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A lubrication analysis is presented for near-contact axisymmet-
ric motion of spherical drops covered with an insoluble nondiffus-
ing surfactant. The surfactant equation of state is arbitrary; de-
tailed results are presented for ionic surfactants. The qualitative
behavior of the system is determined by the dimensionless force
parameter F, the external force normalized by the maximum
resistance force generated by Marangoni stresses. For F > 1 drops
coalesce on a time scale commensurate with the coalescence time
7, for drops with clean interfaces. For F < 1, the system evolves on
the time scale 7, until Marangoni stresses approximately balance
the external force; thereafter a slow evolution occurs on the Stokes
time scale. In the long-time regime a self-similar surfactant con-
centration profile is attained that scales with the extent of the
near-contact region. The gap width decreases exponentially with
time but slower than for rigid particles because of surfactant
backflow. For F < 1, drop coalescence does not occur without van
der Waals attraction. Quantitative results depend only moderately
on the surfactant equation of state. © 1999 Academic Press

Key Words: drop coalescence; surfactant; interfacial mobility;
lubrication.

1. INTRODUCTION

Adsorbed surfactant affects hydrodynamic interactions

tween emulsion drops and modifies the short-range attractiy,
and repulsive forces that act between drop interfaces (1). Eith

hydrodynamic interactions (3). Marangoni stresses in th
near-contact region between surfactant-covered drops o
pose the lubrication flow out of the gap and thus hinder thei
approach.

Drops remain spherical provided that capillary stresses don
inate deforming viscous stresses. Under these conditions st
face tension gradients often maintain a nearly uniform surfac
tant distribution; thus, the surfactant is incompressible
Hydrodynamic interactions between spherical drops covere
with insoluble incompressible surfactant have recently bee
analyzed (4). The results show that surfactant-covered droj
generally behave differently than rigid spherical particles ol
drops with clean interfaces. However, in axisymmetric motior
drops covered with nondiffusing incompressible surfactant be
have like rigid spheres.

Surfactant compressibility is important for small concen-
trations of adsorbed surfactant. The recent lubrication ana
ysis (5) for near-contact motion of drops covered with
insoluble compressible surfactant reveals a complex nonlir
ear behavior. Under these conditions the system evolves ¢
two time scales: a short time scale commensurate with th
coalescence time for drops with clean interfaces and a lon
btir_ne scale characteristic of rigid spheres. The critical force

o drop coalescence in the absence of van der Waa
at?raction was determined. The linear ideal gas equation ¢

r . . S
s?ate was used to describe surface tension, which is ofte

mechanism may help to stabilize emulsion drops against co-

alescence. Here, we focus on the hydrodynamic interacti

between surfactant-covered drops.

In the absence of van der Waals attraction, rigid spheric
particles are stable against aggregation because of the Eit
pressure required to expel fluid from the narrow gap b&
tween rigid surfaces. By contrast, spherical drops with s

Oz?.%;\)lropriate for low surfactant concentrations.

onlinear equations of state, however, are appropriate eve

fglr low surfactant concentrations if there are long-range inter

ggons (e.g., Coulombic interactions) between surfactant mo
ules. In this paper, we generalize our earlier analysis (5) to ¢

lﬁ[bitrary equation of state. As a specific example, we conside

factant-free fully mobile interfaces coalesce readily becau@8 €duation of state for ionic surfactants (6).

fluid can be more easily squeezed out of the near-contactl N® assumptions of our analysis are stated in Section :
region (2). Marangoni stresses (surface tension gradien-g)e equations that describe the relative drop motion and th

arising from gradients of surfactant concentration affeg/olution of surfactant on the drop surfaces are given ir
Section 3. In Section 4, we discuss the two-time-scale

L Permanent address: IPPT PANyigtokrzyska 21, 00-049 Warsaw, Po- behavior of the system. The short- and long-time regime

land.
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are analyzed in Sections 5 and 6. Concluding remarks at
made in Section 7.
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2. ASSUMPTIONS F.= 47, [2.6]

