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Abstract

The rheology of a diluted emulsion of surfactant-covered spherical drops has been investigated.
A diluted film of insoluble surfactant is assumed. A matrix formulation of the problem is derived
and analyzed by perturbation expansions for low- and high-shear rates, and for high-viscosity
drops; the high-viscosity expansion converges rapidly for a wide range of parameters. Our theory
provides a quantitative description of shear thinning and normal stress differences that occur as
a result of surfactant redistribution. (©) 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Emulsion rheology has been the subject of many investigations which are reviewed
in Refs. [1,2]. Linear and nonlinear viscoelastic properties have been studied [3-5], and
numerical simulations of emulsions of deformable drops are being developed [6,7].

An understanding of the effects of surfactant on drop dynamics and emulsion rhe-
ology is at an earlier stage, although this has been the focus of some recent studies.
Palierne [8] included surfactants in a theoretical description of the linear viscoelastic
spectrum of dilute emulsions. The dynamics of spherical drops covered with an in-
compressible surfactant film was explored by Btawzdziewicz et al. [9]. Pozrikidis and
coworkers [10,11] developed numerical simulations for the dynamics of deformable
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surfactant-covered drops. However, despite the recent progress, a fundamental under-
standing of the nonlinear effects of surfactants on emulsion rheology is unavailable.

The complicating effects of surfactants stem from the dependence of surface tension
on the interfacial concentration of surfactant. The evolution of the surfactant distribution
is nonlinearly coupled to the flow field through the tangential stress discontinuity at the
interface, resulting from flow-induced surface tension gradients (Marangoni stresses).
Adsorbed surfactant also influences the normal stress balance by reducing surface
tension.

When the capillary pressure dominates viscous stresses generated by the flow,
drops remain nearly spherical. Under these conditions, adsorbed surfactant influences
drop dynamics only through tangential Marangoni stresses. When drop deformation
is slight, the surfactant concentration often remains nearly uniform, i.e., the surfac-
tant film is incompressible [9,12]. In this case, an isolated drop in a linear flow
behaves as a rigid particle thus, a Newtonian rheology is predicted for a dilute
emulsion.

However, significant surfactant redistribution is possible even for undeformed drops
if the elasticity of the surfactant film is low [13] (e.g., low interfacial surfactant concen-
trations). Thus, drop dynamics depend on the external flow field as well as the instan-
taneous distribution of surfactant, and the rheology of the emulsion is non-Newtonian.
This paper describes an investigation of the dynamics of surfactant-covered spherical
drops under conditions where surfactant redistribution is appreciable.

The problem is presented in Section 2, including our assumptions, a dimensional
analysis, and the formulation of the relevant boundary value problem. The problem
is recast in integral form in Section 3, and the surfactant contribution to the average
stress in a dilute emulsion is expressed as an integral of the surfactant distribution. In
Section 4, the equations are rewritten in a matrix representation using the formalism
developed by Felderhof and coworkers [14]. A quadratic matrix equation is obtained
that describes the evolution of the surfactant distribution. The quadratic term results
from the nonlinear coupling in the surfactant conservation equation between the fluid
velocity and the surfactant concentration.

Analytical results for the rheology of a dilute emulsion of surfactant-covered drops
are derived in Section 5 by a perturbation analysis for low- and high-shear rates, and
for high-viscosity drops. In Section 6, numerical solution of the matrix equation is
described. The results are discussed in Section 7, and concluding remarks are made in
Section 8.

2. Dilute emulsion of surfactant-covered drops

2.1. Assumptions

We consider a dilute emulsion of spherical drops with radius a and viscosity A7,
embedded in an ambient fluid with viscosity 5. Creeping-flow conditions are assumed.
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A diluted surfactant film is adsorbed on the drop interfaces; the surfactant is insoluble in
the bulk phases and is non-diffusing. The average surfactant concentration on the drop
interface is I'eq. The corresponding interfacial tension is oq, and oy is the interfacial
tension in the absence of surfactant.

The emulsion undergoes a linear flow with strain-rate magnitude 7. The characteristic
stress associated with the flow is 7, =#7. The magnitude of drop deformation depends
on the capillary number

Ca=12 (1)
Ocq
which is the ratio of viscous to capillary stresses. The magnitude of surfactant redis-
tribution is determined by the inverse Marangoni number
T,
e (2)
which is the ratio of viscous stresses to the characteristic Marangoni stresses, where
Ag =09 — 0cq.

The focus of this paper is on systems where surfactant redistribution on drop inter-

faces is significant, but drop deformation is negligible. Therefore, we assume

Ma™ ' =

Ca<l (3)
and

Ma=0(1). 4)
Conditions (3) and (4) imply low elasticity of the surfactant film,

a0 <1, (%)

Ocq

which occurs for low surfactant concentrations. Therefore, a linear “perfect gas” in-
terfacial equation of state is here assumed, and surface viscosity is neglected. The
results presented in this paper indicate that small amounts of adsorbed surfactant can
significantly affect emulsion rheology.

Herein, the surfactant concentration is normalized by I'cq; all other quantities are
rescaled using #, a, and 7. Accordingly, the time scale is 7', the velocity scale is ja,
bulk stresses are scaled with 7,, and the scale for interfacial tension is 7,a.

2.2. Rheology

We consider a dilute emulsion in an external linear flow
U =E-r, (6)

where the traceless velocity-gradient tensor E is independent of position r, but may be
time dependent. The symmetric part E° of the gradient tensor describes the straining
component of the flow,

u, =FE-r, (7
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and the antisymmetric part E* describes the rigid-body rotation

u, =2xr (8)
with the angular velocity components

Qi = —jeEp 9

where ¢ is the alternating unit tensor.

Effective rheological properties of a dilute emulsion can be derived from a solution u
of a Stokes-flow problem for an isolated drop in the external flow u... For an emulsion
with drop volume fraction ¢ in a linear flow (6), the traceless part of the average stress
tensor is

X =2E° + ¢1°, (10)
where
3
d__ G
R 11
! 4n an
is the drop contribution to the stress, and
1
Fi=5 / [rof 1) + 1y for) — 281 - £(0)] dr (12)

is the traceless symmetric dipole moment of the induced force distribution (stresslet)
[15-18]. By definition, the induced force distribution f(r) acting in a uniform fluid gen-
erates the same disturbance flow u—u,, as produced by the drop. For surfactant-covered
drops, f(r) depends on the external flow and the instantaneous distribution of surfactant.
For a stationary shear flow in the x—y plane, with the velocity in the x direction,
the components of the tensor E in Eq. (6) are
Ejj=616p2 . (13)

In this flow, the drop contribution to the effective stress tensor is fully characterized
by the shear stress and two normal stress differences. By the linearity of the Stokes
equations, the drop contribution to the shear stress consists of two parts,

th =1+, (14)
where

d=§- 3" (s)
is the contribution corresponding to a drop with a surfactant-free interface [19], and

=7+1. (16)

The extra contribution resulting from the presence of surfactant is t},. The first and
second normal stress differences

N] :T(lil _ng, szf(ziz_fg:; “ (17)
result solely from the presence of surfactant.

