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Critical behavior of drops in linear flows. I. Phenomenological theory
for drop dynamics near critical stationary states
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The dynamics of viscous drops in linear creeping flows are investigated near the critical flow
strength at which stationary drop shapes cease to exist. According to our theory the near-critical
behavior of drops is dominated by a single slow mode evolving on a time scale that diverges at the
critical point with exponent 1/2. The theory is based on the assumption that the system undergoes
a saddle-node bifurcation. The predictions have been verified by numerical simulations for drops in
axisymmetric straining flow and in two-dimensional flows with less vorticity than in shear flow.
Application of our theory to the accurate determination of critical parameters is discussed. ©2002
American Institute of Physics.@DOI: 10.1063/1.1485076#
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I. INTRODUCTION

Emulsion properties, such as rheology, depend stron
on the drop size distribution. Thus, it is important to und
stand and predict drop breakup in creeping flows, and th
has been much research on this topic~as reviewed by
Stone1!. Recent studies include drop breakup in stationary2–6

and time-dependent7–12flows. Some of the research has be
focused on the criteria for breakup and some on the d
fragments produced by individual breakup events.

In stationary flows, criteria for breakup can be expres
in terms of a critical capillary number, i.e., the~dimension-
less! flow strength above which no stationary drop shap
exist. The critical capillary number depends on the form
the flow and the viscosity ratio of the drop. In transie
flows, criteria for breakup also depend on the flow histo
and the initial drop shape.

Recently, Navot13 explored drop dynamics in a station
ary axisymmetric straining flow under conditions close to
critical capillary number. Using numerical simulation
Navot demonstrated that the time scale for drop evolut
diverges at the critical capillary number with exponent 1
and the stationary drop length exhibits a nonanalytic
square-root behavior in the near-critical regime. The m
features of the near-critical drop behavior were qualitativ
explained using a simple one-parameter model with d
shape parametrized by drop length.

In a recent presentation,14 we reported similar observa
tions and described a systematic analysis of drop dynam
under near-critical conditions. We showed that in the ne
critical regime, a one-parameter description of drop-sh
evolution holds because of the separation of time scales.
slow time scale corresponds to a single critical mode t

a!Present address: Department of Chemical Engineering and Materials
ence, University of Minnesota, 421 Washington Avenue S.E., Minneap
MN 55455-0132.
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becomes unstable at the critical capillary number. The
maining stable modes evolve on a fast time scale; thus
long times, they adiabatically follow the evolution of th
critical slow mode. The details of this analysis are describ
herein.

II. DEFORMABLE DROPS IN LINEAR FLOWS

A. Velocity field

We consider the evolution of a viscous drop with volum
4
3pa3 immersed in an unbounded fluid undergoing station
Stokes flow. The viscosity of the continuous phase ism1 and
the drop phase ism25h21m1. The drop interface has con
stant interfacial tensions.

A linear external velocity field is assumed

v05ġD•r , ~1!

wherer is the position,ġ is the magnitude of the flow, andD
is the normalized velocity-gradient tensor.

The fluid velocityv and pressurep in phase~i! satisfy
the Stokes equations

m i¹
2v2¹p50, ¹•v50. ~2!

At the drop interfaceS, velocity field and tangential stresse
are continuous, and the jump of normal stresses acrossS is
equal to the capillary pressure

@n•t•n#S52Csn, ~3!

wheret is the stress tensor,n is the outwards normal vector
and C is the local mean curvature. At infinity, the velocit
field v satisfies the boundary condition

v5v0 . ~4!

According to Eqs.~1!–~4!, drop evolution depends on
the viscosity ratioh, the capillary parameter

ci-
s,
9 © 2002 American Institute of Physics

IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



-
en
n

tr
t
in
s
p

io

ue
o

b

d
e

n
less
-

y

ns

res
ved
ral

p-
ist.
us

r.

ar-
on

s

2710 Phys. Fluids, Vol. 14, No. 8, August 2002 Bławzdziewicz, Cristini, and Loewenberg
k5
s

am1ġ
~5!

~the inverse capillary number!, and four dimensionless pa
rameters characterizing form of external flow. In the pres
paper, we examine the dependence of drop evolution ok,
for given h and external flow type.

