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A lubrication analysis is presented for near-contact axisymmet-
ic motion of spherical drops covered with an insoluble nondiffus-
ng surfactant. The surfactant equation of state is arbitrary; de-
ailed results are presented for ionic surfactants. The qualitative
ehavior of the system is determined by the dimensionless force
arameter F̂, the external force normalized by the maximum
esistance force generated by Marangoni stresses. For F̂ > 1 drops
oalesce on a time scale commensurate with the coalescence time

0 for drops with clean interfaces. For F̂ < 1, the system evolves on
he time scale t0 until Marangoni stresses approximately balance
he external force; thereafter a slow evolution occurs on the Stokes
ime scale. In the long-time regime a self-similar surfactant con-
entration profile is attained that scales with the extent of the
ear-contact region. The gap width decreases exponentially with
ime but slower than for rigid particles because of surfactant
ackflow. For F̂ < 1, drop coalescence does not occur without van
er Waals attraction. Quantitative results depend only moderately
n the surfactant equation of state. © 1999 Academic Press

Key Words: drop coalescence; surfactant; interfacial mobility;
ubrication.

1. INTRODUCTION

Adsorbed surfactant affects hydrodynamic interactions
ween emulsion drops and modifies the short-range attra
nd repulsive forces that act between drop interfaces (1). E
echanism may help to stabilize emulsion drops agains
lescence. Here, we focus on the hydrodynamic interac
etween surfactant-covered drops.
In the absence of van der Waals attraction, rigid sphe

articles are stable against aggregation because of the
ressure required to expel fluid from the narrow gap

ween rigid surfaces. By contrast, spherical drops with
actant-free fully mobile interfaces coalesce readily bec
uid can be more easily squeezed out of the near-co
egion (2). Marangoni stresses (surface tension gradi
rising from gradients of surfactant concentration af

1 Permanent address: IPPT PAN, S´wiȩtokrzyska 21, 00-049 Warsaw, P
and.

2 To whom correspondence should be addressed.
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ydrodynamic interactions (3). Marangoni stresses in
ear-contact region between surfactant-covered drops
ose the lubrication flow out of the gap and thus hinder t
pproach.
Drops remain spherical provided that capillary stresses

nate deforming viscous stresses. Under these condition
ace tension gradients often maintain a nearly uniform su
ant distribution; thus, the surfactant is incompress
ydrodynamic interactions between spherical drops cov
ith insoluble incompressible surfactant have recently b
nalyzed (4). The results show that surfactant-covered d
enerally behave differently than rigid spherical particle
rops with clean interfaces. However, in axisymmetric mo
rops covered with nondiffusing incompressible surfactan
ave like rigid spheres.
Surfactant compressibility is important for small conc

rations of adsorbed surfactant. The recent lubrication a
sis (5) for near-contact motion of drops covered w
nsoluble compressible surfactant reveals a complex no
ar behavior. Under these conditions the system evolve

wo time scales: a short time scale commensurate with
oalescence time for drops with clean interfaces and a
ime scale characteristic of rigid spheres. The critical fo
or drop coalescence in the absence of van der W
ttraction was determined. The linear ideal gas equatio
tate was used to describe surface tension, which is
ppropriate for low surfactant concentrations.
Nonlinear equations of state, however, are appropriate

or low surfactant concentrations if there are long-range in
ctions (e.g., Coulombic interactions) between surfactant
cules. In this paper, we generalize our earlier analysis (5)
rbitrary equation of state. As a specific example, we con
n equation of state for ionic surfactants (6).
The assumptions of our analysis are stated in Sectio

he equations that describe the relative drop motion an
volution of surfactant on the drop surfaces are give
ection 3. In Section 4, we discuss the two-time-s
ehavior of the system. The short- and long-time regi
re analyzed in Sections 5 and 6. Concluding remarks
ade in Section 7.
0021-9797/99 $30.00
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2. ASSUMPTIONS

.1. Insoluble Nondiffusing Surfactant

A lubrication analysis is used to describe axisymme
ear-contact approach of two surfactant-covered sphe
rops. The drops have radiia1 anda2, and are separated by
ap widthh0 ! a, wherea 5 (a1