2.1. Insoluble Nondiffusing Surfactant and B, = B(I'g). The magnitude of surfactant redistribution is

A lubrication analysis is used to describe axisymmetricharacterized by the dimensionless force parameter
near-contact approach of two surfactant-covered spherical
drops. The drops have radij anda,, and are separated by a
gap widthh, < a, wherea = (a; * + a, ) ' is the reduced F=
radius. The extent of the near-contact region scales wiln,.
The continuous-phase fluid has viscogityand the drops have )
viscosity A.. The drops move with relative velocity under ~ Herein, we focus on the regime
the action of constant equal and opposite external forces that
have magnitudé-. F=0(1), [2.8]
On the interface, the local surfactant concentratioh, iand

r=r, af[ the edge of thg near-contact region. Surfactantilns:Which the surfactant is compressible
characterized by an equation of state

F
- [2.7]

o(I) = o(0) = —B(I), 2.1] Arl — 0(1), 2.9]

where o(I') is interfacial tension. Thermodynamic stability . o o
requires where Al is the variation of surfactant concentration in the

near-contact region.
dB Drop deformation is neglected in our analysis, which re-
ﬁ> 0. [2.2] quires that the lubrication pressupe~ F/ah, in the near-
contact region is dominated by the capillary pressutgéa,

whereo, = o(I'g). Accordingly, small-capillary-number con-
The surfactant is assumed to be insoluble and nondiffusingtions,

Surfactant solubility is unimportant for

r Ca= <1, [2.10]
> h,, [2.3] oho
Cs
o ) are assumed.
and surfactant diffusion is unimportant for (4) Conditions [2.8] and [2.10] indicate that
nMs
<1, 2.4 B
o, [2.4] o <1 [2.11]

wherecg is the bulk equilibrium concentration of surfactant
and Mg is the collective surface mobility of the surfactan
molecules.

is required if surfactant compressibility is finite and drop
Heformation can be neglected. Thus, low concentrations c
adsorbed surfactant are assumed.
For low surfactant concentrations, surface viscosity is un
important and is therefore neglected. In the absence of long
Marangoni stresses resulting from the gradients of surfact&ffige intermolecular forces, the ideal gas surfactant equatic
concentration induce flow and pressure fields in the ne&ft state,
contact region. The pressure gives rise to a resistance fgjce
~ Aca that opposes drop approach, whare is the variation B(I') = kTT, [2.12]
of surface tension within the near-contact region. A straight-
forward generalization of our earlier analysis (5) gives

2.2. Surfactant Compressibility

applies, wherd is temperature anklis Boltzmann'’s constant.
For ionic surfactants, however, a nonlinear equation of state
Fu=Fs [2.5]  often required even for small surfactant concentrations, be
cause of long-range Coulombic interactions between the su
where factant molecules.
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2.3. lonic Surfactants where

The simplest approach for calculating the surface tension of ,
an interface covered with ionic surfactant is the mean-field h. — (Aa)l ’
description based on the Gouy—Chapman approximation of the A 6F
electric double layer (7, 8). More detailed calculations require

incorporation of the molecular structure of the ionic solutiof the range of van der Waals attraction obtained by equatin

(9-11) and the surfactant. In our numerical calculations, Wge external and (unretarded) van der Waals forcestaisdhe
use the mean-field approximation. Hamaker constant.

Accordingly, the equation of state for low concentrations of
adsorbed ionic surfactant in a symmetric electrolyte (i.e., co-
and counterions with charge valente) is (6)

[2.20]

3. LUBRICATION EQUATIONS

In our earlier analysis (5), we derived lubrication equations

B=KTr|1 +2( /(Zf“)ﬁ— 1) [2.13] describing the near-contact motion of surfactant-covere
zr -\ ' spherical drops; the surfactant was characterized by the line

equation of state [2.12]. In this section, we generalize the

where description to surfactants that are described by an arbitrar
equation of state.
L =r/T, [2.14] The profile of the near-contact region between spherice
drops is

is the dimensionless surfactant concentration. The surface po-

tential parameter is x?
P h=hy+ 52, [3.1]
2a
e’zzl’
_E2% o [2.15]
2exkT where
where e is an electron charges ' is the Debye screening ho

length, ande is the dielectric constant of the electrolyte. The €=3 <1 [3.2]
charge valence of the surfactant moleculeg,jsand

