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Critical behavior of drops in linear flows. I. Phenomenological theory
for drop dynamics near critical stationary states
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The dynamics of viscous drops in linear creeping flows are investigated near the critical flow
strength at which stationary drop shapes cease to exist. According to our theory the near-critical
behavior of drops is dominated by a single slow mode evolving on a time scale that diverges at the
critical point with exponent 1/2. The theory is based on the assumption that the system undergoes
a saddle-node bifurcation. The predictions have been verified by numerical simulations for drops in
axisymmetric straining flow and in two-dimensional flows with less vorticity than in shear flow.
Application of our theory to the accurate determination of critical parameters is discuss&02
American Institute of Physics[DOI: 10.1063/1.1485076

I. INTRODUCTION becomes unstable at the critical capillary number. The re-

maining stable modes evolve on a fast time scale; thus, at
Emulsion properties, such as rheology, depend strongljong times, they adiabatically follow the evolution of the

on the drop size distribution. Thus, it is important to under-critical slow mode. The details of this analysis are described

stand and predict drop breakup in creeping flows, and therherein.

has been much research on this togias reviewed by

Stoné). Recent studigs include drop breakup in statioRafy,

and t|me—depende?.ft1L 'flows. Some of the research has been”' DEFORMABLE DROPS IN LINEAR FLOWS

focused on the criteria for breakup and some on the drop

fragments produced by individual breakup events. A. Velocity field

In stationary flows, criteria for breakup can be expressed  \ya consider the evolution of a viscous drop with volume

in terms of a critical capillary number, i.e., tlidimension- 47ra% immersed in an unbounded fluid undergoing stationary

les9 flow strength above which no stationary drop shapesgyqies flow. The viscosity of the continuous phasg jsand
exist. The critical capillary number depends on the form ofy, o drop phase is,= 7~ u;. The drop interface has con-
the flow and the viscosity ratio of the drop. In transientg;ont interfacial tensior.

flows, cr.itgr.ia for breakup also depend on the flow history A |inear external velocity field is assumed
and the initial drop shape.

Recently, Navdf explored drop dynamics in a station- Vo= 'yD-r, D
ary axisymmetric straining flow under conditions close to the ) L )
critical capillary number. Using numerical simulations, Wherer is the position,y is the magnitude of the flow, aria
Navot demonstrated that the time scale for drop evolutiort the normalized velocity-gradient tensor. . .
diverges at the critical capillary number with exponent 1/2,  The fluid velocityv and pressure in phase(i) satisfy
and the stationary drop length exhibits a nonanalyticalthe Stokes equations
square-root behavior in the near-critical regime. The main | .y2,_yp=0, V.v=0. )
features of the near-critical drop behavior were qualitatively
exp|ained using a Simp'e One_parameter model W|th drorf\t the drOp interfac@, Velocity field and tangential stresses

shape parametrized by drop length. are continuous, and the jump of normal stresses a@dss
In a recent presentatidfi,we reported similar observa- €dual to the capillary pressure
tions and described a systematic analysis of drop dynamics [n- 7 n]e=2Con, 3)

under near-critical conditions. We showed that in the near-

critical regime, a one-parameter description of drop-shap#herer is the stress tensan, is the outwards normal vector,
evolution holds because of the separation of time scales. Thend C is the local mean curvature. At infinity, the velocity
slow time scale corresponds to a single critical mode thatield v satisfies the boundary condition

V=V,. (4)

dpresent address: Department of Chemical Engineering and Materials Sci- . .
ence, University of Minnesota, 421 Washington Avenue S.E., Minneapolis, Acco@ng t‘_) Eqs.(l)—(4.), drop evolution depends on
MN 55455-0132. the viscosity ration, the capillary parameter
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l T 3 \ ____________________________________ | FIG. 2. Short-time evolution of drop lengttfor initially spheroidal drops
’ \ (7=1) in axisymmetric strainx/xc=1.004. Time-dependent solutions
with different initial conditions(solid lineg; unstable stationary solution