In the next section we formulate evolution equations describing the motion of a
surfactant-covered spherical drop in an external flow.
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2.3. Boundary-value problem

The motion of a surfactant-covered spherical drop depends on two coupled processes:
(1) the evolution of the surfactant distribution I" for a given interfacial velocity, and (2)
the flow field u generated by the external flow and a given (instantaneous) distribution
of surfactant. We formulate the corresponding subproblems in a reference frame with
the drop center at r =0, and the drop interface at » = 1, where r = |r|.

The evolution of an insoluble, non-diffusing surfactant is governed by the interfacial
continuity equation

%_fws-(rus):o, (18)

where V denotes the surface gradient operator, and uy is the interfacial velocity.
Fluid motion on both sides of the interface is described by the Stokes equations,

ﬁivzusp:O, V-u=0, (19)

where i = 1,2, and the dimensionless viscosity of the outside fluid is 77, =1 and the
inside fluid is ij, = A. Fluid velocity is continuous across the interface,

Uoyt = Ujp = Us , (20)

where the subscript out (in) denotes positions just outside (inside) the interface. The
boundary condition for the normal velocity component is

r-u =0, 21
where f =r/r. At infinity the flow tends to the incident flow,
u— U . (22)

The discontinuity of the tangential traction across the interface is balanced by the
gradient of surface tension a(I"),

I - (tou — tin) = — Vo, (23)

where t = 7 - ¥ is the traction, 7 is the stress tensor, and I = I — it is the surface
projection operator. Surface tension is related to the surfactant concentration through
the perfect-gas equation of state. In dimensionless variables, the relation is

o(I')=o(1) — Mal" , (24)

where the Marangoni number is defined by Eq. (2) with Ag = kgTT¢q (kg is Boltz-
mann’s constant, 7" is temperature) and I is the deviation of the surfactant concentration
from the equilibrium value,

r=1+T. (25)
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3. Integral formulation
3.1. Induced force

Boundary conditions (22), (23) and equation of state (24) imply that the induced
force distribution f is linear in u,, and I,

f=—Zu, + MaMT", (26)
where

Zu ) = [ 200w 27)
and

[MI'](r) = /M(l‘, v )[(r')dr’ . (28)

Without loss of generality for the problem considered herein, we assume that the
induced force distribution and the integral kernels A = Z,M are confined to the drop
surface,

f(r) =00 — Df(}), (29)
and

A1) = A8, )00 — (G —1). (30)
By the Lorentz reciprocal theorem

Zyp(r,x') = Zg, (¥, 1) . (31)

Matrix representations of the integral operators Z and M are given in Section 4.
3.2. Fluid velocity and surfactant transport

The fluid velocity inside and outside the drop is the solution of Stokes equations in
a uniform fluid with the induced force distribution f. Accordingly,

u=u. + Tof, (32)
where
[Tof](r) = / To(r —r') - f(r')dr’ , (33)
and
1 s
To(r) = ¢ (1 + i) (34)

is the Oseen tensor.
By inserting (26) and (32) into the conservation equation (18), the evolution equation
for the surfactant distribution
or o .
E:fvs-F(l+X)umeaVS~FWF (35)
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is obtained, where

~ o~

X=-TZ, (36)

W=T,M. (37)

The quantities on the right-hand side of (35) are evaluated at » = 1. A matrix repre-
sentation of Eq. (35) is derived below.

4. Matrix representations

Explicit representations of the hydrodynamic operators and the surfactant evolution
equation (35) are obtained by expanding scalar and vector fields into the appropriate
sets of basis functions.

The surfactant concentration I is expanded in scalar spherical harmonics

f:ZVImYlma (38)
Im
where the summation is over the range />1 and —/<m</. The harmonics Y}, are
normalized
<Ylm5r‘Yl’m’> = 511’5mm’ 5 (39)
where
(f9)= [ 1@ ar (40)
(with the asterisk denoting the complex conjugate), and
1 !
5,:ﬁ5(r—r). (41)
In this notation, the expansion coefficients y;, are given by

We use two different sets of functions to expand the flow field components and induced
force distribution: an adjoined orthonormal basis introduced by Cichocki et al. [14],
and a surface representation in terms of velocity fields that are normal and tangential
to the drop interface. These are described in the following two subsections.

4.1. Representation in adjoined basis

In this representation, vector fields are expanded using the fundamental sets of solu-
tions of Stokes equations vfn , [14], listed in Appendix A, and the adjoined functions
wffn g that satisfy the orthonormality conditions

(WingOr [0 ) = O117 O O (43)
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for » > 0, where the scalar product of two vector fields is

(tlg) = / () - gy dr' . (44)

Note that the normalization used herein differs from that used in Ref. [14] (cf. Egs.
(A.18) and (A.19)).
The solutions v}, , are nonsingular at the origin, and the v, , are nonsingular at

infinity; thus, the expansions of the incident and scattered flows are

Uso =D €l (45)
Imgq
and
u— Uy :Zc;nqvl_mq, (46)
Imq

where the summation is over the range />1, —/<m</, and 0<g<2. According to
(43), the expansion coeflicients in the above equations are

Cimg = (WingO1[U%) (47)

where um =u,,, and U™ =u — u,.

4.1.1. Hydrodynamic operators
In the adjoined basis vfn q,w?fn " solutions for Stokes flow in the presence of a spher-
ically symmetric particle have simple representations that are described below. In this
basis, Eq. (26) transforms to equation for the reduced multipole moments of the in-

duced force [14]

Fimg = (0 I6) (48)
where

Sing=Sing + Simg (49)
with flow contribution

L g = =0 ZIV) Yoy (50)

and surfactant contribution
- <
flmq:Ma<v;:nq|M|Yl’m'>Vl’m’ . (51)

Summation over the repeated subscripts in Eq. (50) and (51) is implied; we use this
convention hereafter.

Since the operators Z and M are isotropic, the corresponding matrices are diagonal
in angular and azimuthal quantum numbers,

O ZI0F ) = =010 O Xy (1) (52)

<v?;nq|M‘Yl'm’> = 611’5mm’ Wq(l) 5 (53)
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where, by rotational symmetry, the matrices X,,/(/) and W,(/) are independent of m.
The explicit expression (C.1) for the matrix X,/ (/) has been derived in Ref. [18], and
a derivation of expression (C.15) for the matrix W,(/) is given in Appendix C.