] is the dimensionless gap width, ards the radial coordinate

=2zJz 2.16 L . .
v=2 [ measured from the center of the lubrication region. We intro

. . dl.llce the dimensionless radial coordinate

is the valence ratio. For small values of the surface potentia

parameterZ is equal to thel potential normalized by KRT/ez

Z = 1 corresponds tg =~ 50 mV in a monovalent electrolyte y=1- @ [3.3]

at room temperature. h’ ’
The ideal gas equation of state [2.12] is recoveredZfe€

1. A second linear regime is obtained #r> 1: which maps the near-contact region into the finite interval 0

y = 1.
B =KTI'(1 + 2v). [2.17] We define the dimensionless velocity and time,

The limiting results [2.12] and [2.17] also hold for asymmetric Ut

electrolytes, provided that in [2.17] is based on the coun- U=y t=_, (3.4]

terion valence. . P

Electrostatic repulsion and van der Waals attraction are
neglected on the assumptions that where
ho> k™ * [2.18] _ Fe
Ur = 6rua [3.5]

and

is the relative velocity for near-contact motion of rigid spheres
hy > h,, [2.19] and
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6mpa’ 10l ol i
™ F [3.6] —6§=y(1—y)6fy+(l—y)
. . . . . . _ aly) 1 o (_ op
is the associated time scale (i.e., Stokes time). The dimension- “ |79y 2FE0ay Iy ay) | [3.13]
less equation of state is
where
ar) = P 3.7]
Bo ' =1 aty=1. [3.14]

Generalized evolution equations that describe near-cont&etundary conditiordI'/ox = 0 is automatically enforced at
motion of surfactant-covered drops are obtained by replacirg= 0, provided tha#T'/ay is nonsingular ay = 0. Given the
kTI" with g(I') in the equations given in Section 3.1 of Ref. (5)initial gap width ¢, and the initial distribution of surfactant,
and transforming the results to the dimensionless variab[@s8]-[3.14] form a closed set of equations that describe th
defined above. (Note the symbol change for surfactant conceear-contact motion of surfactant-covered drops with accurac

tration.) Accordingly, we have the kinematic condition O(e¥?).
1de 4, TWO-TIME-SCALE BEHAVIOR
——==-U 3.8
e dt [3.8]

4.1. Short- and Long-Time Regimes

An analysis of [3.8]-[3.14] indicates that two regimes asso
ciated with two time scales can be distinguished, depending ¢
the balance between the external and the Marangoni forces
_ M The short-time regime is characterized by convection o
efU=1- E [3:9]  surfactant from the near-contact region. Marangoni stresse
develop, but the Marangoni force is too weak to balance th
external force:

and the equation of motion

where the external forcé and the Marangoni forc&,, are
normalized by [2.6]. Equation [3.9] describes the balance be-

E _ E s 1/
tween the external force, the lubrication resistance between [F = Ful > O(e"). [4.1]
drops with clean interfacesruaUf, and the Marangoni force -
us,
. ! _ U
By = f (1~ Bdy, [3.10] U= o), [4.2]
0
0

_ _ o according to [3.9], where
which depends only on the instantaneous distribution of sur-

factant. According to (12)

F
Up = 6mpaf > U, [4.3]
\27?
f= e V2, [3.11] . . . . .
16 is the relative velocity between drops with clean interfaces

The system evolves on a time scale commensurate with tt

which holds fore2 < A < ¢ 2 as assumed herein. coalescence time for drops with clean interfaces

The distribution of insoluble nondiffusing surfactant evolves

by convection with interfacial velocity 3 -, €%’ uA
To= , //277 ’ [44]
4\ F
u 1-vy 1 9B N . .
==\ 1—-s===]. 3.12] wherety, < 1,. The viscosity ratio sets the time scale but is
U 2¢ 2FU ay P

otherwise ynimportarlt. For a uniform initial distribution of
surfactantfF,, = 0 att = 0O; thus, [4.1] applies.
The surfactant equation of motion is In the complementary long-time regime, surfactant is nc