L | (dashed ling

L6 b i 7 an incident flow(1) in the absence of capillary forces, and
/ (b) the second term is the capillary-driven fluid velocity in the
C / . . . . . . . . ] absence of an incident flow.
0 10 20 30 40 Decomposition(6) implies the structure of the evolution
t equation for the array of shape parameters. In dimensionless

. . . . : -1 .
FIG. 1. Drop length versus time for initially spheroidal dropg=(1) in Va”_ables with time nor.mahzed t_)y and distances nor-
axisymmetric strainx/xc=0.998 () and x/xc=1.004 (b), wherexc is ~ Mmalized bya, the evolution equation has the form
given by Eq.(48). Drop length evolution with different initial conditions

(solid lineg; stationary drop lengths.. (dashed lines critical lengthl df _
(dotted ling. ° g = G(H—rH(), 7)

where the functiorG(f) results from the convective velocity
contributionv,,, and the functiorH(f) is associated with the
capillary-driven velocityv,, .

o Explicit expressions for the nonlinear functioBsandH
K= - (5  are known only in the regime of small drop deformations
apay (see Refs. 15 and 160utside this regimeG andH can be

rameters characterizing form of external flow. In the presenf drop behavior near critical stationary states are derived
for given 5 and external flow type. form (7), supplemented by some general assumptions.

B. Evolution of the drop shape lll. NEAR-CRITICAL DROP BEHAVIOR

To characterize the instantaneous drop shape, we intrd Critical capillary parameter

duce an array of shape parameteréAn example is the set According to experimental and numerical restilfsy a

of expansion coefficients of the radial coordinate of the in-given Viscosity ratio and flow type, there is a range of cap-
terface into spherical harmoni¢s!9 The general arguments jllary numbers for which stable stationary drop shapes exist.
presented in this paper, however, are independent of the parypically, stable stationary solutions form a continuous

ticular choice off. branchfy="f.(x) that exists for
The evolution of the drop shape results from the motion

of the interface with the fluid velocity. The velocity field is K=>Ke, (8)
nonlinear inf, but for a given drop shape the boundary-valuewhere . is the critical value of the capillary parameter.
problems(2)—(4) is linear. Thusy can be decomposed into Herein, we consider this case.

convective and relaxation parts

. 1 B. Drop evolution in the near-critical regime
V:a'yv-y—’_ M1 O.VU" (6) . .
Some general features of drop behavior in the near-

where the first term represents the velocity field produced byritical regime are illustrated in Figs. 1-3, where evolution
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0.2 | ' ' ' ' A 7 capillary parame_ter. Fok= k¢, the three portions of the

\ / // continuous curvé (1) that correspond to different long-time

trajectoried =1;(t) were obtained using different initial con-

0.08 | \ / / . ditions (a sphere foi =1, and elongated spheroids with dif-
' / / ferent lengths foi =2 andi=3).

The results presented in Figs. 1-3 suggest that a saddle-
node bifurcatio®® occurs atk=«c. In the following sec-
tions, we develop an appropriate phenomenological descrip-
tion.

IV. SLOW MODE DESCRIPTION

A. Expansion of the evolution equation

To characterize drop behavior in the near-critical regime,
Eq. (7) is expanded in a Taylor series around the critical
FIG. 3. Rate of change of drop lengthversus drop length for viscous stationary shape
drops (p=1) in axisymmetric strain. Long-time evolutiofsolid lines; fo—f
short-time evolution for different elongated initial drop shagdashed c=fs(xc).

lines). Val f labeled. . .
ineg). Values of«/ k¢ as labeled A regular expansion in

Sf=f—f¢ (13

of the drop length, normalized by the drop diameter, & yields
shown for a drop withy=1 in axisymmetric straining flow