The matrix elements of the operator T, are [14]

(Wi 01T O1W) o) = S11rSpumr Oy (54)
By combining the above equation with (36) and (52) we find

<W17mq51|X|U; ’ ,> = 511’5mm’qu’(l) , (55)

m'q

and with (37) and (53) we find

(Wi 1 W Yi) = 011Gy Wo(1) . (56)

4.1.2. Stresslet
To find the relation between stresslet (12) and the induced force multipoles f g,
we expand & in the spherical basis ay, of symmetric second-order traceless tensors,

2
F = Fno. (57)

m=—2
The basis a,,, is related to the harmonics Y5, by the formula

12
4
Y21m = <?ﬂ:) Ay - fa (58)

and is orthonormal; explicit formulae are given in Appendix B. By projecting Eq. (12)
onto ay,, and using definitions (48), (58), and (A.10), (A.12) we find

2n 12
ng = (15> meO . (59)

4.1.3. Shear flow
In linear flows (6), the rigid-rotation and the straining components of the external
flow, u_ and u}_, are characterized by

(Wi 01 1Us) = €101 1 (60)
and
(WihigO11U50) = €2,,0012040 - (61)

For shear flow (13), the nonzero coefficients of expansion (45) are

o Iz
Cryo0 = Fi 30° o1 = 1\/;~ (62)
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In terms of the induced force multipoles (48), the expressions for the two contributions
to the shear stress (14) are

i /6
T?zz—é g(fgzo—f(z)—zo), (63)
= S (= 1) (64)
2= 7g\/ 5,V 220 2-20) -

Taylor expression (15) is recovered from Egs. (50), (52), (62), and (C.1). The normal
stress differences (17) are

1 6
Nlifz\/g(fzrzoJrfzr—zo)a (65)
1 6
Ny, = 3V g(fzrzo + f5 20+ V6 50). (66)

4.2. Representation in surface basis

Normal component of the velocity field vanishes at the interface according to bound-
ary condition (21). Thus, the surfactant evolution equation (35) can conveniently be
analyzed by projecting the interfacial velocity onto the tangential vector harmonics

Simo = [I(1 + D] VY (67)

Slml =if X SlmO 5 (68)
and the normal vector harmonics
S1m2 = i"Ylm P (69)

which form an orthonormal basis for vector fields on a unit sphere.
The matrix

<Slmq51 |v?/:m’q’> - 511/5mm/ ,}/;;/(l) 5 (70)
with 'I/;I,(Z) given by Eqs. (A.26) and (A.27), defines the transformation between

representations (55) and (56) of the hydrodynamic operators X and W, and the repre-
sentations

(Stmg01 |1+ XV ) = 0118 X gqr (1), (71)
and

(Simg®1 /W Yirmr) = 8115 S W (1) . (72)
Accordingly,

Ry =¥3 (D + ¥ (DXyrgr (1) (73)
and

Wol)="¥ ,(DWy(l), (74)
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which, combined with Egs. (A.26), (A.27), (C.1), (C.15), yield

20—1 0 (Q21+1)(2143)
I+ 21

Xy =[+DI |0 2 0 (75)
0 0 0

and

(76)

1/2
7= [W“)],o,o] ,

Q21+ 1)

where /, is defined by Eq. (16). The matrix elements X 24(/) and W (1) vanish because
of boundary condition (21); Wl(l) vanishes because V,Y;, and S;,; have different
parity.

In this notation, the surfactant evolution equation (35) becomes

a’))lm
ot

= —(Yim01[Vs[Srmo) [(Srrmodi|1 + )A(Ivf,,m,,qﬁﬁ,m,,q
+ (St 001 TS o) (Strmro01 |1+ X6, Y,
+ (St 001 TSt ) (St 811+ X611, Y,
+ Ma(S 1001 W] Yo )y
+ Ma(S081| FSimmr0) (Srmrd1 W Y pirr Yy (77)
where Egs. (38), (45), and
(Yim01|Vs|Sim1) = (Yim61|Vs - Spmr1) =0 (78)
have been applied. The matrix elements of the surface-divergence operator are
(Y101 [VsISpmro) = =L+ D201 Gy (79)
which follows from definition (67). Eq. (38) gives
(Sim001|TSmrg) = (Stnm001| Yirmr Strmrg) yirmers g =0,1, (80)

where (Simg01|Yym Sy ) are the coupling coefficients between vector and scalar
spherical harmonics, discussed in Appendix D.
Inserting Eqgs. (71), (72), (79), and (80) into Eq. (77) yields
— aq/lm >
[I(I + )] 1/27 =Xog(D)c},,
+[{Sim0S1 Y1 mSymr0) X 0g(1") + (Simodi1| Yz//mﬂsz/m/l>X1q(l/)]w~m”cl+zmlq
+ Ma WO(I)Vlm + Ma <Sln1051|yl”m”sl’m’0> WO(I/)VI"m”’VI’m’ . (81)

This is the matrix equation for the surfactant distribution y,,; all other quantities are
known from Egs. (62), (75), (76), (D.3), and (D.4). The equation is nondiagonal
in quantum numbers / and m, because the coupling coefficients (D.3) and (D.4) are
nondiagonal.
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5. Perturbation analyses

In this section we derive perturbation expansions for the behavior of the system in
three regimes: high Marangoni numbers (Section 5.1), high drop viscosities
(Section 5.2), and low Marangoni numbers (Section 5.3). Explicit solutions are given
for stationary shear flow (13).

5.1. Large Marangoni numbers

An analysis of the surfactant evolution equation (35) indicates that I' = O(Ma~")
for large Marangoni numbers. By rescaling

F=Ma™'T", (82)
Eq. (35) is transformed into

or o P PN P
-1 = —Vs - [(1 + X))o + WI' = Ma= 'V - [I'(1 + X)us + T'WI],

(83)

Ma

which can be solved by a regular perturbation in Ma~'. The perturbation expansion of
(83) depends on the time scale for changes of surfactant concentration. In this paper
we focus on the stationary behavior of the system; the time-dependent solution will be
analyzed elsewhere [20].

The perturbation equations are constructed by inserting the expansion

= ZMa—ff“) (84)

into the stationary form of Eq. (83), and collectmg terms of the same order in Ma~
The following hierarchy of equations for ' is thus obtained

~ (1)

v, wr” = _vy,. ;"

(l+X)uOO+ZF(k) rh (85)

where i =0,1..., and Y=
Eq. (85) with i = 0 indicates that
Ve -u(t)=0, (86)
where

u® = (1 + X + WI”

(87)

is the interfacial velocity field for Ma — oco. Accordingly, the surface flow becomes
incompressible [9]. For linear external flows (6), relation (86) implies that the drop
undergoes rigid-body rotation

=0 x# (88)

at high Marangoni numbers.
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Using an analysis similar to that presented in Section 4, Eq. (85) can be transformed
into the matrix representation, and then solved iteratively. The resulting solution is

-1 _
T = = Wo (DXog(D)c, (89)
for the leading-order term, and
~(1 = —1
T == (1)
X {[(Slmo5 Y1 S0} X 0g(1) + (Stm001 | Y1t St )X 1IN T »

i—1
+ Z<Slm051 |Yl”m//slfm/o>Wo(ll)?([{c/)mu 7,(,’,”/1 k)} , (90)
k=0

for i>1, where
~(i) @)
T = (Y1 |I7) . 1)

Egs. (89) and (90) are valid for arbitrary external flows.