B. Evolution of the drop shape

To characterize the instantaneous drop shape, we in
duce an array of shape parametersf. ~An example is the se
of expansion coefficients of the radial coordinate of the
terface into spherical harmonics.15,16! The general argument
presented in this paper, however, are independent of the
ticular choice off.

The evolution of the drop shape results from the mot
of the interface with the fluid velocityv. The velocity field is
nonlinear inf, but for a given drop shape the boundary-val
problems~2!–~4! is linear. Thus,v can be decomposed int
convective and relaxation parts

v5aġvġ1m1
21svs , ~6!

where the first term represents the velocity field produced

FIG. 1. Drop length versus time for initially spheroidal drops (h51) in
axisymmetric strain;k/kC50.998 ~a! and k/kC51.004 ~b!, wherekC is
given by Eq.~48!. Drop length evolution with different initial conditions
~solid lines!; stationary drop lengthsl 6 ~dashed lines!; critical length l 0

~dotted line!.
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an incident flow~1! in the absence of capillary forces, an
the second term is the capillary-driven fluid velocity in th
absence of an incident flow.

Decomposition~6! implies the structure of the evolutio
equation for the array of shape parameters. In dimension
variables with time normalized byġ21 and distances nor
malized bya, the evolution equation has the form

df

dt
5G~ f!2kH~ f!, ~7!

where the functionG(f) results from the convective velocit
contributionvġ , and the functionH(f) is associated with the
capillary-driven velocityvs .

Explicit expressions for the nonlinear functionsG andH
are known only in the regime of small drop deformatio
~see Refs. 15 and 16!. Outside this regime,G andH can be
evaluated numerically. In the present work, essential featu
of drop behavior near critical stationary states are deri
from the drop-shape evolution equation in its most gene
form ~7!, supplemented by some general assumptions.

III. NEAR-CRITICAL DROP BEHAVIOR

A. Critical capillary parameter

According to experimental and numerical results,1 for a
given viscosity ratio and flow type, there is a range of ca
illary numbers for which stable stationary drop shapes ex
Typically, stable stationary solutions form a continuo
branchfst5fst(k) that exists for

k.kC , ~8!

where kC is the critical value of the capillary paramete
Herein, we consider this case.

B. Drop evolution in the near-critical regime

Some general features of drop behavior in the ne
critical regime are illustrated in Figs. 1–3, where evoluti

FIG. 2. Short-time evolution of drop lengthl for initially spheroidal drops
(h51) in axisymmetric strain,k/kC51.004. Time-dependent solution
with different initial conditions~solid lines!; unstable stationary solution
~dashed line!.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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of the drop length, normalized by the drop diameter 2a, is
shown for a drop withh51 in axisymmetric straining flow

v05ġ~zêz2
1
2rêr!. ~9!

Here (r,z) are cylindrical coordinates, andêr , êz are the
corresponding unit vectors. The numerical results prese
in Figs. 1–3 were obtained using a boundary-integ
algorithm.17

In Fig. 1~a!, drop-length history is shown for a subcrit
cal value of the capillary parameter,k,kC . No stationary
states exist in this case, and the length increases continuo
~until the drop breaks!. In contrast, two stationary dro
shapes exist for supercritical values of capillary parame
k.kC , as shown in Fig. 1~b!. The results indicate that th
stationary shape with the smaller length,l 5 l 2 , is stable,
and the shape with the larger length,l 5 l 1 , is unstable.

The results presented in Fig. 1~b! and the detail of the
initial evolution shown in Fig. 2 indicate that the dro
evolves on two distinct time scales in the near-critical
gime. At short times, evolution occurs on the capillar
relaxation time scale

tk5~kġ !21. ~10!

Afterwards, the drop evolves on a much longer time sca
In the long-time regime, drop evolution is insensitive

the details of the initial conditions, as illustrated in Fig.
For k,kC the long-time portion of the trajectory corre
sponds to a unique sequence of states. Fork.kC , after the
long-time regime has been achieved, the drop evolves a
one of the three trajectoriesl 5 l i(t), where

l 1~ t !, l 2 , l 2, l 2~ t !, l 1 , l 3~ t !. l 1 , ~11!

as seen in Fig. 1.
This behavior is further illustrated in Fig. 3, where th

relation between drop lengthl and its time derivativel̇ is
shown for a subcritical, critical, and supercritical value of t

FIG. 3. Rate of change of drop lengthl̇ versus drop lengthl for viscous
drops (h51) in axisymmetric strain. Long-time evolution~solid lines!;
short-time evolution for different elongated initial drop shapes~dashed
lines!. Values ofk/kC as labeled.
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capillary parameter. Fork>kC , the three portions of the
continuous curvel̇ ( l ) that correspond to different long-tim
trajectoriesl 5 l i(t) were obtained using different initial con
ditions ~a sphere fori 51, and elongated spheroids with di
ferent lengths fori 52 andi 53).