NEAR-CONTACT MOTION OF SURFACTANT-COVERED DROPS 359

longer convected from the near-contact region. The Marangoni 1
force approximately balances the external force,
|[F — Ful = O(¢"?), [4.5]
0.1 ¢}
and the relative velocity is comparable to that for rigid spheres,
y e/e, x"'x_ ..........................
according to Eqg. [A.6]. Thus, the system evolves on the rigid- 11 b
particle time scale [3.6]. The viscosity ratio is unimportant in i (a)
the long-time regime. 0.001 : — : ‘
0 2 4 6 8 10
4.2. Critical Force
. t/,
Equations [2.2] and [3.10] indicate th&t, = 1. Thus,
external forces > 1 cannot be balanced by the Marangoni
force. Under these conditions, the entire evolution occurs in the 1
short-time regime, and the drops coalesce. ) T
For F < 1, the Marangoni force increases until the long- og | 0977
time force balance [4.5] is established, and the relative velocity ,/ 7 11
decreases. In the absence of van der Waals attraction, drops do !,»'”
not coalesce, according to [3.8] and [4.6]. 06 | /
We conclude that F /F
M /
i 04
F=1 [4.7] //
. . . 02 ]
is the critical value of the force parameter for coalescence in
the absence of van der Waals attraction. The effect of van der (b)
Waals forces is discussed in Section 5.3. 0 : : : :
0 1 2 3 4 5
4.3. Evolution of Gap Width and Marangoni Force
t /T,

The two-time-scale behavior is illustrated in Fig. 1, where
the evolution of gap width and Marangoni force is depicted for FIG. 1. Evolution of gap width (a) and Marangoni force (b) as functions
ionic and nonionic surfactants. The results demonstrate that §bdimensionless time (normalized by the short time seg)efor two values
subcritical values of the force parameter the system evolves%ﬁ (as Iabeleq)'eO = 0.01,A = 1, uniform initial distribution of surfactan_t:
the short-time scale until the force balance [4.5] is establishég__, % & (Sold curves).z = 1, » = 3 (dashed curves). Corresponding

" ’ %ﬂon-time solutions (dotted curves). Short-time and exact solutions nearl
For supercritical values of the force parameter, drop coalggincide, except fof = 0.9 in (a).
cence occurs on the short-time scale.

The values o andv used for the calculations were selected

to emphasize the effect of surfactant charge. In scaled vagjyer, the normalized interfacial velocityU is the same as for
ables, the qualitative behavior is unaffected by the value fogy s with clean interfaces. Equation [3.13] reduces to a firs
and v, and the quantitative results are only moderately inflysger finear equation with the solution (5)
enced.

Simplified descriptions for the short- and long-time regimes

are formulated below. Is=qa(y)a(y"), [5.1]
5. SHORT-TIME BEHAVIOR whereg(y) is an arbitrary initial distribution of surfactant,
5.1. Evolution of Surfactant Distribution q=[1+ (e2-1)(1 -y [5.2]

According to [4.2],U = O(e”*'?); thus, terms arising from
Marangoni stresses in [3.12] and [3.13] are small. At leadigith € = €/e,, and
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LE
t(E) = To J TMS(S)CJ\E [55]

The dotted curves shown in Fig. 1 represent the short-tim
solution [5.4] and [5.5].

For supercritical values of the force parameter, the short
time solution describes the entire evolution, as seen in Fig. :
The coalescence time is accurately approximated by

T =1(0), [5.6]

wheret(e) is given by [5.5]. The formula indicates that the
normalized coalescence timér, is independent of the initial
y gap and the viscosity ratio. The drop coalescence time [5.6] |
shown in Fig. 3 as a function of the force parameter for ionic
A . oot and nonionic surfactants. The results indicate that the norma
labeled), F = 1.1, ¢, = 0.01, A = 1, uniform initial distribution of . . .
surfactant:z — 0, = (solid curves),Z = 1, » = 3 (dashed curves). ized drop coale_scence time is only weakly affected by the
Corresponding short-time approximation (dotted curves). surfactant equation of state.
For subcriticalF, the results depicted in Fig. 1 illustrate that
the short-time solution describes the evolution until the force
[5.3] balance [4.5] is achieved. The short-time solution [5.5] stabi
lizes at a finite gap widtlg, that satisfies the balance