- d & W
Vo= y(z€&,~ 3p€,). ©) gt o= G(fe) — xH(fc) +[G(fe) — kH(fe) ] - of

Here (p,z) are cylindrical coordinates, ang,, e, are the 1r ~(2 2 )

corresponding unit vectors. The numericglej)results presented + 1 GW(fo) — kHB(fe)]: 6 of + -+, (14)

in Figs. 1-3 were obtained using a boundary-integralyhereA") denotes théth derivative ofA with respect td.

algorithm:’ The critical drop shap. is stationary ak = «c, which
In Fig. 1(a), drop-length history is shown for a subcriti- yjelds

cal value of the capillary parametet<«.. No stationary

states exist in this case, and the length increases continuously G(fc) = xcH(fc)=0. (15

(until the drop breaks In contrast, two stationary drop pqr > .. there exist a branch of stationary shafigl)
shapes exist for supercritical values of capillary parametef 4t are stable to small perturbations, which indicates that all
K>Kc, @s shown in Fig. (). The results |nd|cqte that the eigenvalues,; of the matrixGM(fy) — kHD(f.) have nega-
stationary shape with the smaller lengths|_, is stable, (e real parts. Based on our numerical results, we assume

and the shape with the larger lengls;1 . , is unstable. that only a single mode becomes unstable at the critical state.
The results presented in Fig(kl and the detail of the Accordingly, atk= k¢

initial evolution shown in Fig. 2 indicate that the drop

evolves on two distinct time scales in the near-critical re- A1=0 (16)
gime. At short times, evolution occurs on the capillary- and

relaxation time scale

(12

. < i= -
r=(ry) L (10) Re(\j)<0, i=2,3, , a7
Afterwards, the drop evolves on a much longer time scale.Where
In the long-time regime, drop evolution is insensitive to [GD(fo)— kcHP(fo)]-gi=Nig: (18)

the details of the initial conditions, as illustrated in Fig. 2. ) o
For k<k¢ the long-time portion of the trajectory corre- with eigenvectorsy; forming a(nonorthogonalbasis in the

sponds to a unique sequence of states.&vikc, after the ~SPace of shape parameters.
long-time regime has been achieved, the drop evolves along EQquations(14)—(18) imply that for x~«c drop-shape

one of the three trajectorids=1,(t), where perturbations are naturally decomposed as
L<l_, 1_<lL,t<l,, lyt)>l,, (11) of = of+ of¢, (19
as seen in Fig. 1. into the slow mode

This behavior is further illustrated in Fig. 3, where the

relation between drop lengthand its time derivative is
shown for a subcritical, critical, and supercritical value of theand fast modes

6fs=6f 01, (20)
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)

Sf=>, of (22) t' =7l [of5=h. [0 (30)
= iYi - € =T IN———

f ~, i9i 0 |5fs—h,|g*(5)

The time scale for the evolution of the slow mode divergesfOr K> Ke, and

for k— k¢ according to Eq.(16); in contrast, fast modes

always evolve on the nonsingular capillary-relaxation time et' =27, arctarﬁhgl(éf_;r ehl)]—eqroln(5?§+ hS)
scale(10). This separation of the time scales results in sim- (31)
plified drop dynamics in the near-critical regime: After an

initial equilibration on the capillary time scale, fast modesfor k<«c, where

follow the evolution of the slow mode in a quasistatic way, ,
and can thus be eliminated from the evolution equations. t=t-t (32

As shown in Appendix 1, the elimination of the fast 5 the time shifted by the integration constagt
modes yields a closed evolution equation for the amplitude

of the slow mode. To the leading order we obtain To=13(CoC,p) 2, (33
T Ofe=e(—say+c,o72) and
_ g:(e)=1%qe (34)
+€2(s¢,8f s+ C36f2) +O(€d), (22) _
with
where
e=|k—Ke|12 23 q=cd%, ¥%c;. (35)
S=sign(k— k¢), (24) For small perturbations from the stationary states, Eq.
L (30) reduces to
of = edfs. (25 _
— ~ -+
The constantsy, . .. C; are given by Eqs(A11)—(A14) in Ofshe~exp(=r.), (36
terms of components of the evolution opera®f8 andH").  \where the time scale is
A discussion of the higher-order terms in the slow-mode evo-
lution equation(22) is presented in Appendix 2. T.=€ 'g.(€) 7. (37

Equation(36) indicates thah_ is stable andh, is unstable.
Drop evolution is slow in the near-critical regime, because
the time scale$37) diverge fore—0.