For shear flow (62), the explicit solution was found by evaluating successive terms
from the hierarchy (89) and (90). By this procedure, the first three terms in expansion
(84) are

~(0) .
' =—i(3)"n'2(Yn - Yr2), 92)
1) ,
:(%)3/2751/2 1Y+ Y 2), ©3)
~(2)
=i} Y22 02(Yay — Yo SEREE )220 (Yas — Ya_a), (94)

where A1 is given by Eq. (16). Since the drop undergoes rigid-body rotation (88) at
Ma~" =0, only the second term in the square brackets in Eq. (90) contrlbutes to I’ B )

As a consequence of Egs. (62), (D.9), and (D.12), all coefficients y s ) with odd quan-
tum numbers / and m vanish. The invariance of the system under the transformation

(x, y,z) = (—x,y,—z) and t — —t (reversing the flow direction twice) implies
Vi =1, (95)

According to (D.10), the coupling of harmonics with orders I’ and /" produces only
harmonics of orders / </’ 4 [”. Therefore,

=0 fori>2i, i>0, (96)

and at each order the perturbative solution involves only finite matrices.
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After the coefficients y,(,;) have been evaluated, the expansions for the surfactant

contributions to the shear stress and normal stress differences,

1, = ZMa_Zkr(ék) , 7)
k=0

N, = ZMQ_(2k+1)]\[i(2k+1)9 i=1,2, (98)
k=0

are obtained using (51), (53), (64)—(66), and (C.15). Only even powers of Ma~'
contribute to t/, and odd powers of Ma~! contribute to N;, because the shear stress
changes sign and the normal stresses are invariant under the transformation (x, y,z) —
(—x, y,—z). Analytical expressions for first several terms in the expansions (97) and
(98) are

A0 =3 (99)
= -2, (100
42 =20 - . oty
o = S - T+ BT, (102
N1(1) _ % ’ (103)
N = =3GYA - 54, (1o
NP =S - 597+ e (105)
Nz(l):_%Nl(l)’ (106)
N = _IN® (107)
Nz(s) = _%NI(S) + 12128327752’11 : (108)
The Einstein result
=1 (109)

is recovered from Egs. (15) and (99), because the drop behaves as a rigid particle for
Ma=' — 0.

As shown in the following subsection (cf. Eq. (124)), the radius of convergence for
the expansions (84), (97), and (98) is

Ma='=27". (110)
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5.2. High viscosity drops

For a freely rotating drop, the rotational component (8) of the external flow does
not generate a scattered flow. Therefore,

(1+X)u, =u_, (111)

which follows from Egs. (60) and (C.1). The flow fields (1 + )A()uio and W are
associated with nonrigid circulation of the fluid in the drop; thus, these contributions
scale with the viscosity ratio. Egs. (71), (72), and (75), (76) indicate that the following
scalings are appropriate

X =41+ X)P (112)
and
W =W, (113)

where P is the projection operator onto the subspace {g = 0 2} in the surface repre-

sentation (67)—(69) (thus PuOo =u,), and the operators X and W are independent
of A. Inserting (111)—(113) into Eq. (35) yields

!
aa—iJrv (U T+ MaW'T)

=V, Xu, =27V (X, + Mal'W'T), (114)

where both surfactant concentration and Marangoni number are rescaled,

r'=ur, (115)

Ma=27"'"Ma . (116)

The perturbation equations are constructed by inserting the expansion
r=>y e (117)
i=0

into (114), and collecting terms of the same order in /lfl. The resulting hierarchy
equations are

or' o,
Ve (IO MaW ')
i—1
= V- (X, + Y Mal’ W 0y (118)
k=0

where i =0,1,..., and I""" = 1. The high-viscosity expansion (117) is uniformly
valid for all Ma, because the second term on the left-hand side of Eq. (114) always
dominates the right-hand side.
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By the procedure described in Section 4, hierarchy (118) can be cast in matrix form.
For stationary shear flow (62), this yields

Vi = =[Sumod1 [YimS100) X 11(1efyy, + MaWy(D] ™' X5, (Der,, (119)
for the leading-order term, and

Vi @ = =[(Sim001 | YiuS100)X 11(1)co; + MaW§(D] ™ (Simod1 | YirrmrSirmro)
i—1
| Xy (U Wt O g+ MaW () ot Y™ 7 (120)
k=0

for i>1, where

Vi = (Y| I7 D) (121)
X5, =X, (122)
Wy =uW,, (123)

and the matrix element (S;,001|Y;,S101) is given by Eq. (D.13).

From Egs. (62), (75), (76), (D.13) and the form of Eqs. (119) and (120), it follows
that the expansion coefficients I"” ) have poles in the complex inverse-Marangoni-number
plane at

~ 2 1
Ma™ ' = +i (+1)

T mRI+ 1) (124)

where [>2, 2<m</, and both / and m are even. Set (124) is dense on the lines
Ma~'=iy for |y| > 1, which indicates that I" has branch-cuts on these lines. This result
indicates that the radius of convergence for the large-Marangoni-number expansions
presented in Section 5.1 is given by Eq. (110).

After the coefficients 7}, ) have been evaluated, the expansions for the surfactant
contribution to shear stress and normal stress differences are obtained using (51), (53),
(64)—(66), and (C.15),

oo

= Z ’117(2“1)7/12(2“1) ’ (125)
k=0

Ny =Y Ay B DeED (126)
k=0

Ny=—3Ni+ ) 2Ny (127)

k=2

where 7/, and N/ are functions of Ma. Only odd powers of ;"' contribute to 7/,
and Ni; the second normal stress difference N, depends on both odd and even powers



66 J. Blawzdziewicz et al. | Physica A 276 (2000) 50-85

of /Ifl. Analytical expressions for first few terms in expansions (125)—(127) are
3 1

=3 128
T Y CeMa? (128)
=3 <§)4 i it - L (129)

F 286 M GPMa P+ ()P Ma?)