The results presented in Figs. 1–3 suggest that a sad
node bifurcation18 occurs atk5kC . In the following sec-
tions, we develop an appropriate phenomenological desc
tion.

IV. SLOW MODE DESCRIPTION

A. Expansion of the evolution equation

To characterize drop behavior in the near-critical regim
Eq. ~7! is expanded in a Taylor series around the critic
stationary shape

fC5fst~kC!. ~12!

A regular expansion in

df5f2fC ~13!

yields

d

dt
df5G~ fC!2kH~ fC!1@G(1)~ fC!2kH(1)~ fC!#•df

1 1
2@G(2)~ fC!2kH(2)~ fC!#:df df1•••, ~14!

whereA( i ) denotes thei th derivative ofA with respect tof.
The critical drop shapefC is stationary atk5kC , which

yields

G~ fC!2kCH~ fC!50. ~15!

For k.kC there exist a branch of stationary shapesfst(k)
that are stable to small perturbations, which indicates tha
eigenvaluesl i of the matrixG(1)(fst)2kH(1)(fst) have nega-
tive real parts. Based on our numerical results, we ass
that only a single mode becomes unstable at the critical s
Accordingly, atk5kC ,

l150 ~16!

and

Re~l i !,0, i 52,3, . . . , ~17!

where

@G(1)~ fC!2kCH(1)~ fC!#•gi5l igi , ~18!

with eigenvectorsgi forming a ~nonorthogonal! basis in the
space of shape parameters.

Equations~14!–~18! imply that for k'kC drop-shape
perturbations are naturally decomposed as

df5dfs1dff , ~19!

into the slow mode

dfs5d f sg1 , ~20!

and fast modes
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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dff5(
i 52

`

d f igi . ~21!

The time scale for the evolution of the slow mode diverg
for k→kC according to Eq.~16!; in contrast, fast modes
always evolve on the nonsingular capillary-relaxation tim
scale~10!. This separation of the time scales results in si
plified drop dynamics in the near-critical regime: After a
initial equilibration on the capillary time scale, fast mod
follow the evolution of the slow mode in a quasistatic wa
and can thus be eliminated from the evolution equations

As shown in Appendix 1, the elimination of the fa
modes yields a closed evolution equation for the amplitu
of the slow mode. To the leading order we obtain

d

dt
d f̄ s5e~2sc01c2d f̄ s

2!

1e2~sc1d f̄ s1c3d f̄ s
3!1O~e3!, ~22!

where

e5uk2kCu1/2, ~23!

s5sign~k2kC!, ~24!

d f s5ed f̄ s. ~25!

The constantsc0 , . . . ,c3 are given by Eqs.~A11!–~A14! in
terms of components of the evolution operatorsG( i ) andH( i ).
A discussion of the higher-order terms in the slow-mode e
lution equation~22! is presented in Appendix 2.

B. Dynamics of the slow mode

1. Stationary solutions

According to our assumptions, a stable stationary d
shape exists fork.kC ~i.e., s51), which yields a constrain

c0 /c2.0, ~26!

for the coefficients in Eq.~22!, wherec0.0 by an appropri-
ate choice of the sign of the basis vectorg1.

For k.kC , Eq. ~22! has two stationary solutionsd f̄ s

5h6 that are nonsingular fore→0

h656h01eh11O~e2!, ~27!

where

h05S c0

c2
D 1/2

, ~28!

h152
1

2 S c1

c2
1

c3

c2
h0

2D . ~29!

As shown in the following subsection,h2 is stable andh1 is
unstable. Fork→kC the two stationary drop shapes mer
according to~25!, and there are no stationary solutions f
k,kC .