21 1 a2
21)21 is the reduce

adius. The extent of the near-contact region scales with=ah0.
he continuous-phase fluid has viscositym, and the drops hav
iscositylm. The drops move with relative velocityU under
he action of constant equal and opposite external forces
ave magnitudeF.
On the interface, the local surfactant concentration isG, and
5 G0 at the edge of the near-contact region. Surfacta

haracterized by an equation of state

s~G! 2 s~0! 5 2b~G!, [2.1]

here s(G) is interfacial tension. Thermodynamic stabi
equires

db

dG
. 0. [2.2]

The surfactant is assumed to be insoluble and nondiffu
urfactant solubility is unimportant for

G0

cB
@ h0, [2.3]

nd surfactant diffusion is unimportant for (4)

mMs

G0h0
! 1, [2.4]

herecB is the bulk equilibrium concentration of surfacta
nd Ms is the collective surface mobility of the surfact
olecules.

.2. Surfactant Compressibility

Marangoni stresses resulting from the gradients of surfa
oncentration induce flow and pressure fields in the n
ontact region. The pressure gives rise to a resistance forFM

Dsa that opposes drop approach, whereDs is the variation
f surface tension within the near-contact region. A stra

orward generalization of our earlier analysis (5) gives

FM # Fs, [2.5]

here
c
al

at

is

g.

nt
r-

t-

Fs 5 4pb0a, [2.6]

ndb0 5 b(G0). The magnitude of surfactant redistribution
haracterized by the dimensionless force parameter

F̂ 5
F

Fs
. [2.7]

Herein, we focus on the regime

F̂ 5 O~1!, [2.8]

n which the surfactant is compressible

DG

G0
5 O~1!, [2.9]

here DG is the variation of surfactant concentration in
ear-contact region.
Drop deformation is neglected in our analysis, which

uires that the lubrication pressurep ; F/ah0 in the near
ontact region is dominated by the capillary pressures0/a,
heres0 5 s(G0). Accordingly, small-capillary-number co
itions,

Ca 5
F

s0h0
! 1, [2.10]

re assumed.
Conditions [2.8] and [2.10] indicate that

b0a

s0h0
! 1 [2.11]

s required if surfactant compressibility is finite and d
eformation can be neglected. Thus, low concentration
dsorbed surfactant are assumed.
For low surfactant concentrations, surface viscosity is

mportant and is therefore neglected. In the absence of
ange intermolecular forces, the ideal gas surfactant equ
f state,

b~G! 5 kTG, [2.12]

pplies, whereT is temperature andk is Boltzmann’s constan
or ionic surfactants, however, a nonlinear equation of sta
ften required even for small surfactant concentrations
ause of long-range Coulombic interactions between the
actant molecules.
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357NEAR-CONTACT MOTION OF SURFACTANT-COVERED DROPS
.3. Ionic Surfactants

The simplest approach for calculating the surface tensio
n interface covered with ionic surfactant is the mean-
escription based on the Gouy–Chapman approximation o
lectric double layer (7, 8). More detailed calculations req

ncorporation of the molecular structure of the ionic solu
9–11) and the surfactant. In our numerical calculations
se the mean-field approximation.
Accordingly, the equation of state for low concentration

dsorbed ionic surfactant in a symmetric electrolyte (i.e.
nd counterions with charge valence6z) is (6)

b 5 kTGF1 1
2n

ZG#
~Î~ZG# !2 1 1 2 1!G , [2.13]

here

G# 5 G/G0 [2.14]

s the dimensionless surfactant concentration. The surfac
ential parameter is

Z 5
e2zzsG0

2«kkT
, [2.15]

here e is an electron charge,k21 is the Debye screenin
ength, and« is the dielectric constant of the electrolyte. T
harge valence of the surfactant molecules iszs, and

n 5 zs/z [2.16]

s the valence ratio. For small values of the surface pote
arameter,Z is equal to thez potential normalized by 2kT/ez;
5 1 corresponds toz ' 50 mV in a monovalent electroly

t room temperature.
The ideal gas equation of state [2.12] is recovered forZ !

. A second linear regime is obtained forZ @ 1:

b 5 kTG~1 1 2n!. [2.17]

he limiting results [2.12] and [2.17] also hold for asymme
lectrolytes, provided thatn in [2.17] is based on the cou

erion valence.
Electrostatic repulsion and van der Waals attraction

eglected on the assumptions that

h0 @ k21 [2.18]

nd

h0 @ hA, [2.19]
of
d
he
e

e

f
-

o-

al

re

here

hA 5 SAa

6FD
1/ 2

[2.20]

s the range of van der Waals attraction obtained by equ
he external and (unretarded) van der Waals forces andA is the
amaker constant.