AZ —1
MO = (130)
201+ (3 2Ma2]
3 7 — 6722 17— 675 17—
N1,(3):3 <5) iMa 3(1 _AWMCZ 2+m]¥a 4) (131)
6 14 [1 +(%)2Ma—2]3[1 +(,%)2Ma—2] s
and
o — 2349 1y, —
Ny = 2237 Ma™>(1 + 7opMa?) (132)

V82721 + (3 Ma=2P[1 + (5 P Ma=2][1 + (55 2 Ma=2]
Several additional terms are listed in Appendix E. The Einstein result (109) is recovered
from Eqs. (15) and(128) for Ma—' — 0. As shown in Appendix F.2, the 0(21_1) terms
in expansions (125)—(127) are equivalent to the solution of Eq. (81) with all matrices
truncated at the level /= 2.

The expansion coefficients t},%**D, N/Z+D and N;0 with k<4 are plotted in
Fig. 1 as functions of Ma~". The results indicate that the magnitude of the coefficients
decreases with increasing k; thus, expansions (125)—(127) converge for all 1> 0.
Further discussion of the high-viscosity-expansion results is given in Section 7.

5.3. Small Marangoni numbers

In the high-shear-rate limit, surfactant is passively convected on the drop interface.
For Ma — 0, the evolution equation (35) reduces to

or

== —(Vs-Twp), (133)
where

u = (1 + X)uee (134)

is the velocity field for a drop with clean interface in the external flow.

Stationary solutions of Eq. (133) were obtained by the method of characteristics, as
shown in Section F.1 of Appendix F; the nonsingular stationary surfactant distribution
for two-dimensional external linear flows (6) with

Ey=3[(1+ )81, 4+ (1 — 2)801] (135)



J. Blawzdziewicz et al. | Physica A 276 (2000) 50-85 67

3
2
Ma va (2k+1)
1
0
-0.5
(b)

10 100
(© Ma

Fig. 1. High-viscosity-expansion coefficients for (a) shear stress, (b) first normal stress difference, and (c)
second normal stress difference, as a functions of rescaled inverse Marangoni number. The results for £ =0
(solid lines); k£ =1 (long-dashed lines); k =2 (dashed lines); k =3 (dash-dotted lines); k =4 (dotted lines).

is
Ao+ 1 32
r(e,w:g(@o){ -~ } (136)
Ao+ 1 —sin” O[cos(2¢) + 1]
where 0, ¢ are the spherical coordinates,
Tio— cos 20\ 2
0o(p) = arctan (W) tan 0| , (137)
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and ¢(60y) =0 is an arbitrary function. Eq. (136) is valid, provided that
> a . (138)

For shear flow (o = 1), this condition is satisfied for A # 0. For linear flows with

less rotation (o < 1) condition (138) is violated at low viscosity ratios; under these

conditions surfactant free regions and singular points occur on the drop interface.
The symmetry

r'0,¢)=1r0,-9) (139)

of solution (136) (corresponding to flow reversal) implies the following behavior of
shear and normal stresses normalized by characteristic Marangoni stresses Aa/a:

lim Ma='tl, =0, (140)
Ma—0
Jim Ma™'N; #0, i=1,2. (141)

According to (136), the stationary surfactant distribution is nonunique for Ma =
0. For small, but finite Marangoni numbers a slow drift of surfactant occurs across
the clean-drop streamlines, and distribution (136) slowly evolves towards a unique
stationary state. To find this stationary state, the full nonlinear problem (35) needs to
be solved.

Eq. (35) can be analyzed by a regular perturbation in Ma. Expanding

f:ZMaif("’, (142)

and using a procedure similar to that described in Section 5.1, yields a hierarchy of
perturbation equations for

5D — (Y00 Ty (143)
For the stationary problem, the leading-order equation is
Ay = =Xog(Dep, - (144)
and
i—1
Amirmions = =WoDiy " = (Sumod1 | YirmrSimo) W o' Yl i *
k=0
(145)

for i>1, where
Alml’m' = <Slm051 ‘ Y/’m'Sl”m” > qq//(l )cl” 7" ,, . (146)

Since the matrix Ay, is non-diagonal, the 1terat1ve solution of (144) and (145)
involves, at each order i, nonzero coefficients y i ) with arbitrarily large / and m, unlike
Egs. (89) and (90).
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©

Fig. 2. Viscosity coefficient (a) and first (b) and second (c) normal stress differences as a functions of inverse
Marangoni number, for viscosity ratio A=3. Numerical solution of Eq. (81) (points); high-Marangoni number
expansions (97) and (98) truncated at k as labeled (dotted lines); large A expansions (125)—(127), truncated
at O(/;") (dashed line), at O(4;) (dot-dashed line), at O(4;>) (solid line). Note that the O(Z;>) and

O().l_s) curves coincide; on (a) the O(Zl_l) result is indistinguishable from the higher-order results.

The discussion presented in Section F.2 of Appendix F indicates that, for shear flow,
the matrix Ay, is singular, and Eq. (144) has an infinite family of solutions (which
is consistent with the nonuniqueness of (136)). The unique solution y%?n) corresponding
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Fig. 3. Same as in Fig. 2 for viscosity ratio A= 1. The 0(&;3) and 0(&;5) curves coincide in (a) and (b).

(1)

Im*

to finite Ma is chosen by the existence condition for y; . Further analysis of Egs.

(144) and (145) is presented in Appendix F.2.
6. Numerical solution

Eq. (81) was also solved by time integration from the initial condition y;, = 0 at
t =0 until a stationary state was achieved. The infinite set of evolution equations was
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Fig. 4. Same as in Fig. 2 for viscosity ratio 1=0.3, except that large 4 expansions (125)—(127) are truncated
at O(/ll_l) (dashed line), at O(il_s) (dot-dashed line), at O(/ll_g) (solid line). The O(il_s) and 0().1_9)
curves coincide in (a).

truncated by setting y;, = 0 for [ > [.x, Where l.x <12 was used. The surfactant
contribution to the stress is obtained to within several percent using /,,x =2 for cal-
culations with A= 3. Larger values are needed at low viscosities; for A= 0.3, accurate
results require [, = 8.
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Fig. 5. High-shear-rate limit (Ma~! — oo) of the first (a) and second (b) normal stress differences (normal-
ized by Marangoni stresses) as functions of il_l. Results from high-viscosity expansions (126) and (127)
truncated at k = 1 (solid lines); k£ = 2 (long-dashed lines); k& = 3 (dashed lines); k = 4 (dash-dotted lines);
k =5 (dotted lines).

7. Discussion

The surfactant contribution to the shear stress and normal stress differences for a di-
lute emulsion in stationary shear flow are presented in Figs. 2—4 for three values of 4,
as functions of Ma~' (the dimensionless shear rate). Shear stresses are normalized by
1y thus, /" represents the modification of the emulsion shear viscosity by the presence
of surfactant. The contributions to the normal stress differences

n=Ma"'N, i=1,2, (147)

are normalized by the characteristic value of Marangoni stress a~'kgTT eq- Figs. 2—4
in the appendix show results obtained from high-Marangoni-number expansion (97),
and (98), high-viscosity expansion (125)—(127), and from numerical solution of
Eq. (81).