2. Time-dependent behavior

Integration of Eq.~22! yields implicit relations for the
time-evolution of the slow mode. The result, accurate
O(e), is
Downloaded 09 Dec 2002 to 130.132.94.248. Redistribution subject to A
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et85t0 ln
ud f̄ s2h1ug1(e)

ud f̄ s2h2ug2(e)
~30!

for k.kC , and

et852t0 arctan@h0
21~d f̄ s1eh1!#2eqt0 ln~d f̄ s

21h0
2!

~31!

for k,kC , where

t85t2t0 ~32!

is the time shifted by the integration constantt0,

t05 1
2~c0c2!21/2, ~33!

and

g6~e!517qe ~34!

with

q5c0
1/2c2

23/2c3 . ~35!

For small perturbations from the stationary states,
~30! reduces to

d f̄ s2h6;exp~6t/t6!, ~36!

where the time scale is

t65e21g6~e!t0 . ~37!

Equation~36! indicates thath2 is stable andh1 is unstable.
Drop evolution is slow in the near-critical regime, becau
the time scales~37! diverge fore→0.

Relations~30! and~31! can be inverted; here we prese
only the leading-order results. For supercritical values of
capillary parameter, Eq.~30! yields

d f̄ s52h0 coth~et8/t0!, d f̄ su.h0 ; ~38!

d f̄ s52h0 tanh~et8/t0!, 2h0,d f̄ s,h0 . ~39!

The solution~38! has two branches: the brancht8.0 (d f̄ s

,2h0) corresponds to trajectoryl 1 in Fig. 1, whereas the
brancht8,0 (d f̄ s.h0) corresponds to trajectoryl 3. The so-
lution ~39! has one branch, which corresponds to the traj
tory l 2. For subcritical values of the capillary parameter, E
~31! yields

d f̄ s5h0 tan~et8/2t0!, ~40!

which has the asymptotic behaviord f̄ s→6` for et8/t0

→6p.

C. Parameter choice

To characterize near-critical drop behavior in compu
simulations or in an experiment, an appropriate measurem
of the slow-mode amplitude is needed. However, the exp
form of the slow mode is usually unknown or difficult t
obtain.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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The slow mode decomposition~14!–~21! can be per-
formed analytically for nearly spherical critical drop shap
~e.g., high viscosity drops in near-straining flows!, and ex-
plicit expressions for the coefficientsc0 , . . . ,c3 can be ob-
tained in this case. For higher drop deformations, the line
perturbation problem~16!–~18! can be solved numerically
but evaluation of higher-order terms would be difficult. D
rect experimental measurement of the form of the slow m
is also difficult.

An explicit determination of the slow mode is, howeve
unnecessary: The critical drop behavior can be observed
ing any shape parameter

l 5 l ~ f! ~41!

that has a sufficiently strong dependence ondfs.
To characterize the critical behavior of a parameterl, we

expand it around the critical shapefC . The fast modesdff are
then eliminated using quasistatic relation~A10!. The result-
ing expansion ofl is

l 5 l C1ed l̄ , ~42!

where

l C5 l ~ fC! ~43!

and

d l̄ 5a1d f̄ s1e~sa01a2d f̄ s
2!1O~e2!, ~44!

with a1.0 assumed. Using relation~44! to eliminated f̄ s

from Eq.~22!, the long-time evolution equation for the sha
parameterd l̄ is obtained,

d

dt
d l̄ 5e~2sb01b2d l̄ 2!1e2~sb1d l̄ 1b3d l̄ 3!1O~e3!.

~45!

This equation has the same form as the slow-mode evolu
equation ~22!. Accordingly, the stationary and time
dependent solutions derived in Sec. IV B apply tod l̄ , after
the substitution of the coefficientsbi for ci .

With an appropriate choice of the shape parameterl, the
values of the coefficientsbi can be extracted from exper
mental or numerical data without a detailed knowledge of
slow mode form. In this paper, critical drop behavior
shown using the drop length~normalized by the diamete
2a) as the parameterl. Drop length exhibits strong depen
dence on the critical mode and is convenient to monitor.

V. NUMERICAL RESULTS

Our phenomenological theory has been tested using
sults of numerical simulations. In Sec. V A, a detailed ana
sis is given for a drop withh51, in axisymmetric straining
flow. Near-critical drop behavior in two-dimensional line
flows is discussed in Sec. V B.