3. LUBRICATION EQUATIONS

In our earlier analysis (5), we derived lubrication equat
escribing the near-contact motion of surfactant-cov
pherical drops; the surfactant was characterized by the
quation of state [2.12]. In this section, we generalize
escription to surfactants that are described by an arb
quation of state.
The profile of the near-contact region between sphe

rops is

h 5 h0 1
x2

2a
, [3.1]

here

e 5
h0

a
! 1 [3.2]

s the dimensionless gap width, andx is the radial coordinat
easured from the center of the lubrication region. We in
uce the dimensionless radial coordinate

y 5 1 2
h0

h
, [3.3]

hich maps the near-contact region into the finite interval#
# 1.
We define the dimensionless velocity and time,

U# 5
U

Up
, t# 5

t

tp
, [3.4]

here

Up 5
Fe

6pma
[3.5]

s the relative velocity for near-contact motion of rigid sphe
nd
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tp 5
6pma2

F
[3.6]

s the associated time scale (i.e., Stokes time). The dimen
ess equation of state is

b# ~G# ! 5
b~G!

b0
. [3.7]

Generalized evolution equations that describe near-co
otion of surfactant-covered drops are obtained by repla

TG with b(G) in the equations given in Section 3.1 of Ref. (
nd transforming the results to the dimensionless varia
efined above. (Note the symbol change for surfactant con

ration.) Accordingly, we have the kinematic condition

1

e

de

dt#
5 2U# [3.8]

nd the equation of motion

efU# 5 1 2
F̂M

F̂
, [3.9]

here the external forceF̂ and the Marangoni forceF̂M are
ormalized by [2.6]. Equation [3.9] describes the balance

ween the external force, the lubrication resistance betw
rops with clean interfaces 6pmaUf, and the Marangoni forc

F̂M 5 E
0

1

~1 2 b# !d y, [3.10]

hich depends only on the instantaneous distribution of
actant. According to (12)

f 5
Î2p2

16
e21/ 2l, [3.11]

hich holds fore1/2 ! l ! e21/2, as assumed herein.
The distribution of insoluble nondiffusing surfactant evol

y convection with interfacial velocity

u

U
5 Îy~1 2 y!

2e S1 2
1

2F̂U#
­b#

­ yD . [3.12]

he surfactant equation of motion is
n-

ct
g

,
es
n-

e-
en

r-

1

U#
­G#

­t#
5 y~1 2 y!

­G#

­ y
1 ~1 2 y!2

3 F­~G# y!

­ y
2

1

2F̂U#
­

­ y SG# y
­b#

­ yDG , [3.13]

here

G# 5 1 aty 5 1. [3.14]

oundary condition­G# /­ x 5 0 is automatically enforced
5 0, provided that­G# /­ y is nonsingular aty 5 0. Given the

nitial gap width e0 and the initial distribution of surfactan
3.8]–[3.14] form a closed set of equations that describe
ear-contact motion of surfactant-covered drops with accu
(e1/ 2).

4. TWO-TIME-SCALE BEHAVIOR

.1. Short- and Long-Time Regimes

An analysis of [3.8]–[3.14] indicates that two regimes a
iated with two time scales can be distinguished, dependin
he balance between the external and the Marangoni forc

The short-time regime is characterized by convectio
urfactant from the near-contact region. Marangoni stre
evelop, but the Marangoni force is too weak to balance
xternal force:

uF̂ 2 F̂Mu @ O~e1/ 2!. [4.1]

hus,

U

U0
5 O~1!, [4.2]

ccording to [3.9], where

U0 5
F

6pmaf
@ Up [4.3]

s the relative velocity between drops with clean interfa
he system evolves on a time scale commensurate wit
oalescence time for drops with clean interfaces

t0 5
3

4
Î2p3

e0
1/ 2a2ml

F
, [4.4]

heret0 ! tp. The viscosity ratio sets the time scale bu
therwise unimportant. For a uniform initial distribution
urfactant,F̂M 5 0 at t# 5 0; thus, [4.1] applies.
In the complementary long-time regime, surfactant is
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359NEAR-CONTACT MOTION OF SURFACTANT-COVERED DROPS
onger convected from the near-contact region. The Maran
orce approximately balances the external force,

uF̂ 2 F̂Mu 5 O~e1/ 2!, [4.5]

nd the relative velocity is comparable to that for rigid sphe

U

Up
5 O~1!, [4.6]

ccording to Eq. [A.6]. Thus, the system evolves on the r
article time scale [3.6]. The viscosity ratio is unimportan

he long-time regime.