The results show that surfactant effects are most significant for low-viscosity ratios.
Shear thinning behavior is evident. The total drop contribution (14) to the shear viscos-
ity decreases from the rigid particle value (109) at low shear rates to the value (15),
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corresponding to a clean drop, at high shear rates; the transition occurs for Ma~' =~ )[1.
At high shear rates (Ma~' — o0), the surfactant contribution to the shear stress !
vanishes as Ma?, and the normal stress contributions m;, 7, approach constant values.
These observations agree with the analyses in Section 5. The limiting high-shear-rate
values of mj,m, calculated from the high-viscosity expansions (126) and (127) are
shown in Fig. 5 as functions of 4; .

The results shown in Figs. 2—4 indicate that the high-viscosity expansion (125)—
(127) converges rapidly, even for the lowest viscosity ratio shown. For A = 3, the
first term in the expansion is accurate to several percent. As discussed in Section 5.2,
the high-viscosity expansion converges for all 1 > 0; however, the results presented in
Fig. 5 indicate that the convergence slows for low viscosity ratios. In the low-shear-rate
regime Ma~' < il_l, the high-viscosity expansion always converges rapidly.

The results of the low-shear-rate expansions (97) and (98) are consistent with the
convergence radius (110).

8. Conclusions

This paper describes a theoretical study on the rheology of a diluted emulsion
with surfactant-covered spherical drops. The system is characterized by the Marangoni
number and drop viscosity. A matrix formulation was derived for the nonlinear single-
drop problem of fluid motion and surfactant transport. Numerical solutions for the
surfactant distribution and the rheological contribution of the drops were obtained by
truncating the infinite set of equations. Analytical results were derived by perturba-
tion expansions for low shear rates and for high-viscosity drops; the high-viscosity
expansion converges rapidly over a broad range of parameters.

Our results show that the rheological contributions of the drops can be significantly
affected by small quantities of surfactant. Shear thinning and nonzero normal stress
differences are quantitatively predicted. In a forthcoming paper, the nonlinear frequency
response of a diluted emulsion of surfactant-covered drops will be analyzed using the
formalism developed herein [20].

At leading order, the effects of drop deformation and Marangoni stresses are ad-
ditive. Thus, the leading-order results presented in this paper may be combined with
existing small deformation theories [21,22]. It may be possible to generalize our theory
to describe the higher-order coupled effects of surfactant redistribution and drop defor-
mation. The single-particle solution presented here can be incorporated into an effective
medium approximation or a cluster expansion theory for concentrated emulsions.
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Appendix A. Basic sets of solutions of Stokes equations

A.1. Representation in adjoined bases

+

img and the orthonormal func-

For completeness, we list the basic sets of solutions v
tions wﬁq, introduced in Ref. [14].

The functions v,im g and wlim g are represented in terms of the normalized vector spher-
ical harmonics [23]
Yiin(®) =a; r IV V(0] (A1)
Yiren(®) = by 'r 2V DY, ()] (A2)
Yim() = c; 't x ViYinu(F), (A3)
where
Yim(t) =n,, ( 1)" P (cos 0)e™? (A4)

are the normalized scalar spherical harmonics, and the normalization coefficients are

a; =121 + ]2, (A.5)
by =1[(I+ 1)1+ 1)]"?, (A.6)
—i[I(1 + D]?, (A.7)

1/2
Im = |: o (l+m)':| (A8)

2041 (1= m)!

The parity of the harmonics Yy, is (—1).
In Dirac notation, the expression for the basic functions almq(r) vlmq(r) wlmq(r)
are

|alimq> = |Yu—15gm) (Y11= 14qmO; | azi/m/q/> : (A9)
The matrix elements in Eq. (A.9) are diagonal in the quantum numbers / and m; thus,

(Y11= 11gmOr | Vi ) —511/5mm/V (L), (A.10)
and

(Y11 11qmOr | Wirgr) = O117 O W (15 7) . (A.11)

m'q’ >
The explicit expressions for the matrices ¥+ and W= are

alrlfl 0 (1+1)2(l21+3)a”,l+1

Vi =1 0 e 0 , (A.12)
0 0 byt
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I+1 -1
1(27—71)‘11’” 0 0
Vo(lr)y=l+1)72 0 irer Y 0 :
1 —1 ! —(+2
_Eblr 0 Wblr( )
(A.13)
and
1 —(-1
1(21+1)a1r( ) 0 0
Wl r)y=r* 0 iﬁc,r*’ 0 ,
—(-1 1 —(I+1
21(21+1)b1r( : 0 (l+1)(21+1)b1r (=
(A.14)
211+1 a! 0 QI- 13521+3) ar't
W=(l;r)= Q1+ 1) 0 icrt! 0 . (A.15)
0 0 LB pyptt?

The flow fields v]:nq with [=1,2,..., m=—1,...,[, and ¢=0,1,2 form a complete set
of nonsingular fundamental solutions of Stokes equations, and Vimg @ complete set of
solutions that vanish at infinity. Only v} ,(r) and v, (r) are associated with nonzero
pressure fields,

Plna(1) = Chn 1)(2ZJ; D@3 1y, b, (A.16)
Pimo(1) = rm DY () (A.17)

2141

The functions Vﬁ g and wﬁ g satisfy the orthonormality conditions (43).

The normalization of the functions vfn , Wi img defined above differs from that used by

Cichocki, Felderhof, and Schmitz (CFS) [14]. The two sets of functions are related by

+ _ —1,£CFS

vlmq nlm vlmq > (A18)
+ +CFS

Wing = "Wy 5 (A.19)

where ny, is given by (A.8). Furthermore, delta function (41) in orthonormality con-
dition (43) has an extra factor »~!. In the present normalization, the matrix elements
of isotropic operators are independent of m.

A.2. Representation in surface basis

The equation that describes the evolution of the surfactant distribution on the drop
interface, and the boundary conditions for the fluid velocity require decomposition
of the interfacial flow into tangential and normal components. Thus, expansions in
tangential and normal vector harmonics (67)—(69) are appropriate for the analysis of
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this problem. The transformation between the harmonics S;,, and Y;_i14n is given
by the matrix

(Simg01 | Yrrv —14g'm') = 610 Sumr Hogr (1) (A.20)
where
(L2 0 (o)
HyO=| 0o 1 o0 . (A21)
D' 0 —(E)"”?