A. Axisymmetric linear flow

Numerical results presented in Sec. III B show that
essential features of our system are consistent with pre
tions based on the assumption of a saddle-node bifurcatio
Downloaded 09 Dec 2002 to 130.132.94.248. Redistribution subject to A
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k5kC . Accordingly, after the fast modes are relaxed, t
drop evolution is fully characterized by the amplitude of
single slow mode. The critical capillary number correspon
to l̇ 50 at the minimum of the phase-space relationl̇ 5 l̇ ( l ).
For k.kC , there is one stable and one unstable station
state.

In the remaining part of the present section, we descr
detailed quantitative tests of the theory.

1. Drop behavior near stationary states

We first consider the stable and unstable stationary d
lengths l 2 and l 1 . Stationary lengths versus capillary p
rameter are shown unscaled in Fig. 4, and rescaled in Fig
As discussed in Appendix 2, the rescaled stationary len
difference

d5 1
2e

21~ l 12 l 2!, ~46!

and the average length

L5 1
2~ l 11 l 2!, ~47!

are regular functions ofk. Numerical results shown in Fig. 5
are consistent with this behavior. The linear asymptotic fo
of d, as plotted in Fig. 5~a!, corresponds to

kC58.315. ~48!

The lines in Figs. 5~a! and 5~b! represent the asymptoti
behavior

d5 l 11 l 3~k2kC!, L5 l 01 l 2~k2kC!, ~49!

where the values

l 051.700 ~50!

for the critical length, andl 150.3426, l 250.0548, l 3

520.0117 are obtained by matching to the numerical da

FIG. 4. Stationary drop length versus capillary parameter. Numerical res
for stable lengthl 2 ~diamonds!, unstable lengthl 1 ~triangles!. Expansion in
powers ofe, with expansion coefficients corresponding to solid lines in F
5, truncated atO(e) ~solid line!, at O(e2) ~dashed line!, at O(e3) ~dotted
line!.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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The results~48! and ~50! are consistent with the values re
ported by Navot.13 The approximations accurate up toO(e3)
for l 2 and l 1 , with the coefficients given above, are show
in Fig. 4.

Next we consider the inverse time scales

a656t6
21 , ~51!

which characterize the slow-mode behavior~36! near the
stable and unstable stationary states. These time scales
tained from an analysis of the exponential evolution of
drop length forl' l 6 , are shown unscaled in Fig. 6, an
rescaled in Fig. 7.

The behavior of the time scales in the near-critical
gime is analogous to the behavior of the stationary d
lengths. The rescaled quantities

d5 1
2 e21~a12a2! ~52!

and

A5 1
2 ~a11a2! ~53!

FIG. 5. Rescaled drop length difference~a!, and average drop-length~b!,
versus k2kC . Numerical results~diamonds!; asymptotic behavior~49!
~solid lines!.
Downloaded 09 Dec 2002 to 130.132.94.248. Redistribution subject to A
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are regular ink, as discussed in Appendix 2 and illustrate
in Fig. 7. The rescaled time-scale difference~52! shown
in Fig. 7~a! corresponds to the critical value~48!
of the capillary parameter, consistently with the stationa

FIG. 6. Inverse time scale~51! for the evolution near the stable and unstab
stationary states. The meaning of symbols as in Fig. 4, except that the re
are fora6 , and the expansion coefficients correspond to the lines in Fig

FIG. 7. Rescaled inverse time scale difference~a!, and average inverse time
scale~b!, versusk2kC . Numerical results~diamonds!; asymptotic behavior
~54! ~solid lines!.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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results. The lines in Figs. 7~a! and 7~b! represent the
asymptotic behavior

d5a11a3~k2kC!, A5a2~k2kC!, ~54!

wherea151.035, a2520.259, anda350.018.~The value
reported by Navot13 for the coefficient corresponding toa1 is
20% smaller.!

The error bars in Figs. 4–7 represent numerical err
estimated by comparing the values ofl 6 and a6 obtained
from analyses of the dynamics just below and just above
stable and unstable stationary states. In most cases, the
bars are invisible on the scale of the figures, except in F
5~a! and 7~a!, where the inaccuracies are magnified by t
factor e21 in Eqs.~46! and~52!. Occasional large error bar
reflect numerical noise generated by interface remeshing

2. Drop evolution

The theoretical predictions given in Sec. IV B 2 w
now be compared to our numerical results for the dr
length evolution.