.2. Critical Force

Equations [2.2] and [3.10] indicate thatF̂M # 1. Thus
xternal forcesF̂ . 1 cannot be balanced by the Marang

orce. Under these conditions, the entire evolution occurs i
hort-time regime, and the drops coalesce.
For F̂ , 1, the Marangoni force increases until the lo

ime force balance [4.5] is established, and the relative vel
ecreases. In the absence of van der Waals attraction, dro
ot coalesce, according to [3.8] and [4.6].
We conclude that

F̂ 5 1 [4.7]

s the critical value of the force parameter for coalescenc
he absence of van der Waals attraction. The effect of va

aals forces is discussed in Section 5.3.

.3. Evolution of Gap Width and Marangoni Force

The two-time-scale behavior is illustrated in Fig. 1, wh
he evolution of gap width and Marangoni force is depicted
onic and nonionic surfactants. The results demonstrate th
ubcritical values of the force parameter the system evolv
he short-time scale until the force balance [4.5] is establis
or supercritical values of the force parameter, drop co
ence occurs on the short-time scale.
The values ofZ andn used for the calculations were selec

o emphasize the effect of surfactant charge. In scaled
bles, the qualitative behavior is unaffected by the valuesZ
nd n, and the quantitative results are only moderately in
nced.
Simplified descriptions for the short- and long-time regim

re formulated below.

5. SHORT-TIME BEHAVIOR

.1. Evolution of Surfactant Distribution

According to [4.2],U# 5 O(e21/ 2); thus, terms arising from
arangoni stresses in [3.12] and [3.13] are small. At lea
ni

s,

-

i
e

-
ty
do

in
er

r
for
on
d.
s-

ri-

-

s

g

rder, the normalized interfacial velocityu/U is the same as fo
rops with clean interfaces. Equation [3.13] reduces to a
rder linear equation with the solution (5)

G# s 5 q~ y! g~ y9!, [5.1]

hereg( y) is an arbitrary initial distribution of surfactant,

q 5 @1 1 ~e# 22 2 1!~1 2 y!2#21/ 2, [5.2]

ith e# 5 e/e , and

FIG. 1. Evolution of gap width (a) and Marangoni force (b) as functi
f dimensionless time (normalized by the short time scalet0), for two values
f F̂ (as labeled):e0 5 0.01,l 5 1, uniform initial distribution of surfactan
5 0, ` (solid curves),Z 5 1, n 5 3 (dashed curves). Correspond

hort-time solutions (dotted curves). Short-time and exact solutions n
oincide, except forF̂ 5 0.9 in (a).
0
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y9 5 1 2 ~1 2 y!q~ y! [5.3]

s the convected coordinate. The result indicates that the
actant distribution broadens continuously on the length s
f the lubrication region; at contact, surfactant is comple
isplaced from the lubrication region.
In Fig. 2, surfactant concentration profiles predicted by [

re compared with numerical solutions of [3.8]–[3.14]. T
esults indicate that forF̂ . 1 the short-time solution provid
n accurate approximation for the entire evolution, even
ear-critical values of the force parameter. (Greater accura
btained for largerF̂.)

.2. Evolution of Gap Width and Marangoni Force

The short-time surfactant distribution [5.1] is independen
he surfactant equation of state. Surfactant is passively
ected. However, surfactant concentration gradients pro
he Marangoni force and therefore affect the gap width ev
ion.

The short-time approximation of the Marangoni force
btained by inserting [5.1] into [3.10]:

F̂MS~e# ! 5 E
0

1

@1 2 b# ~G# s!#d y. [5.4]

he result is independent of the external force. The short-
ear-contact velocity of the drops is obtained by insertingF̂M

F̂MS into [3.9]. On integration, [3.8] yields the short-tim
ap width evolution:

FIG. 2. Surfactant concentration profiles at different gap widthse# (as
abeled), F̂ 5 1.1, e0 5 0.01, l 5 1, uniform initial distribution o
urfactant:Z 5 0, ` (solid curves),Z 5 1, n 5 3 (dashed curves
orresponding short-time approximation (dotted curves).
ur-
le
y