According to our assumptions, a stable stationary drop  Relations(30) and(31) can be inverted; here we present
shape exists fok> k¢ (i.e.,s=1), which yields a constraint only the leading-order results. For supercritical values of the

B. Dynamics of the slow mode
1. Stationary solutions

Co/Cy>0, (26) capillary parameter, Eq30) yields
for the coefficients in Eq(22), wherec,>0 by an appropri- Sfe=—hocothet'/75), &fd>hg; (38)
ate choice of the sign of the basis vectpr
For k> «c, EQ. (22) has two stationary solution8f ofs=—hptanhet'/7y), —hy<ésfs<h,. (39
=h. that are nonsingular foe—0 _
. ) The solution(38) has two branches: the branth>0 (6fg
h.==hy+eh;+0O(€%), (27) <—hg) corresponds to trajectory in Fig. 1, whereas the
where brancht’ <0 (8fs>hg) corresponds to trajectoty. The so-
oo\ 12 lution (39) has one branch, which corresponds to the trajec-
ho= (—°> , (28)  toryl,. For subcritical values of the capillary parameter, Eq.
C2 (31) yields
1 ( C; C3 2) _
hi=— 5| =+ =hg|. (29 Sfs=hgtanet’/27g), (40
2\c, ©y

As shown in the following subsectioh, is stable andh, is ~ which has the asymptotic behavidifs—+%= for et'/,
unstable. Foik— k¢ the two stationary drop shapes merge — = 7.

according to(25), and there are no stationary solutions for
Kk<Kc. C. Parameter choice

To characterize near-critical drop behavior in computer
simulations or in an experiment, an appropriate measurement

Integration of Eq.(22) yields implicit relations for the of the slow-mode amplitude is needed. However, the explicit
time-evolution of the slow mode. The result, accurate toform of the slow mode is usually unknown or difficult to
O(e), is obtain.

2. Time-dependent behavior
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The slow mode decompositiof14)—(21) can be per- ' ' ' ' ' '
formed analytically for nearly spherical critical drop shapes 22 ¢
(e.g., high viscosity drops in near-straining floyysand ex-
plicit expressions for the coefficients, . . . ,c3 can be ob-
tained in this case. For higher drop deformations, the linear-
perturbation problen{16)—(18) can be solved numerically,
but evaluation of higher-order terms would be difficult. Di- j 18T
rect experimental measurement of the form of the slow mode
is also difficult. 16 |

An explicit determination of the slow mode is, however,
unnecessary: The critical drop behavior can be observed us

201

ing any shape parameter L4 F
I=I(f) (41
1.2 . . . : . ‘
that has a sufficiently strong dependencedbn 8.5 9 9.5 10
To characterize the critical behavior of a paramétere K

expand it around the critical shafe. The fast modesf; are
then eliminated using quasistatic relatighl0). The result-
ing expansion of is

I=lc+edl, (42
where

lc=1(fc) (43
and

Sl =a, 6f o+ e(s3y+a,5f2) + O(€2), (44)

with a;>0 assumed. Using relatio@4) to eliminate 5f_s

FIG. 4. Stationary drop length versus capillary parameter. Numerical results
for stable length _ (diamondg, unstable length, (triangles. Expansion in
powers ofe, with expansion coefficients corresponding to solid lines in Fig.
5, truncated aD(e) (solid line), at O(e?) (dashed ling at O(e®) (dotted
line).

k= k¢ . Accordingly, after the fast modes are relaxed, the

drop evolution is fully characterized by the amplitude of a

single slow mode. The critical capillary number corresponds
to | =0 at the minimum of the phase-space relatieni (1).