FIG. 2. Surfactant concentration profiles at different gap widéhéas

y =1-(1-yq(y)

is the convected coordinate. The result indicates that the sur-
factant distribution broadens continuously on the length scale
of the lubrication region; at contact, surfactant is completely
displaced from the lubrication region. The stable gap widtl, is shown in Fig. 4 as a function of the
In Fig. 2, surfactant concentration profiles predicted by [5_iﬂ>rce parameter for ionic and nonionic surfactants. The trans
are compared with numerical solutions of [3.8]—[3.14]. Thton between the short-time [4.1] and long-time [4.5] regimes
results indicate that fdf > 1 the short-time solution providesOCCUrs ate ~ e In the long-time regime, gap drainage con-
an accurate approximation for the entire evolution, even fpues on the Stokes time scaig as discussed in Section 6.
near-critical values of the force parameter. (Greater accuracy is
obtained for largef.)

Fus(ed = E. [5.7]

10 . : ; . :
5.2. Evolution of Gap Width and Marangoni Force |

The short-time surfactant distribution [5.1] is independent of
the surfactant equation of state. Surfactant is passively con-
vected. However, surfactant concentration gradients produce
the Marangoni force and therefore affect the gap width evolu-
tion. T/ 3,
The short-time approximation of the Marangoni force is
obtained by inserting [5.1] into [3.10]:

1
Fus(e) = f [1- B(TI1dy. [5.4] 0 . . . .
0 0 02 0.4 0.6 0.8 1
AN
The result is independent of the external force. The short-time 1/ F

near-contact VeIOCIty of the drops is obtained by mserﬁr,w FIG. 3. Short-time solution for dimensionless drop coalescence time ver

= 'EMS into [3.9]. On integration, [3.8] yields the short-timegys 1£, uniform initial distribution of surfactanz = 0, = (solid curve):Z =
gap width evolution: 1, v = 3 (dashed curve).
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1 - . - T decreasing gap width. Under the conditions corresponding t
\ Fig. 5a, a surfactant-free clean spot forms in the lubricatiol
\ | region at long times.
081 A\ The long-time narrowing of the surfactant distribution is
> N associated with surfactant backflow: the interfacial velocity is
06 N 1 negative except wheré¢ = 0. In contrast, the interfacial
- N velocity is outward and the surfactant distribution broaden:
€ N . . . . .
S 04 | N continuously in the short-time regime (cf. Fig. 2).
~
S 6.2. Similarity Solution
02 h ~ 1 . . . . . .
~ Evolution in the long-time regime is described by a reducec
0 , N set of equations. From [3.10] and [4.5], we obtain
0 02 04 0.6 0.8 1
1
B F= J (1— B)dy, [6.1]
0

FIG. 4. Stable gap width defined by [5.7] versus force parameter, uniform
initial distribution of surfactantZ = 0, « (solid curve),Z = 1, v = 3 (dashed
curve).

5.3. Van der Waals Attraction

In the presence of van der Waals attraction, rapid coales-
cence occurs (unless repulsive forces are importagg) ¥# e,
where

__ha
€Ep — eTa [58]

andh, is the range of van der Waals attraction given by [2.20].
From [5.7] and [5.8], we obtain an equation for the critical

value of the force parameter for rapid coalescence in the
presence of van der Waals attraction:

F ~ Fus(€n). [5.9]
Drops are stable against rapid coalescence (on the time scale 03¢ }
7o) for B < Epya(En). g4 \
U -06+t |\
6. LONG-TIME BEHAVIOR |\
-0.9
6.1. Surfactant Concentration and Interfacial Velocity !
Profiles -1.2 ¢
The results shown in Fig. 1 illustrate that the long-time force
balance [4.5] is achieved on the time scajefor subcritical 0 2 4 6 8 10
values of the force parameter. Evolution of the corresponding 12
surfactant concentration and interfacial velocity profiles is x/ (aho)