]

r
is

f
n-
ce
-

e

t~e# ! 5 t0 E
e#

1 F̂

F̂ 2 F̂MS(s)
dÎs. [5.5]

he dotted curves shown in Fig. 1 represent the short-
olution [5.4] and [5.5].
For supercritical values of the force parameter, the s

ime solution describes the entire evolution, as seen in F
he coalescence time is accurately approximated by

t 5 t~0!, [5.6]

here t(e# ) is given by [5.5]. The formula indicates that t
ormalized coalescence timet/t0 is independent of the initia
ap and the viscosity ratio. The drop coalescence time [5
hown in Fig. 3 as a function of the force parameter for io
nd nonionic surfactants. The results indicate that the no

zed drop coalescence time is only weakly affected by
urfactant equation of state.
For subcriticalF̂, the results depicted in Fig. 1 illustrate t

he short-time solution describes the evolution until the f
alance [4.5] is achieved. The short-time solution [5.5] st

izes at a finite gap widthe#s that satisfies the balance

F̂MS~e# s! 5 F̂. [5.7]

he stable gap widthes is shown in Fig. 4 as a function of th
orce parameter for ionic and nonionic surfactants. The tra
ion between the short-time [4.1] and long-time [4.5] regim
ccurs ate ' es. In the long-time regime, gap drainage c

inues on the Stokes time scaletp, as discussed in Section

FIG. 3. Short-time solution for dimensionless drop coalescence time
us 1/F̂, uniform initial distribution of surfactant:Z 5 0, ` (solid curve);Z 5
, n 5 3 (dashed curve).
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361NEAR-CONTACT MOTION OF SURFACTANT-COVERED DROPS
.3. Van der Waals Attraction

In the presence of van der Waals attraction, rapid co
ence occurs (unless repulsive forces are important) ife#A . e#s,
here

e# A 5
hA

e0a
[5.8]

ndhA is the range of van der Waals attraction given by [2.
rom [5.7] and [5.8], we obtain an equation for the crit
alue of the force parameter for rapid coalescence in
resence of van der Waals attraction:

F̂ < F̂MS~e# A!. [5.9]

rops are stable against rapid coalescence (on the time

0) for F̂ , F̂MS(e#A).

6. LONG-TIME BEHAVIOR

.1. Surfactant Concentration and Interfacial Velocity
Profiles

The results shown in Fig. 1 illustrate that the long-time fo
alance [4.5] is achieved on the time scalet0 for subcritica
alues of the force parameter. Evolution of the correspon
urfactant concentration and interfacial velocity profile
hown in Fig. 5. The results reveal a rapid initial evolution
he time scalet0 which is replaced, at long times, by a sl
volution on the time scaletp. For t# 3 ` the surfactan
oncentration and interfacial velocity profiles tend to s
imilar forms in the lubrication variables and thus sharpen

FIG. 4. Stable gap width defined by [5.7] versus force parameter, un
nitial distribution of surfactant:Z 5 0, ` (solid curve);Z 5 1, n 5 3 (dashed
urve).
s-

].
l
e

ale

e

g
s

-
h

ecreasing gap width. Under the conditions correspondin
ig. 5a, a surfactant-free clean spot forms in the lubrica
egion at long times.

The long-time narrowing of the surfactant distribution
ssociated with surfactant backflow: the interfacial veloci
egative except whereG# 5 0. In contrast, the interfaci
elocity is outward and the surfactant distribution broad
ontinuously in the short-time regime (cf. Fig. 2).

.2. Similarity Solution

Evolution in the long-time regime is described by a redu
et of equations. From [3.10] and [4.5], we obtain

F̂ 5 E
0

1

~1 2 b# !d y, [6.1]

FIG. 5. Profiles of (a) surfactant concentration and (b) interfacial velo
t different dimensionless timest/t0 (as labeled) for drops pushed toget
ith F̂ 5 0.9,Z 5 1, n 5 3, l 5 1, e0 5 0.01 (tp/t0 5 5.73), anduniform

nitial distribution of surfactant: numerical solution (dashed curves); long-
imilarity solution (solid curves).
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ithin the O(e1/ 2) accuracy of the full description [3.8
3.14]. Evolution of the surfactant distribution is governed
3.13], with U# determined by the constraint [6.1], which yie
A.6]. The gap width is determined by the kinematic condi
3.8], but does not enter the evolution equations for the
actant distribution. The long-time interfacial velocity profile
btained from [3.12]. According to the foregoing descript