For x>k, there is one stable and one unstable stationary

from Eqg.(22), the long-time evolution equation for the shape state.

parameters| is obtained,

d _ _
Gt 01 = e(—sho+ by 6l 2)+ €%(sby 8l +b361%) + O(€%).
(45)

This equation has the same form as the slow-mode evolution
the stationary and time-

equation (22). Accordingly,
dependent solutions derived in Sec. IV B applydig after
the substitution of the coefficients for c;.

With an appropriate choice of the shape paramietire

In the remaining part of the present section, we describe
detailed quantitative tests of the theory.

1. Drop behavior near stationary states

We first consider the stable and unstable stationary drop
lengthsl _ and|, . Stationary lengths versus capillary pa-
rameter are shown unscaled in Fig. 4, and rescaled in Fig. 5.
As discussed in Appendix 2, the rescaled stationary length
difference

values of the coefficientb; can be extracted from experi-

mental or numerical data without a detailed knowledge of the  d= %e (1, —1_), (46)
slow mode form. In this paper, critical drop behavior is

shown using the drop lengtthormalized by the diameter and the average length

2a) as the parametdr Drop length exhibits strong depen- L=11,+1), (47)

dence on the critical mode and is convenient to monitor. ) ) o
are regular functions ot. Numerical results shown in Fig. 5

are consistent with this behavior. The linear asymptotic form

V. NUMERICAL RESULTS of d, as plotted in Fig. &), corresponds to

Our phenomenological theory has been tested using re- x.=8.315. (48)
sults of numerical simulations. In Sec. V A, a detailed analy- . N .
sis is given for a drop withy=1, in axisymmetric straining The Imes in Figs. &) and §b) represent the asymptotic
flow. Near-critical drop behavior in two-dimensional linear behavior
flows is discussed in Sec. V B. d=1,;+l3(k—kc), L=lg+ls(k—xc), (49
A. Axisymmetric linear flow where the values

lo=1.700 (50)

Numerical results presented in Sec. Ill B show that the
essential features of our system are consistent with predider the critical length, andl,;=0.3426, 1,=0.0548, |,
tions based on the assumption of a saddle-node bifurcation & —0.0117 are obtained by matching to the numerical data.
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0.34
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8.5 9 95 10
1.8 . : . . . K
FIG. 6. Inverse time scalg1) for the evolution near the stable and unstable
stationary states. The meaning of symbols as in Fig. 4, except that the results
178 L ] are fora.. , and the expansion coefficients correspond to the lines in Fig. 7.
176 | . 1 are regular ink, as discussed in Appendix 2 and illustrated
L in Fig. 7. The rescaled time-scale differen¢&2) shown
in Fig. 7(@ corresponds to the critical valud48)
174 ¥ ¢ 1 of the capillary parameter, consistently with the stationary
1'72 i ] T T T T T T
(b)
107 } .
17 . . . . .
0 0.5 1
K — Kc 1.06
FIG. 5. Rescaled drop length different®, and average drop-lengti),
versus k— k¢ . Numerical results(diamond$;, asymptotic behavior(49) )
(solid lines. 1.05
. . 1.04
The results(48) and (50) are consistent with the values re-
ported by Navot3 The approximations accurate up@q e®)
for 1 _ andl ., with the coefficients given above, are shown 1,03
in Fig. 4. ’ o

Next we consider the inverse time scales ' ' ' ' ' '

» L (b) |

ar=*7,."7, (51)

0.1 1
which characterize the slow-mode behavi@6) near the |
stable and unstable stationary states. These time scales, o
tained from an analysis of the exponential evolution of theA 02 .
drop length forl~I_., are shown unscaled in Fig. 6, and |
rescaled in Fig. 7.

The behavior of the time scales in the near-critical re- 0.3 e .
gime is analogous to the behavior of the stationary drop |
lengths. The rescaled quantities

04 .

