an outward-directed stress.
By solving the Stokes equations in tangent-sphere coor-
dinates we find

λ−1S =
(k − 1)k
4(1 + k)3

Û +
4k − 1− k2

2(1 + k)2
Ĝ. (8)

The far-field stress f∞ may be inward or outward di-
rected, resulting in hindered or accelerated film drainage.
By Eq. (8), the far-field stress is directed outward for
buoyancy-driven motion of unequal size drops k < 1,
Û > 0 (or k > 1, Û < 0) and Ĝ = 0. For drops in axisym-
metric compressional flow (Ĝ > 0) with F̂ e

+ = 0, the far-
field stress is directed inward for kcrit(λ) < k < k−1

crit(λ),
and outward for k outside of this range. Equations (8)
and (5) (with numerically evaluated resistance functions)
yield the critical size ratio kcrit(λ) = 0.351 ± 0.005 for
0 < λ <∞.

Next we consider the stationary thin-film profile h(r)
corresponding to an inward-directed far-field stress. The
results in Fig. 1 show that the film has a central dome
region and a rim region at the edge of the film. The film
thickness has a maximum h0 = h(0) in the dome and a
minimum hm at rm ≈ r∞ in the rim. For weak forcing,
h� hm in the dome, which suggests that the film profile
can be obtained by asymptotic matching of the dome and
rim regions.

The stationary film profile is calculated using the lu-
brication approximation [4, 6]. For our problem, the re-
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FIG. 3: Solution of dome equations (13) and (15) for indicated
values of B > B∗ (dashed curves), asymptotic solution B =

B∗ (solid curve); radial coordinate r̂ = r̄(c/c∗)1/2, where c =
h̄′′(0) and c = c∗ for B = B∗. Inset shows asymptotic solution
of rim equations (19) and (21) with Q = Q∗.

sulting stress balances in the film are

p = 1− 1
2r
−1 (rh′)′ , hp′ = −2rS, (9a,b)

where prime denotes differentiation with respect to r.
The tangential stress balance (9b) is obtained by insert-
ing relation (7) into (1) and (2). [In Eq. (1) f is the
mean of the stresses acting on the film interfaces.] The
magnitude of the local stress component is ft ∼ ut/l,
where l � h is the lateral lengthscale in the film, and
ut is the tangential velocity on the interface. At station-
ary state, the tangential stress balance gives ut ∼ f∞h.
Accordingly, ft ∼ (h/l)f∞; thus ft is neglected in Eq.
(9b).

Boundary conditions for the film profile are

h′(0) = 0, lim
r→∞

p(r) = 0, (10a,b)

and the pressure in the film balances the contact force,

Fc = 2π
∫ ∞

0

prdr. (11)

Since p ≈ 1 in the dome and p� 1 for r > r∞, the radial
location of the rim is approximately

r∞ = (Fc/π)1/2. (12)

In the dome region, the film equations (9) are rewritten
using the variables h̄ = h/h0 and r̄ = r/rm. Accordingly

h̄[r̄−1(r̄h̄′)′]′ = Br̄, (13)

where prime denotes differentiation with respect to r̄, and

B = 4h−2
0 r4

mS. (14)

The corresponding boundary conditions are

h̄(0) = 1, h̄′(0) = 0, h̄′(1) = 0. (15)

Numerical solution of boundary-value problem (13)
and (15), shown in figure 3, indicates that h̄m → 0 for
B → B∗, where

B∗ = 6.39. (16)

Moreover, h̄′′(r̄) → ∞ for r̄ ≥ 1 in this limit. Since
h̄′′(r̄) = r2

m/h0 for r̄ � 1 by (9a) and (10b), relation
(14) implies that S → 0 for B → B∗. Thus the solution
h̄∗(r̄) = limB→B∗ h̄(r̄) (solid line in Fig. 3) corresponds to
the weak-forcing limit F̂ e

i , Ĝ � 1. In unscaled variables
the asymptotic dome shape is

h(r) = h0h̄
∗(r̄), (17)

where

h0 = 2(π2B∗)−1/2FcS
1/2, (18)

by Eqs. (12), and (14) (given that rm → r∞).
To derive the matching solution in the rim region x =

r − rm � rm, the film equations (9) are rewritten using
variables h̃ = h/hm and x̃ = x/h