For k.kC , we focus on the intermediate long-time r
gime, where the evolution predicted by Eq.~30! ~with slow-

FIG. 8. Drop length versus rescaled time forl , l 2 ~a!, and l . l 1 ~b!.
Numerical results~solid lines!; expression~30! ~dotted lines!. Values of
k/kC as labeled.
Downloaded 09 Dec 2002 to 130.132.94.248. Redistribution subject to A
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mode parameterd f s represented by drop lengthl ) is nonex-
ponential. Exact values were used for the parametersl 6 and
a6 , as determined from the long-time asymptotic behav
~36!. The comparison between approximation~30! and the
numerical results is presented in Figs. 8 and 9.

The results forl , l 2 are shown in Fig. 8~a!. Time is
shifted so that Eq.~30! and the numerical values coincide fo
larget8. The left ends of the curves representing the simu
tion correspond to the initial spherical drop shape. The t
oretical curves for the slow-mode evolution are truncated
t854tk .

The results forl . l 1 are shown in Fig. 8~b!. Here, time
is shifted so that Eq.~30! and the numerical values coincid
for large negative values oft8. For t8→0, the theoretical
curves are truncated forl / l 0.1.5, wherel 0 is the critical
length ~50!.

The results corresponding to the nonlinear portions
the curves indicate that approximation~30! is valid in the
nonexponential regimes, provided that fast modes have
laxed, and the perturbation from the critical state is su
ciently small.~By construction, the numerical results and t
asymptotic predictions coincide in the exponential regim
t→6`.!

Figure 9 presents drop evolution forl 2, l , l 1 . In this
case, a transition between two exponential asymptotic beh
iors occurs; accordingly, the plot of ln@(l12l)/(l2l2)# is
shown. Time is shifted so that the numerical and theoret
curves match att850. The results indicate that approxima
tion ~30! is accurate up to moderate values ofk2kC .

For k,kC , there are no stationary drop shapes. In t
regime, numerical results for drop length are compared to
leading-order solution~40! and the first-order solution~31!,
with parameter values obtained from the expansions~49! and
~54!. The plot of drop length versus the rescaled tim
is shown in Fig. 10 for several values of the capilla
parameter.

FIG. 9. Same as Fig. 8, except thatl 2, l , l 1 .
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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B. Two-dimensional linear flows

We performed three-dimensional boundary integ
simulations19 of drop evolution in two-dimensional linea
flows

v05 1
2ġ@~11b!yêx1~12b!xêy#, ~55!

where b is the vorticity parameter, (x,y,z) are Cartesian
coordinates, andêx , êy are unit vectors in thex andy direc-
tions. Expression~55! with b51 corresponds to a shear flo
in x direction andb50 to a two-dimensional strain. Ex
amples illustrating typical near-critical drop behavior
flows ~55! are shown in Figs. 11 and 12 forb50.9 and
viscosity ratioh51.

Figure 11 illustrates evolution of initially spherical drop
with k.kC toward the stable stationary state. The results

FIG. 10. Drop length versus rescaled time. Numerical results~solid line!;
leading-order approximation~dotted line!; first-order approximation~dashed
line!. Values ofk/kC as labeled.

FIG. 11. Evolution of drop length in linear flow~55! with b50.9 and
viscosity ratioh51 in the regimel , l 2 . Numerical results~solid lines!;
expression~30! ~dotted lines!. Values ofk/kC as labeled.
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analogous to those shown in Fig. 8~a! for the axisymmetric
straining flow. Within the resolution of our three-dimension
simulations, we were able to determine only the leadin
order coefficientt0 in the expansion of the characterist
time t2 . Thus, the leading-order approximationg6(e)51
was used in the plot of theoretical expression~30!. For the
unstable stationary length we usedl 152l 02 l 2 , which is
the leading-order term in the expansion~49! of the length
differenced. The results in the nonlinear range of the curv
corresponding to drop behavior for moderate times, are s
sitive to the values of parametersl 2 and l 0. These param-
eters were obtained from the analysis of the long-time
havior of the drop length. The scatter of the results in
nonlinear range stems from numerical inaccuracies.

For k.kC , Fig. 12 shows thek dependence of the in
verse square relaxation timea2

2 and the stationary-length
parameter

D l 25~ l 22 l 0!2 ~56!