5=z Ya,—a) (52) . . . . .

0.5 1 1.5
and

A= %(a++a_)

(53

K — K¢
FIG. 7. Rescaled inverse time scale differef@e and average inverse time

scale(b), versusk — k¢ . Numerical resultédiamond$; asymptotic behavior
(54) (solid lines.
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FIG. 9. Same as Fig. 8, except that<I<I, .

mode parameteff represented by drop length is nonex-
ponential. Exact values were used for the paramétei@nd
a-, as determined from the long-time asymptotic behavior
(36). The comparison between approximati@0) and the
numerical results is presented in Figs. 8 and 9.

The results forl<l _ are shown in Fig. &. Time is
shifted so that Eq30) and the numerical values coincide for
larget’. The left ends of the curves representing the simula-
tion correspond to the initial spherical drop shape. The the-
et' /1o oretical curves for the slow-mode evolution are truncated at

t'=4r,.
FIG. 8. Drop length versus rescaled time foxl_ (a), and I>1, (b). : : :
Numerical results(solid lineg; expression(30) (dotted lines. Values of The results fo">|+ are shown in Fig. 6))' Here, time

«l ¢ as labeled. is shifted so that Eq30) and the numerical values coincide
for large negative values df . Fort’—0, the theoretical

curves are truncated fdvl,>1.5, wherel, is the critical
results. The lines in Figs. (@ and 7b) represent the |ength(50).

asymptotic behavior

In(l —1,)

2.5 -2 -1.5 -1 -0.5 0

The results corresponding to the nonlinear portions of
S=a;+asz(k—ke), A=ay(k—kc), (54)  the curves indicate that approximati¢80) is valid in the
nonexponential regimes, provided that fast modes have re-
laxed, and the perturbation from the critical state is suffi-
ciently small.(By construction, the numerical results and the
asymptotic predictions coincide in the exponential regimes
%—>i00.)

where a;=1.035, a,= —0.259, anda3=0.018.(The value
reported by Navdt for the coefficient corresponding te; is
20% smallen.

The error bars in Figs. 4—7 represent numerical error

estimated by comparing the values lof and «.. obtained Figure 9 presents drop evolution for <1<l . In this

from analyses of the dynamics just below and just above thease a transition between two exponential asymptotic behav-
stable and unstable stationary states. In most cases, the ertgr e P ymp

bars are invisible on the scale of the figures, except in Figs'.Ors occurs; accordingly, the plot of [, —1)/(1-1.)] is

5(a) and 7a), where the inaccuracies are magnified by theshown. Time is shifted so that the numerical and theoretical
factor e * in Eqgs.(46) and(52). Occasional large error bars curves match at’=0. The results indicate that approxima-

reflect numerical noise generated by interface remeshing. t1°N (30) is accurate up to moderate values:of «c . _
For k<kc, there are no stationary drop shapes. In this

2. Drop evolution regime, numerical results for drop length are compared to the
The theoretical predictions given in Sec. IV B 2 will leading-order solutiori40) and the first-order solutio(B1),
now be compared to our numerical results for the dropwith parameter values obtained from the expansid8sand
length evolution. (54). The plot of drop length versus the rescaled time
For k> k¢, we focus on the intermediate long-time re- is shown in Fig. 10 for several values of the capillary
gime, where the evolution predicted by E§0) (with slow-  parameter.
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FIG. 10. Drop length versus rescaled time. Numerical regstifid line);
leading-order approximatiofaotted ling; first-order approximatiodashed

line). Values ofx/xc as labeled. FIG. 12. Stable stationary drop length different¥ (diamonds, inverse

square relaxation time (square and minimum elongation raiiemn (tri-
angles versus capillary parameter. Results from boundary-integral simu-
lations in two-dimensional flow55) with 3=0.9 and viscosity ratiop=1.