he long-time evolution is independent of the viscosity r
ecause Marangoni stresses dominate the hydrodyn
tresses resulting from circulation within the drops.
Stationary solutions of [3.13] yield concentration profi

hat scale with the extent of the lubrication region and co
pond to the t# 3 ` behavior illustrated in Fig. 5a. Und

ong-time stationary conditions, [3.13] reduces to an ordi
ifferential equation which is integrated according to the
edure described in Appendix B.
Long-time surfactant concentration profiles are depicte

ig. 6. For sufficiently large subcritical values of the fo
arameter, 1. F̂ . F̂ , a surfactant-free clean spot form

FIG. 6. Long-time similarity profiles of surfactant concentration for dr
hat are pushed together with different values ofF̂ (as labeled):Z 5 0, ` (a);

5 1, n 5 3 (b).
c

r-

,

ic

-

y
-

in

he radius of the clean spot (forF̂ . F̂c) and the surfactan
oncentration atx 5 0 (for F̂ , F̂c) are shown in Fig. 7. Fo
onic surfactant described by [2.13], the onset of clean-
ormation corresponds toF̂ 5 F̂c, where0.56 # F̂c # 0.61,
epending on the surface potential and charge valence p
tersZ andn. For small and near-critical values ofF̂, analytica
xpressions for the long-time surfactant distribution are
ived in Appendix B.

The dimensionless long-time relative velocityU# is constan
nd is obtained from the stationary surfactant distribution

he procedure described in Appendix B. According to Eq. [3
he gap width decreases exponentially, as seen in Fig.
ong times surfactant-covered drops thus behave qualita
s rigid spheres.
The results shown in Fig. 8, however, indicate thatU# # 1 at

ong times: surfactant-covered drops have smaller relativ
ocities than rigid particles. An explanation follows from
ong-time surfactant backflow, seen in Fig. 5b, which hind
ow from the near-contact region. As shown in Appendix

U# 5 1 2
2F̂

b# 9~1!
, F̂ ! 1, [6.2]

nd

U# 5
1

2 F1 2 E
0

1

b# ~G# !dG# G , F̂ 5 1, [6.3]

here b# 9 5 db# /dG# . In particular, rigid sphere behavior
ecovered forF̂ 3 0, and

FIG. 7. Surfactant concentration at center of near-contact regionG# (0) and
adius of clean spotyc at long times:Z 5 0, ` (solid curves);Z 5 1, n 5 3
dashed curves).
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363NEAR-CONTACT MOTION OF SURFACTANT-COVERED DROPS
U# ,
1
2
, F̂ 5 1. [6.4]

For ionic surfactant, characterized by [2.13], we have

b# 9~1! 5
2nZ2 1 ZZ1

Z1@Z 1 2n~Z1 2 1!#
, [6.5]

E
0

1

b# ~G# !dG 5
Z 1 2n~Z1 1 Z21sinh21Z 2 2!

2Z 1 4nZ~Z1 2 1!
, [6.6]

here

Z1 5 ~1 1 Z2!1/ 2. [6.7]

he limiting long-time velocityU# for F̂ 5 1, as given by Eqs
6.3] and [6.6], is shown in Fig. 9.

.3. Response to External Force Fluctuations

We consider the response of the system in the long-
egime to an external force fluctuationdF̂. Following the
erturbation, surfactant redistributes on the short-time s
ntil the long-time force balance [4.5] is recovered. As sh

n Appendix C, the associated gap width adjustmentde is
escribed by

2
1

e

de

dF̂
5

1

I 1
, [6.8]

hereI is given by [A.2].

FIG. 8. Dimensionless long-time relative drop velocity:Z 5 0, ` (solid
urve); Z 5 1, n 5 3 (dashed curve).
1

e

le
n

If the long-time similarity solution is established prior to
orce fluctuation,

2
1

e

de

dF̂
5

3

b# 9
1

9b# 0~1!

2@b# 9~1!#3 F̂, F̂ ! 1, [6.9]

hereb# 0 5 d2b# /dG# 2, and

2
1

e

de

dF̂
5

1

1 2 F̂
, F̂3 1, [6.10]

s shown in Appendix C. It follows that the stable gap widt
ost sensitive to fluctuations in the external force for n

ritical F̂.
For ionic surfactant characterized by Eq. [2.13],b# 9(1) is

iven by [6.5] and

b# 0~1! 5
2nZ2

Z1
3@Z 1 2n~Z1 2 1!#

. [6.11]

he sensitivity of gap width to external force fluctuation
llustrated in Fig. 10. The results indicate that for ionic sur
ant near-contact motion is less sensitive to external f
uctuations.