shown in Fig. 5. The results reveal a rapid initial evolution on
the time scaler, which is replaced, at long times, by a slow FIG. 5. Profiles of (a) surfactant concentration and (b) interfacial velocity

uti the ti | Fort — = th factant at difjerent dimensionless timesr, (as labeled) for drops pushed together
evolution on the tume scale,. For € suractant yin e = 0.9,2=1,»=3,1=1,¢ = 0.01 (r/7, = 5.73), ancuniform

concentration and interfacial velocity profiles tend to selfsjtial distribution of surfactant: numerical solution (dashed curves): long-time
similar forms in the lubrication variables and thus sharpen witimilarity solution (solid curves).
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The radius of the clean spot (fét > F_.) and the surfactant

concentration ax = 0 (for F < F_) are shown in Fig. 7. For
0.1 ionic surfactant described by [2.13], the onset of clean-spc
08 formation corresponds t6 = F, where0.56 = F_. = 0.61,
02 depending on the surface potential and charge valence para
0.6 etersZ andv. For small and near-critical values i6f analytical
03 expressions for the long-time surfactant distribution are de
1ﬂ/ro 04 L 04 rived in Appendix B. B
: . The dimensionless long-time relative velocitlyis constant
0.5 and is obtained from the stationary surfactant distribution by
0.2 the procedure described in Appendix B. According to Eq. [3.8]
0.6 the gap width decreases exponentially, as seen in Fig. 1. /
07 08 0.9 (a) long times surfactant-covered drops thus behave qualitativel
0 as rigid spheres.
1 The results shown in Fig. 8, however, indicate that 1 at
0.1 long times: surfactant-covered drops have smaller relative ve
0.8 oo locities than rigid particles. An explanation follows from the
long-time surfactant backflow, seen in Fig. 5b, which hinders
06 0.3 flow from the near-contact region. As shown in Appendix B,
rir, 2 ] *
0.4 | U=1 B F<1, [6.2]
0.2 t and
oe 0.7 0.8 0.9 (b)
' ' ' ' _ 1 oo R
0.2 04 0.6 0.8 U= > [1 - J B(F)dl‘] , F=1, [6.3]
0
y
FIG.6. Long-time similarity profiles of surfactant concentration for dropdVhere B’ = dp/dl’. In particular, rigid sphere behavior is

that are pushed together with different values-ds labeled)Z = 0, « (a);
Z=1,v =3 (b).

within the O(e''?) accuracy of the full description [3.8]-
[3.14]. Evolution of the surfactant distribution is governed by
[3.13], with U determined by the constraint [6.1], which yields
[A.6]. The gap width is determined by the kinematic condition
[3.8], but does not enter the evolution equations for the sur-
factant distribution. The long-time interfacial velocity profile is
obtained from [3.12]. According to the foregoing description,
the long-time evolution is independent of the viscosity ratio
because Marangoni stresses dominate the hydrodynamic
stresses resulting from circulation within the drops.

Stationary solutions of [3.13] yield concentration profiles
that scale with the extent of the lubrication region and corre-
spond to the t— o behavior illustrated in Fig. 5a. Under
long-time stationary conditions, [3.13] reduces to an ordinary
differential equation which is integrated according to the pro-
cedure described in Appendix B.

Long-time surfactant concentration profiles are depicted in

recovered folf — 0, and

\Y
AN
08 N
AN
N /
0.6 N /
AN /
AN
04 B //
T(0) \ Ye
0.2 \
\ /
0 ' : b '
0 0.2 0.4 0.6 0.8

FIG. 7.

. o " Surfactant concentration at center of near-contact ref{ohand
Fig. 6. For sufficiently large subcritical values of the forceagius of clean spot. at long timesZ = 0, = (solid curves)Z = 1, v = 3

parameter, 1> F > F_, a surfactant-free clean spot forms(dashed curves).
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FIG. 8. Dimensionless long-time relative drop veloci#:= 0, « (solid
curve);Z = 1, v = 3 (dashed curve).

U<? FEF=1.

NI

[6.4]

For ionic surfactant, characterized by [2.13], we have

2z zz
P = 272wz, - 1] [6.5]
Lo Z4 20z + Zsinh iz - 2)
Al = aziz,— 1) - 168l
0
where
Z,= (1+ 292 [6.7]

The limiting long-time velocityJ for F = 1, as given by Egs.
[6.3] and [6.6], is shown in Fig. 9.