B. Two-dimensional linear flows Solid lines depict the linear asymptotic behavi¢3) and (59).

We performed three-dimensional boundary integral
simulations® of drop evolution in two-dimensional linear

flows analogous to those shown in Figiagfor the axisymmetric

Vo= 3/ (14 B)ye + (1—/3)xéy], (55) sFraining flow. Within the resolution of our three-dimensio_nal
) o ) simulations, we were able to determine only the leading-

where 8 is the vorticity parameter,x(y,z) are Cartesian o ger coefficientr, in the expansion of the characteristic
coordinates, ané,, e, are unit vectors in the andy direc-  time 7_. Thus, the leading-order approximatign (€)= 1
tions. Expressioli55) with S=1 corresponds to a shear flow \as used in the plot of theoretical expressi@0). For the
in x direction and3=0 to a two-dimensional strain. Ex- unstable stationary length we used=2l,—1_, which is
amples illustrating typical near-critical drop behavior in the leading-order term in the expansié#9) of the length
flows (55) are shown in Figs. 11 and 12 fg8=0.9 and differenced. The results in the nonlinear range of the curves,
viscosity ration=1. corresponding to drop behavior for moderate times, are sen-

Figure 11 illustrates evolution of initially spherical drops sitive to the values of parametefrs andl,. These param-
with k> k¢ toward the stable stationary state. The results areters were obtained from the analysis of the long-time be-
havior of the drop length. The scatter of the results in the
nonlinear range stems from numerical inaccuracies.

For k> k¢, Fig. 12 shows thec dependence of the in-
\ N verse square relaxation time> and the stationary-length
0t \\ N\ . 1 parameter
b \\\ M o ] AIZ=(1_~1lo) (56)
T S “‘\.\1,01 (where the same value df was used as in Fig. 11At
2y \\\ \\\ \*xf \\\- leading order these quantities are lineasin= x — k¢,
= A \{-005, T~ 2 = 025K+0(5k%?)
— 5 | . \\6’\ ‘\\{ a” = aj0K K s
i 5
\\1-0012 T A12=125k+0(8k%?), &7
< -
4T ~ according to Egs(52—(54) and (46), (47), (49). For «
- <kc, Fig. 12 shows the minimal elongation rate on a drop
5 . " . : : trajectory
0 0.5 1 L5 2 2.5 3
/T | min=min(dl/dt), (58)

FIG. 11. Evolution of drop length in linear flowss) with =09 and  Which behaves as
viscosity ration=1 in the regimel <|_ . Numerical resultgsolid lines; .
expressior(30) (dotted lines. Values ofx/ k¢ as labeled. | min="bodk+O(5k?), (59
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according to Eg.(45). Within numerical accuracy, the ACKNOWLEDGMENTS
straight lines representing the asymptotic behavib and

(59 correspond to the same value of the critical capillary
NASA Grant No. NAG3-2704; V.C. was supported by NASA

parametem.=2.96.
The results shown in Figs. 11 and 12, as well as numeriSrant No. NAG3-1935.

cal simulations for other values of the viscosity ratjcand

vorticity parametelB (up to 3=0.98), show that the saddle-

node bifurcation mechanism described in the present pap@PPENDIX: EVOLUTION EQUATION FOR THE SLOW
holds for drops in two-dimensional linear flows with<1. MODE

However, numerical results for drops in shear flog=1) I

suggest that the near-critical behavior may be distinct. Thes%z' Derivation of Eq. (22)
results indicate that away from the near-critical regime drops  Two coupled evolution equations for the slow and the
in shear exhibit damped oscillations associated with twdast modes are derived by applying to both sides of (E4)
complex conjugate modéS8 although we were unable to de- projection operatorﬁ’S and ﬁ’f onto subspace®0) and(21)
termine whether the eigenvalues remain complex or become