1/2
m . To leading order in

hm the rescaled film equations are

h̃′′′h̃ = Q, (19)

where prime denotes differentiation with respect to x̃ and

Q = 4h−1/2
m rmS. (20)

The corresponding boundary conditions are

h̃(0) = 1, h̃′(0) = 0, lim
x̃→∞

h̃′′(x̃) = 2, (21a,b,c)

where the latter follows from Eqs. (9a) and (10b).
Expanding the dome profile h̄∗(r̄) around r̄ = 1 we

find

h̄∗(1 + x̄) = ( 8
3B
∗)1/2(−x̄)3/2, x̄→ 0−. (22)

Numerical integration of Eqs. (19) and (21) indicates that
the rim profile h̃∗(x̃) with matching asymptotic behavior

h̃∗(x̃) = ( 8
3Q)1/2(−x̃)3/2, x̃→ −∞ (23)

is obtained for Q = Q∗, where

Q∗ = 0.439. (24)

The asymptotic solution of the film profile in the rim
region r ≈ r∞ for weak forcing is

h(r) = hmh̃
∗(x̃), (25)
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FIG. 4: Stationary center h0 and minimum hm film thickness
for equal-size drops with λ = 1 in straining flow versus flow-
strength parameter; F̂ e

1 = F̂ e
2 = 0. Numerical simulations

(solid lines); asymptotic formulas (18) and (26) (dashed lines).

where h̃∗(x̃) is shown in Fig. 3. By Eqs. (12) and (20)
with rm = r∞, the minimum film thickness is

hm = 16(π1/2Q∗)−2S2Fc. (26)

In Fig. 4, asymptotic formulas (18) and (26) are
compared to boundary-integral simulations for drops in
straining flow. Under these conditions, Fc = 1

2R−ĜĜ,
by Eqs. (5) and (6b), which implies that h0 ∼ Ĝ3/2 and
hm ∼ Ĝ3 for Ĝ� 1.

For sufficiently thin films, van der Waals attraction is
important and can lead to film rupture in the rim. The
effect of van der Waals stresses A(6πh3)−1 are included
by modifying the stationary rim equation (19),

h̃h̃′′′ = Q∗ − Ãh̃′h̃−3, (27)

where A is the Hamaker constant (nondimensionalized
by σa2), and

Ã = 4−6π2(Q∗)6AS−6F−3
c . (28)

Numerical integration of Eq. (27) with boundary con-
ditions (21b,c) and (23) reveals a turning point in the
minimal gap at Ã = Ãcrit, where

Ãcrit = 1.49. (29)

For Ã < Ãcrit there is a stable and unstable branch of
stationary film profiles; there are no stationary solutions
for Ã > Ãcrit.

Accelerated film drainage occurs for an outward-
directed far-field stress component f∞ > 0 (correspond-
ing to S < 0 in Eq. (7)). For sufficiently thin films,

p′h� f∞, ft thus, the appropriate tangential stress bal-
ance derived from Eqs. (1) and (2) is

f∞ = −ft. (30)
Given the scalings ft ∼ ut/r∞ and f∞ ∼ r∞S, we find
ut ∼ Sr2

∞. By mass conservation in the film dh/dt ∼
uth/r∞ it thus follows that the film drains exponentially
at long times

dh/dt ∼ Sr∞h. (31)

Figure 2 shows that the above scaling applies in the cen-
tral region of the film.

We have shown that the tangential stress associated
with flow far from the near-contact region hinders film
drainage when it acts radially inward, and enhances
drainage when it acts radially outward. Thus the effect
of this stress must be included in analyses of drop coales-
cence dynamics. The theory described in this letter can
be extended to include Marangoni stresses (surface ten-
sion gradients) associated with variations of temperature
or chemical and electrical potentials [12–15].
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