Note that with the choice of basis, (67)—(69), det(H, )= —1, and
H, .} = Hyy . (A.22)
We introduce the sets of basic Stokes-flow solutions that satisfy the boundary condition
ulmq(r) =Simy(t) atr=1. (A.23)

The solutions u;;nq(r) are nonsingular, and the solutions u;nq(r) vanish at infinity. The
linear relation

|v?l:nq> |ulmq><slmqé ‘vl’m 'q’ > (A24)
between fundamental solutions “1m (r) and vlj; q(r) is given by matrix (70), where
(l)qu,,u(l)V,, A1) (A.25)

The explicit relation for the matrices ‘P;, are

[1(1+ 112 0 LD+ 3)21+ 1)
vl = 0 [I(1 + 1)]"? 0 ,
! 0 LI+ 1)21+1)
(A.26)
(z+1)1/2 2(21_ ) 0 (1%1)1/2 (21+1)1(21+3)
v (=@l +1)" 0 [1(+ 1) 0
2 0 -
2021—1) QIFD(21+3)
(A.27)
The expression for uﬁqq(r) in terms of harmonics S, is
[0is0) = [Siong) (StmgOr 3,0 00) (A.28)
where
<Slmq5r|u?/:m/q/> = 511’ 5mm’ qu/(l; I”) 5 (A29)
and

qu;,(l;r)— u(l)V,, (L r)[‘Pi(l)] g - (A.30)
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Egs. (A.12), (A.13), (A.21), and (A.26), (A.27) yield
—(+ D+ +3)* 0 B+ DEH1 -1
Ugr(lir) =377 0 2r 0 ,
—[IA+ D121 =+ 0 [43—(l+ 1)

(A31)
21417 0 Q@-D(EHPa-r7)
Uy (i) =3r" 0 2! 0
[I(1+ D)2 +772) 0 I+@2—1y2
(A32)
The nonzero pressure fields associated with the solutions “ﬁq are
1+ 1\ .
q?;nO = (T) (21 + 3)7‘[Y[m(l') p (A33)
I+ 1)21+3 .
Dz = —Ll)r’m(r), (A.34)
;O\
Dm0 = (m) 21— r~ "y, (A.35)
_ 21-1) _ .
9im2 = %r G (F) . (A.36)

Appendix B. Spherical tensor basis

Here, we list the complete set of orthonormal traceless tensors aj,, defined by
Eq. (58):

1 -1 00
A = —F—= 0 -1 0 ,
6\ 0 02
0 0 —1/2 0o 0 1)
221( 0 0 —i2]|, am, =0 0 —i2], (B.1)
—1/2 —i2 0 12 —if2 0
12 2 0 12 —ij2 0
Ay = (1/2 —1/2 0 , Ay = —i/2 —1/2 0
0 0 0 0 0 0
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Appendix C. Matrices X, and W,

The explicit expression for the matrix X, is [14,18]

Xy =—Q1+1)

1Q1=1)((21+1))42) 0 QI=DQI+1)(2143)A
T+1)(1+7) 1) 2(1+7)
1y
X 0 (=1)i+(I+2) 0
QI=DQRI+1)(2I+3)A 0 U+ DRI RI3)(QI+1)A—2)
2(1+7) 4I(1+7)

(C.1)

To derive the matrix representations of the operator W, we consider the flow field u’
generated by Marangoni stresses,

u =Wr. (C2)
By spherical symmetry, the problem is diagonal in quantum numbers / and m. In
addition,

<Slmq61 |uF> = “lméqo 5 (C3)

where the ¢ = 1 component is excluded by parity considerations [9], and the g =2
component is excluded by boundary condition (21). Eq. (A.23) and the above relation
imply that

u’'(r) = 0, [0(1 — P o (6) + 0(r — Dy, ()], (C4)

where 0(x) is the Heaviside step function.
Viscous tractions are linearly related to the velocity field,

t="Tu, (C.5)
where the operator T is diagonal in quantum numbers / and m. For the velocity field
Wyo(1) = U (1 7)Sumo + Uy (1;7)Sum2 » (C.6)
the corresponding tractions are
d (US(;r) d . L
t= P (oor> Simo + (Zdr Uoo(l;7) = Qo | Stm2 » (C.7)

where qffno is the pressure field (A.33) or (A.35). From (C.7) and (A.31)—(A.36), we
find

(Simod1|Tluj,e) =21+ 1, (C.8)

(Simod1 [ Tluy ) = =21+ 1), (C.9)
~ I+ 1\"?

<S1,,1251|T|ll7;n0> =-3 (T) . (CIO)

N / 1/2
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Eq. (C.4), tangential stress balance (23), and equation of state (24) yield
[(Sim001 T[u0) — Z(Stmod1 [Tl 0)1oim = Ma(S1odi|V|T) . (C.12)
which gives a relation between oy, and 7y,
[+ 1]
[ZEais

Eq. (76) is obtained from the above relation using (72), (C.2), and (C.3).

The induced force distribution associated with Marangoni stresses is the traction
jump across the spherical surface at ¥ =1 in a uniform fluid (1=1) with velocity field
u’. By Eq. (48), the corresponding reduced multipole moments are

Fing == Vg0t |Stmg )[(Stmgr 01 TI70) — (Stmgr 01 [T o) . (C.14)
¢'=02

tm = —Ma (C.13)

where the transformation matrix <vznq51|S;mq/> is given by (70) and (A.26). From
definition (51),(53), and Egs. (C.8)—(C.11), (C.13), (C.14) we find

W,(1) = —%‘[1(21 —1),0, 11+ 1)L+ 1)(21 4 3)]. (C.15)

Eq. (C.15) can alternatively be obtained from (76) by using (74) and (A.27).

Appendix D. Coupling between scalar and vector spherical harmonics
In Dirac notation, the vector-harmonic expansion of a product of vector and scalar
harmonics has the form
|Slmq Yl’m’> = ‘Sl“m”q”><Sl”m”q”5l ‘SlmqY/’m’> 5 (Dl)

where the (S;q101SimqYrrm) are Clebsch-Gordon coupling coefficients. Since the
tangential (¢ =0, 1) and normal ¢ =2 harmonics do not couple,

<Sl”m”25l |SlmqYl’m’> = <Sl”m”q51 ‘SlmZYl/m’> =0, q= 0,1. (Dz)
The nonzero coupling coefficients are [24]

(Serm001| Y my Simo) = (Svrm 1011 Y1 Sim)

B(l 4 l”)l(l+1)+l”(l”+l)l’(l’Jrl)

000 [I(1+ D717 4 1)]'?
(D.3)
(Strmr001 | Y Simr)
=(—=1)" (Sim1 81| Y1 s Sprmrro)
_ﬁ(l ! z“—1> [(H1)(s—21)(s—21')(s—21”+1) 12 (D4)
00 0 10+ H)I"(1" + 1) : :
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and
(Somrsdi YimSu) =p (50 (D.5)
"m'" 201 [ L m/OIm2) — 00 0 5 .