7. CONCLUSIONS

A recently developed theory for the near-contact motio
urfactant-covered spherical drops (5) has been generali
n arbitrary surfactant equation of state. Our earlier ana
as restricted to low concentrations of adsorbed surfac

hat obey a linear equation of state. The neglect of

FIG. 9. Long-time limiting velocityU# for critical value of force paramet
ˆ 5 1, versus surface potential parameterZ, for different values of valenc
atio n (as labeled).
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eformation implies low surfactant concentrations; howev
onlinear equation of state is required for ionic surfact
ecause of long-range Coulombic interactions between su

ant molecules.
Marangoni stresses hinder flow from the gap between

roaching drops. The resulting resistance force has a ma
alue Fs 5 4pb(G0)a, where b(G) is the surface tensio
eduction due to adsorbed surfactant. For an external pu
orce F , Fs, the drops are stabilized against rapid coa
ence.
The maximum Marangoni forceFs increases with the char

n the surfactant molecule. Thus, ionic surfactant can m
ffectively stabilize drops against coalescence (even if
lectrostatic repulsion between the drop interfaces is unim

ant). However, in a dimensionless formulation with cha
eristic forceFs, the results are qualitatively unaffected by
arametersZ andn that characterize the surfactant equatio
tate.
The evolution of surfactant-covered drops in near-con
otion occurs on two time scales. Initially, the system evo
n the short-time scale given by the coalescence time for d
ith clean interfaces. Surfactant is convected from the n
ontact region, and coalescence occurs forF . Fs.
At long times, the Marangoni and external forces appr
ately balance forF , Fs; thereafter, the system evolves

he Stokes time. The surfactant distribution scales with
xtent of the near-contact region and is independent o

nitial conditions and internal-phase viscosity. For 1. F/Fs *
.6, a shrinking clean spot forms at the center of the n
ontact region. The gap width decreases exponentially
ore slowly than for rigid particles, because of the backflo

urfactant in the near-contact region. ForF , Fs, coalescenc
elies on van der Waals attraction.

FIG. 10. Sensitivity of gap width to external force fluctuations versusF̂ in
he long-time similarity regime, obtained from [6.8]:Z 5 0, ` (solid curve);

5 1, n 5 3 (dashed curve).
a
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Criteria [2.4], [2.10], [2.18], and [2.19] are not uniform
alid for h0 3 0. At small gap widths surfactant diffusio
rop deformation, van der Waals attraction, and electros
epulsion become important. Future work should include
nvestigation of electrostatic interactions between interf
ith adsorbed ionic surfactant.

APPENDIX A

Short- and Long-Time Force Balance

The rate of change of the Marangoni force is found
ultiplying both sides of [3.13] byb9 5 db# /dG# and integrat

ng with respect toy. Accordingly, we obtain

dF̂M

dt#
5 I 1U# 2

I 2

F̂
, [A.1]

here

I 1 5 E
0

1

b# 9~G# !Fy~1 2 y!
­G#

­ y
1 ~1 2 y!2

­~ yG# !

­ y Gd y, [A.2]

I 2 5
1

2 E
0

1

b# 9~G# !~1 2 y!2
­

­ y SyG# b# 9~G# !
­G#

­ yDd y. [A.3]

ere we assume that­G# /­ y $ 0, which is valid for approach
ng drops with a uniform initial surfactant distribution. Th
y the thermodynamic stability condition [2.2],

I 1 . 0. [A.4]

Equation [4.2] indicates thatI1U# @ I2/F̂ in the short-time
egime. (The only exceptions occur for large initial variati
f surfactant concentration.) Thus,

d

dt#
uF̂ 2 F̂Mu , 0 [A.5]

or constantF̂, according to Eqs. [A.1] and [3.9]. The res
ndicates that the system evolves toward the stable long
orce balance [4.5], provided thatF̂ , 1.