~where the same value ofl 0 was used as in Fig. 11!. At
leading order these quantities are linear indk5k2kC ,

a2
2 5a1

2dk1O~dk3/2!,
~57!

D l 25 l 1
2dk1O~dk3/2!,

according to Eqs.~52!–~54! and ~46!, ~47!, ~49!. For k
,kC , Fig. 12 shows the minimal elongation rate on a dr
trajectory

l̇ min5min~dl/dt!, ~58!

which behaves as

l̇ min5b0dk1O~dk2!, ~59!

FIG. 12. Stable stationary drop length differenceD l 2 ~diamonds!, inverse

square relaxation timea2
2 ~squares!, and minimum elongation ratel̇ min ~tri-

angles! versus capillary parameterk. Results from boundary-integral simu
lations in two-dimensional flow~55! with b50.9 and viscosity ratioh51.
Solid lines depict the linear asymptotic behaviors~57! and ~59!.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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according to Eq. ~45!. Within numerical accuracy, the
straight lines representing the asymptotic behaviors~57! and
~59! correspond to the same value of the critical capilla
parameterkC52.96.

The results shown in Figs. 11 and 12, as well as num
cal simulations for other values of the viscosity ratioh and
vorticity parameterb ~up tob50.98), show that the saddle
node bifurcation mechanism described in the present p
holds for drops in two-dimensional linear flows withb,1.
However, numerical results for drops in shear flow (b51)
suggest that the near-critical behavior may be distinct. Th
results indicate that away from the near-critical regime dr
in shear exhibit damped oscillations associated with t
complex conjugate modes,20 although we were unable to de
termine whether the eigenvalues remain complex or bec
real ask approaches the critical value.

VI. CONCLUSIONS

Our study provides a phenomenological framework
describing the dynamics of drops in creeping flows un
near-critical conditions. In the near-critical regime, drop b
havior is dominated by the evolution of a single slow mod
and at the critical point the system undergoes a saddle-n
bifurcation. Thus, the transient dynamics and station
states are characterized by the classical critical exponent
in analogy to the Landau theory of phase transitions. O
theory is useful for accurately extracting critical parame
values from numerical simulations and experimental data
ing, e.g., asymptotic relations~57! and ~59!.

The predicted bifurcation mechanism has been veri
by numerical simulations for drops in axisymmetric straini
flow and in two-dimensional flows with rotation paramet
b<0.98. We expect that our theory applies to a broad c
of flow types, with possible exceptions such as simple sh
flow, where a different mechanism may occur according
our numerical simulations.

In linear flows with nonzero vorticity, drop rotation pro
vides a stabilizing mechanism even in the absence of ca
lary forces.16,21 As a result, there exists a critical viscosi
ratio hC , such that forh,hC ~high-viscosity drops! station-
ary states occur at arbitrary strain rates. An extension of
formalism to describe the near-critical behavior of drops
h'hC , as well as the dependence ofhC on the flow type,
will be presented elsewhere.

In a recent presentation,22 multiple stable stationary
states were shown to occur for high-viscosity drops in tw
dimensional flows with weak vorticity. Under these cond
tions, there exists a branch of stationary solutions tha
limited at both ends,kC8 .k.kC , in contrast to Eq.~8!.
With minor modifications, the theory developed herein a
plies to both near-critical regionsk'kC ,kC8 .

Our approach may be useful for analyzing the dynam
of polymer molecules undergoing coil–stretch transitions
external flows.23,24These transitions result from the interpla
between entropically driven relaxation and convection by
imposed flow.25 The essential mechanism is thus similar
the one studied herein.
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APPENDIX: EVOLUTION EQUATION FOR THE SLOW
MODE

1. Derivation of Eq. „22…

Two coupled evolution equations for the slow and t
fast modes are derived by applying to both sides of Eq.~14!

projection operatorsP̂s and P̂f onto subspaces~20! and~21!

d

dt
dfs52dkHs2dkHs

(1)
•df

1 1
2 ~Bs

(2)2dkHs
(2)!:df df1•••, ~A1!

d

dt
dff52dkHf1Bf

(1)
•dff2dkHf

(1)
•df

1 1
2 ~Bf

(2)2dkHf
(2)!:df df1•••, ~A2!

wheredk5k2kC ,

B( i )5G( i )2kCH( i ), ~A3!

and

Aa5 P̂aA, a5s,f ~A4!