where
s=1+1+1", (D.6)
ﬂ_(—l)’”” i+ner+ner+v)N?* /1 1 O
2 47 m m' —m" )’ ’

and

l l/ l//
(m m/ m// >
is the Wigner 3j-symbol [23].
The 3j-symbol vanishes,

l l/ l//
(m w' m//>—os (D~8)
unless
m+m +m’" =0, (D.9)

and the triangular condition
—I+0'+1">0,
I-1I"+1">0,

[+0'=1">0 (D.10)
is satisfied. Also,
l 1/ l/l
=0 D.11
(O - ) , (D.11)
unless
[+ +1"=2k k=1,2,... (D.12)

Eq. (D.4) and conditions (D.10)—(D.12) imply diagonal coupling to rigid rotation
around the z-axis

3 \12
m Y/m/ = 1 Omm! —_—
(Simo01|Yrm Sio1) = 61100 (87r>

m

7[1(1_1_ Sk (D.13)

Appendix E. High-viscosity expansion

Egs. (119), (120) imply that the general form of the coefficients in expansions (125)—
(127) is
" a;Ma"
Co = n221=1a - (E.1)
Hj:l(l +c;Ma=?)%
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where C,, = t},"™), N/ or N;™. The coefficients ¢; and d; are the same for all
components of the stress tensor; the positions of the poles ¢; do not depend on m, but
the orders d; are m dependent. Only finite numbers of terms n; and n, contribute to
the numerator and denominator of (E.1) for each m. For m < 5, the nonzero expansion
coefficients C,, are given by Eqs. (128)—(132); the parameters a;, b;, c;, d; for m=5,6,
and 7 are listed in Tables 1-4.

Table 1
Coefficients ¢; and d; in the denominator of Eq. (E.1)

J ¢ dj
m=>5 m=206 m="17
1 5/6 5 4 7
2 9/10 2 2 3
3 9/20 1 2 2
4 13/14 1 1 2
5 13/42 1 1 2
6 13/21 0 1 1
7 17/18 0 0 1
8 17/36 0 0 1
Table 2
Coeflicients a; and b; in the numerator of Eq. (E.1) for m =5
7, N/®
b; a; b; aij
6 —1.1131 5 0.3570
8 3.6160 7 —5.7812
10 1.9948 9 2.7328
12 —1.5908 11 6.0089
14 —0.3417 13 —0.2007
16 2.6853 x 102 15 —0.3754
18 4.1725 x 1073 17 —2.0219 x 1072
19 8.4949 x 10~*
Table 3
Coeflicients @; and b; in the numerator of Eq. (E.1) for m =6
Nz/(6)
b[ a;
7 0.37806
9 —0.12507
11 —0.75966
13 —0.42562
15 —6.4450 x 1072
17 3.4703 x 10~3
19 1.0453 x 10~3

21 42491 x 103




82 J. Blawzdziewicz et al. | Physica A 276 (2000) 50-85

Table 4
Coefficients a; and b; in the numerator of Eq. (E.1) for m =7
), NI
b; a; b; a;
8 —1.3772 7 02777
10 11.671 9 —11.426
12 14.468 11 16.618
14 —29.788 13 80.369
16 —55.012 15 42472
18 —21216 17 —55.718
20 9.6628 19 —65.766
22 9.4622 21 —19.127
24 22531 23 32719
26 —4.9502 x 1072 25 2.9926
28 —0.10447 27 0.5959
30 —1.6134 x 1073 29 2.6721 x 1072
32 —7.0468 x 10—* 31 —5.2951 x 1073
34 2.7259 x 103 33 —6.5709 x 104

According to Eq. (127)
N = L7 (E.2)
for odd m.

Appendix F. Low-Marangoni-number behavior
F.1. Trajectory analysis

For Ma = 0, surfactant is passively convected on the drop interface. Evolution of
surfactant along a streamline on the interface is described by the trajectory equations

do _ u,

— == F.1

dt  sinf’ (F.1)

do

— = F.2

G (F.2)
and the continuity equation

DI

E:_Fvs'usa (F3)

where u, and ug are the spherical components of the interfacial velocity us, and D/Dt¢
is the material derivative.
For two-dimensional external flows (135),

Up = %[il_'cos(Z(p) — o] sinf , (F.4)

up = 177 'sin(20) sin(2¢) , (E.5)
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and
Vs ug=—32; 'sin(2¢)sin°0 . (F.6)

With these expressions, integration of (F.1) and (F.2) yields the trajectory equation
(137), and a subsequent integration of (F.3) yields the stationary surfactant concentra-
tion (136).

F.2. Expansion in Ma

Here, we illustrate certain features of the hierarchy (144) and (145) by constructing
an approximate solution in the subspace of spherical harmonics with / = 2. In this
subspace, with shear flow (62), hierarchy (144) and (145) reduces to

AZmZm/VZ(Z/ +al) =0, i=1,2,... (F.7)
where
-1 —biy" 0
Ay =1 | BI7 0 b7, b=1()"2, (E.8)
0  bi! 1

61 12 !
a5 =i(—> atlo |, (F.9)
5
—1
and
i—1 K L (—1—k
ey 1 il
- ,— i—1 —1/2 5 k) (—1—k k) (j—1—k
A= | |+ s | A g
i—1) k=0 k), (j—1—k
7% 1075
(F.10)
for j=1. In Egs. (F.8)—(F.10) the order of indices is m,m’ = —2,0,2.
From Eq. (F.8),
det [ Asmam'| = 0 . (F.11)

For i =0, Eq. (F.7) has a family of solutions

67[ 1/2 1 3 1/2
0) 0 . 0
Yoy =3, = AT K?> -7 (5) v (F.12)

where y(z%) is arbitrary. At the next perturbation level, the solubility condition of
Eq. (F.7) with i=1 is

Py + ) =0, (F.13)

where

3 6
= 3 +49/2 =_—(3-49)%). F.14
N AL Yl 1) (F.14)
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The solution yg%) = —cy/c; is unphysical, because it yields negative surfactant concen-
tration; thus,
0
7 =0 (F.15)

according to Eq. (F.13). This procedure can be continued recurrently to generate the
solution

yél:)tz _ (:Fi)i(g)i+1/27t1/2/11_(i+l), (F16)

$=0. (F.17)

The corresponding expansions of the shear and normal stresses are

ZZ( 1y (%) : (F.18)

—1
Ny =377 Z( 1yt! (%) , (F.19)

Ny =N, (F.20)

Expressions (F.18)—(F.20) are equivalent to the 0(/11_1) terms (128) and (130) in
expansions (125)—(127) (Figs. 1-5).

The foregoing analysis was extended to matrices truncated at /=2k, where £=2,3. In
each case, a similar structure was found that involves k& coupled quadratic consistency
conditions, and a leading-order solution depending on k constants.
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