In the long-time regime,dF̂M/dt# 5 0 for a constant extern
orce; thus, the relative velocity of the drops is

U# 5
I 2

I 1F̂
, [A.6]

ccording to Eq. [A.1].
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APPENDIX B

Long-Time Similarity Solution

At long times, conservation equation [3.13] reduces to
rdinary differential equation that describes long-time s
imilar surfactant distributions,

y
dG#

d y
1 ~1 2 y!Fd~G# y!

d y
2

1

g

d

d y SG# y
db#

d yDG 5 0, [B.1]

here

g 5 2F̂U# . [B.2]

quation [B.1] was numerically integrated with initial con
ion

G# 5 G# 0 at y 5 0, [B.3]

hereG# 0 . 0, or

G# 5 0 aty 5 yc, [B.4]

hereyc . 0 is the extent of the clean spot withG# 5 0. Only
ne initial condition is needed because [B.1] reduces
rst-order differential equation fory3 0 or G# 3 0. Boundary
ondition [3.14] is used to determineg, and the values forF̂
ndU# are then obtained from Eq. [6.1]. Analytical solutions

B.1]–[B.4] for small and near-critical values of the for
arameter are derived below.
For F̂ ! 1 an expansion of Eq. [B.1] ing yields

G# 5 1 1 gG# 1 1 g2G# 2 1 O~g3!, [B.5]

here

G# 1 5 2
1

b# 9~1!
~1 2 y!, [B.6]

nd

#
2 5

1

@b# 9~1!#2 F1 2 y 1 E
y

1

t21ln~1 2 t!dtG
2

1

2

b# 0~1!

@b# 9~1!#3 ~1 2 y!2, [B.7]

ith b# 9 5 db# /dG# andb# 0 5 d2b# /dG# 2. Inserting this result int
6.1] gives
n
-

a

f

F̂ 5
1

2
g 1

1

2b# 9~1!
g2 1 O~g3!. [B.8]

quation [6.2] for the relative velocity of the drops is obtai
y combining [B.2] and [B.8]. Equations [B.5] and [B.8] yie

he surfactant distribution

G# 5 1 1 2G# 1F̂ 1 4SG# 2 2
G# 1

b9~1!D F̂2 1 O~F̂3!. [B.9]

he concentration of surfactant aty 5 0 is obtained usin

0
1 t21ln(1 2 t)dt 5 2p2/6.
For F̂ ' 1, the extent of the clean-spot regionyc ' 1. To

he leading order in 12 yc, Eq. [B.1] becomes

2U#
dG#

ds
5 ~1 2 s!

d

ds
G#

db#

ds
, [B.10]

hereF̂ 5 1 was inserted, and

s 5
y 2 yc

1 2 yc
. [B.11]

ntegration of Eq. [B.10] with the boundary conditionG# 5 0 at
5 0 yields

2U# 5 ~1 2 s!
db#

ds
1 b# 2 G# 21 E

0

#G

b# ~G̃!dG̃. [B.12]

quation [6.3] is obtained by evaluating the result ats 5 1.
An implicit expression forG# (s) is obtained by integratin

B.12] and inserting [6.3],

2ln~1 2 s! 5 E
0

#G b# 9~G̃!

f~1! 2 f~G̃!
dG̃, [B.13]

here

f~G# ! 5 b# ~G# ! 2 G# 21 E
0

#G

b# ~G̃!dG̃. [B.14]

or a linear equation of state

G# 5 1 2 ~1 2 s!1/ 2. [B.15]

For ionic surfactant, the formulas in this appendix can
valuated using [2.13], [6.5], [6.6], and [6.11].
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APPENDIX C

External Force Fluctuations in Long-Time Regime

If the long-time force balance [4.5] is perturbed by a fo
uctuation dF̂, the system evolves on the short-time sc
hus, U# @ 1 and the term involvingI2 in Eq. [A.1] is
nimportant. Dividing [A.1] by [3.8] yields

2e
dF̂M

de
5 I 1, [C.1]

hich implies Eq. [6.8] because the gap evolves on the s
ime scale untildF̂M 5 dF̂, wheredF̂M is the perturbation o
he Marangoni force.

Equation [6.9] is obtained by inserting [B.5] and [B.6] in
A.2] and using [B.8] to eliminateg.

The change of variables [B.11] in Eq. [A.2] gives

I 1 5 ~1 2 yc! E
0

1

~1 2 s!
­b#

­s
ds [C.2]

o leading order in 12 yc. Transforming back to they variable
nd using [6.1] yields Eq. [6.10].
.
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