6.3. Response to External Force Fluctuations

We consider the response of the system in the long-time

regime to an external force fluctuatiodF. Following the

perturbation, surfactant redistributes on the short-time scale
until the long-time force balance [4.5] is recovered. As shown

in Appendix C, the associated gap width adjustméatis
described by

1 de

eSIA::

1
o [6.8]

wherel; is given by [A.2].

363

If the long-time similarity solution is established prior to the
force fluctuation,

Loe 3 9BW Ley oo
cof ~p apph PR B
where 8" = d?B/dI'?, and
SO 6.10
edF 1-F T T [6.10]

as shown in Appendix C. It follows that the stable gap width is
most sensitive to fluctuations in the external force for near
critical F.

For ionic surfactant characterized by Eq. [2.1B](1) is
given by [6.5] and

. B 2v7?
p(1) = Zz+2v(Z,— 1]

[6.11]

The sensitivity of gap width to external force fluctuations is
illustrated in Fig. 10. The results indicate that for ionic surfac-
tant near-contact motion is less sensitive to external forc
fluctuations.

7. CONCLUSIONS

A recently developed theory for the near-contact motion o
surfactant-covered spherical drops (5) has been generalized
an arbitrary surfactant equation of state. Our earlier analysi
was restricted to low concentrations of adsorbed surfactan
that obey a linear equation of state. The neglect of dro

0.35

0.3

0.25

4 3 2 1 23
10 10 10 10 1 10 10 10
Z
FIG.9. Long-time limiting velocityU for critical value of force parameter

F = 1, versus surface potential parameZerfor different values of valence
ratio v (as labeled).
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Criteria [2.4], [2.10], [2.18], and [2.19] are not uniformly
valid for hy — 0. At small gap widths surfactant diffusion,
drop deformation, van der Waals attraction, and electrostati
repulsion become important. Future work should include at
investigation of electrostatic interactions between interface
with adsorbed ionic surfactant.

APPENDIX A

Short- and Long-Time Force Balance

The rate of change of the Marangoni force is found by
multiplying both sides of [3.13] by’ = dp/dI" and integrat-

0 0:2 0i4 016 018 1 ing with respect toy. Accordingly, we obtain
A dAFM — |2
F WZHU—E, [A.l]

FIG.10. Sensitivity of gap width to external force fluctuations verbtis
the long-time similarity regime, obtained from [6.8:= 0, o (solid curve); h
Z =1, v = 3 (dashed curve). where

a(yD)
ay

T o o ol
deformation implies low surfactant concentrations; however, = B (D) y(1 —y) oy +(1-y)? dy, [A.2]
y
0

nonlinear equation of state is required for ionic surfactants
because of long-range Coulombic interactions between surfac-
tant molecules.
Marangoni stresses hinder flow from the gap between ap- 1 (*_ _ 9 __ _ ol
proaching drops. The resulting resistance force has a maximkl = zf B () (1 —y)? ay (yFB’(F) ay)dy' [A.3]
value F, = 47B(I'y)a, where B(I') is the surface tension 0
reduction due to adsorbed surfactant. For an external pushing
force F < F,, the drops are stabilized against rapid coales- _
cence. Here we assume thal'/oy = 0, which is valid for approach-
The maximum Marangoni fordésincreases with the Chargeing drOpS with a uniform initial surfactant distribution. ThUS,
on the surfactant molecule. Thus, ionic surfactant can mdd the thermodynamic stability condition [2.2],
effectively stabilize drops against coalescence (even if the
electrostatic repulsion between the drop interfaces is unimpor- I,>0. [A.4]
tant). However, in a dimensionless formulation with charac-
teristic forceFy, the results are qualitatively unaffected by the Equation [4.2] indicates thdtU > 1,/F in the short-time
parameter& and v that characterize the surfactant equation eegime. (The only exceptions occur for large initial variations