real asx approaches the critical value. aé\fsz — SkH— SkHD. of

J.B. was supported by NSF Grant No. CTS-9624615 and

+ 3(B® - 5kHP): 6f 8F+- -+, (A1)
VI. CONCLUSIONS

d
— 8fi=— SkH+ BV 8f— skH{). of

Our study provides a phenomenological framework for at

describing the dynamics of drops in creeping flows under

near-critical conditions. In the near-critical regime, drop be- + 3(B®— skH@): 5 f+ -+, (A2)
havior is dominated by the evolution of a single slow mode,

and at the critical point the system undergoes a saddle-nod#here ok =«—«c,

bifurcation. Thus, the transient dynamics and stationary g —G(1)— , H®, (A3)
states are characterized by the classical critical exponent 1/2,

in analogy to the Landau theory of phase transitions. ouand

theory is useful for accurately extracting critical parameter _B _

. ) 4 . =P,A, a=s,f (A4)
values from numerical simulations and experimental data us-
ing, e.g., asymptotic relation®7) and(59). (with A=f,H,B, ...). The operator§&s, H, B are evaluated

The predicted bifurcation mechanism has been verifiedt f=fc. Equations(Al) and (A2) were simplified using
by numerical simulations for drops in axisymmetric strainingrelation(15), and the identities
flow and in two-dimensional flows with rotation parameter BWf=0 BWf.=0 (A5)
B=0.98. We expect that our theory applies to a broad class S oo s
of flow types, with possible exceptions such as simple sheaFhese identities follow froni16) and the observation that the
flow, where a different mechanism may occur according tssubspaceg; andf; correspond to different eigenvalues of the
our numerical simulations. operatorB(®).

In linear flows with nonzero vorticity, drop rotation pro- Equation(A2) indicates that, at the leading order di,
vides a stabilizing mechanism even in the absence of capithe evolution of the fast mode near the stationary state is
lary forces'®?! As a result, there exists a critical viscosity governed by the constant termdxH; and the linear term
ratio 7c, such that forp<< 5 (high-viscosity dropgstation- B%l)-ﬁff. In contrast, the linear term is missing from Eq.
ary states occur at arbitrary strain rates. An extension of oufAl) at the leading order; thus, the evolution of the slow
formalism to describe the near-critical behavior of drops formode is governed by the constant term and the quadratic
n~7c, as well as the dependence g§ on the flow type, term in of. Accordingly, the following scalings are appro-

will be presented elsewhere. priate for the slow and the fast modes
In a recent presentatidh, multiple stable stationary _
states were shown to occur for high-viscosity drops in two- ofs=edfs, (A6)

dimensional flows with weak vorticity. Under these condi- Sf— 25, (A7)
tions, there exists a branch of stationary solutions that is =€l
limited at both endsxi>«>«kc, in contrast to Eq(8).  wheree is given by Eq.(23). In the rescaled variables, the
With minor modifications, the theory developed herein ap-leading-order terms in the evolution equations for the slow
plies to both near-critical regions~ k¢, k¢ . and the fast modes are
Our approach may be useful for analyzing the dynamics
of polymer molecules undergoing coil-stretch transitions in  — sf = e(—sH+ $BP): 5f, 5fy) + 2(— sHY. 5f
external flows’>2*These transitions result from the interplay t
between entropically driven relaxation and convection by an 2. o o 1o3). o o o 3
imposed flow?® The essential mechanism is thus similar to +BY 16t of st §BLY: 8f of o) + O(€7),
the one studied herein. (A8)

Downloaded 09 Dec 2002 to 130.132.94.248. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



2718 Phys. Fluids, Vol. 14, No. 8, August 2002 Btawzdziewicz, Cristini, and Loewenberg

d — — a.=2ech.+e%y' (h. e), A18
a(‘)‘ff:_SHf‘i‘Bgl)'&ff - 2 w( - ) ( _)

where the prime denotes the derivative with respecifta
I %B@ : 5f_55f_s+0(e), (A9) Symmetry relationgA16) and (A17) thus imply that

wheres is defined by(24). a()=a(~e), (A19)
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