~with A5f,H,B, . . . !. The operatorsG, H, B are evaluated
at f5fC . Equations~A1! and ~A2! were simplified using
relation ~15!, and the identities

Bs
(1)f50, Bf

(1)fs50. ~A5!

These identities follow from~16! and the observation that th
subspacesfs andff correspond to different eigenvalues of th
operatorB(1).

Equation~A2! indicates that, at the leading order indk,
the evolution of the fast mode near the stationary state
governed by the constant term2dkHf and the linear term
Bf

(1)
•dff . In contrast, the linear term is missing from E

~A1! at the leading order; thus, the evolution of the slo
mode is governed by the constant term and the quadr
term in dfs. Accordingly, the following scalings are appro
priate for the slow and the fast modes

dfs5ed f̄s, ~A6!

dff5e2d f̄ f , ~A7!

wheree is given by Eq.~23!. In the rescaled variables, th
leading-order terms in the evolution equations for the sl
and the fast modes are

d

dt
d f̄s5e~2sHs1

1
2 Bs

(2) :d f̄sd f̄s!1e2~2sHs
(1)
•d f̄s

1Bs
(2) :d f̄ f d f̄s1

1
6 Bs

(3)Ad f̄sd f̄sd f̄s!1O~e3!,

~A8!
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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d

dt
d f̄ f52sHf1Bf

(1)
•d f̄ f

1 1
2 Bf

(2) :d f̄sd f̄s1O~e!, ~A9!

wheres is defined by~24!.
Equation~A8! indicates that the evolution of the slo

mode occurs on a time scale that diverges atk→kC with
critical exponent 1/2. At leading order, the equation for t
slow mode is independent of the fast modes, but at the o
O(e2), the slow and fast modes are coupled. However,
the time scalet5O(1), fast modes relax towards the quas
stationary solution of Eq.~A9!

d f̄ f5Bf
(1)21

•~sHf2
1
2 Bf

(2) :d f̄sd f̄s)1O~e!, ~A10!

and then follow the evolution of the slow mode adiabatica
Inserting the above expression into Eq.~A8! yields the
closed long-time evolution equation~22! for the slow mode,
where

c0g15Hs, ~A11!

c1g15@2Hs
(1)1Bs

(2)
•~Bf

(1)21
•Hf)] •g1 , ~A12!

c2g15 1
2 Bs

(2) :g1 g1 , ~A13!

c3g15@ 1
6 Bs

(3)2 1
2Bs

(2)
•~Bf

(1)21
•Bf

(2)]]g1 g1 g1 . ~A14!

2. Higher-order terms

Elimination of the fast modes can be continued to ar
trary order. This procedure yields a slow-mode evolut
equation of the form

e
d

dt
d f̄ s5e2~2sc01c2d f̄ s

2!1e3c~d f̄ s;e!, ~A15!

with c given as a series ind f̄ s ande.
The unscaled evolution equations~A1! and ~A2! are

regular in k and d f s. The odd powers ofe in Eq. ~A15!
result from the rescaling of the slow-mode amplitude~A6!.
As a consequence, the functionc satisfies the symmetry re
lation

c~2d f̄ s;2e!52c~d f̄ s;e!, ~A16!

since the unscaled arraydfs is invariant under a simultaneou
change of sign ofe andd f̄s in Eq. ~A6!.

The nonsingular stationary solutionsd f̄ s5h6 of the
slow-mode evolution equation are related by

h1~e!52h2~2e!, ~A17!

which can be shown by inserting the result into~A15!, and
using symmetry relation~A16!. Equation~A17! implies that
1
2(h12h2) and 1

2e(h11h2) are symmetric functions ofe,
and thus have regular expansions ine25k2kC . The corre-
sponding even-power expansions of Eqs.~46! and ~47! fol-
low.

Perturbing Eq.~A15! around the stationary solution
d f̄ s5h6 yields the inverse time scales~51!
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a652ec2h61e2c8~h6 ,e!, ~A18!

where the prime denotes the derivative with respect tod f̄ s.
Symmetry relations~A16! and ~A17! thus imply that

a1~e!5a2~2e!, ~A19!

from which it follows that~52! and~53! have regular expan
sions ine2.
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