state. of surfactant concentration.) Thus,
The evolution of surfactant-covered drops in near-contact
motion occurs on two time scales. Initially, the system evolves d . .
on the short-time scale given by the coalescence time for drops it IF—Ful <0 [A.5]

with clean interfaces. Surfactant is convected from the near-

i | For F. . )
contact region, and coa escence occurs oF Fs for constantr, according to Egs. [A.1] and [3.9]. The result
At long times, the Marangoni and external forces approxi- . .
) indicates that the system evolves toward the stable long-tim
mately balance foF < F thereafter, the system evolves or} . A
) o . orce balance [4.5], provided th&t < 1.
the Stokes time. The surfactant distribution scales with the . . PR
. o In the long-time regimedF,,/dt = 0 for a constant external
extent of the near-contact region and is independent of tPoerce' thus. the relative velocity of the drops is
initial conditions and internal-phase viscosity. For1F/F = ' ' y P
0.6, ashrinking clean spot forms at the center of the near-
contact region. The gap width decreases exponentially but 0= I{ [A.6]
more slowly than for rigid particles, because of the backflow of IF
surfactant in the near-contact region. FoK F, coalescence

relies on van der Waals attraction. according to Eq. [A.1].
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APPENDIX B 1 1 ) 3
o , F=2vt 5@ Y t O [B.8]
Long-Time Similarity Solution

At long times, conservation equation [3.13] reduces to dfrjuation [6.2] for the relative velocity of the drops is obtained
ordinary differential equation that describes long-time selby combining [B.2] and [B.8]. Equations [B.5] and [B.8] yield

similar surfactant distributions, the surfactant distribution
dr dTy) 1d (_ dB)] - _ . (_ r, )A .
Tt A=y —|| = . Fr=1+2F+4(T,— 5, |F*+ O(F. [B9
where The concentration of surfactant gt= 0 is obtained using
Jot7Hn(1 — t)dt = —=?/6.
y = 2F0. [B.2] For F ~ 1, the extent of the clean-spot regign~ 1. To

the leading order in - y_, Eq. [B.1] becomes

Equation [B.1] was numerically integrated with initial condi-

; _dr d _dg
tion 1 TP
20 5= 1-9 5T 45 [B.10]
=0, aty=0, [B.3] A
whereF = 1 was inserted, and
wherel, > 0, or
B s=i_y°. [B.11]
=0 aty=y, [B.4] Ye

wherey, > 0 is the extent of the clean spot with= 0. Only Integration of Eq. [B.10] with the boundary conditibh= 0 at

one initial condition is needed because [B.1] reduces to%a_ 0 yields
first-order differential equation for — 0 orI' — 0. Boundary
condition [3.14] is used to determing and the values foF _ B - . r_
andU are then obtained from Eq. [6.1]. Analytical solutions of 2U=@1-9s 4gtB-T" [ pHd. [B.12]
[B.1]-[B.4] for small and near-critical values of the force 0
parameter are derived below.
For F < 1 an expansion of Eq. [B.1] iry yields Equation [6.3] is obtained by evaluating the resulsat 1.
An implicit expression forl'(s) is obtained by integrating
[=1+9[, + T, + Oy, [B.5] [B.12] and inserting [6.3],
where I roog( i
—=In(1 —5s) = ————=—dI B.1
n(l—s) TR [B.13]
_ 1
I'y=—-=—"S(1-y), [B.6]
"(1
F) where
and _
— — -_ -_ F _ o~ ~
f(I'y = B(I') — F‘lf B(I"dr. [B.14]
== ~3|1—-y+ | tln(l-t)dt
g For a linear equation of state
1 B'(1) ,
2[p (Pt 7Y B F=1-(1-9» B.15)

with B’ = dp/dI’ andB” = d?B/dI'?. Inserting this resultinto  For ionic surfactant, the formulas in this appendix can be
[6.1] gives evaluated using [2.13], [6.5], [6.6], and [6.11].
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If the long-time force balance [4.5] is perturbed by a forchGs 1935

fluctuation 6F, the system evolves on the short-time scale.

Thus, U > 1 and the term involvingl, in Eq. [A.1] is REFERENCES

unimportant. Dividing [A.1] by [3.8] yields
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